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❆ Ós❝❛r ❚❡✐①✐❞ó ② ❏❛✈✐❡r Pér❡③ ❏❛r❛✱ r❡s♣♦♥s❛❜❧❡s ❞❡ ❧❛s ♣♦s✐❜❧❡s ✐❞❡❛s ❡①✐t♦s❛s q✉❡ ❤❛②❛♥

s✉r❣✐❞♦ ❡♥ ♥✉❡str❛s ❝♦♥✈❡rs❛❝✐♦♥❡s ② ❛ q✉✐❡♥❡s ❛❞❡♠ás ❡①✐♠♦ ❞❡ ❧❛ r❡s♣♦♥s❛❜✐❧✐❞❛❞ ❞❡

❝✉❛❧q✉✐❡r ❡rr♦r q✉❡ ❛♣❛r❡③❝❛ ❡♥ ❡st❛s ♣á❣✐♥❛s✳
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❘❡s✉♠❡♥

❊st✉❞✐❛♠♦s ❡❧ ❝❛♠❜✐♦ ② ❧❛ ❞❡str✉❝❝✐ó♥ ❝♦♠♦ ♥♦❝✐♦♥❡s ✜❧♦só✜❝❛s q✉❡ ❞❡❜❡♥ ❞❡✜♥✐rs❡ ②

❛♥❛❧✐③❛rs❡ ✉t✐❧✐③❛♥❞♦ ✉♥ ❧❡♥❣✉❛❥❡ ❢♦r♠❛❧✳ P❛r❛ ❧♦❣r❛r ♥✉❡str♦ ♦❜❥❡t✐✈♦✱ ♣r❡s❡♥t❛♠♦s ❛❧❣✉♥❛s

♥♦❝✐♦♥❡s ✜❧♦só✜❝❛s ❝♦♠♦ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧✱ ♣r♦♣✐❡❞❛❞ ② ❡str♦♠❛✳ Pr♦♣♦♥❡♠♦s ✉♥❛ t❡♦rí❛

❞❡ ❡✈❡♥t♦s ② ❡s♣❛❝✐♦s ♣♦s✐❜❧❡s q✉❡ ❢♦r♠❛❧✐③❛♠♦s ✉t✐❧✐③❛♥❞♦ ❧❛ t❡♦rí❛ ❞❡ ❝❛t❡❣♦rí❛s ② ❡♥

✈✐rt✉❞ ❞❡ ❧❛ ❝✉❛❧ ♣♦❞❡♠♦s ❡①♣❧✐❝❛r ❧❛s ✐❞❡❛s ❞❡ ✓♠❛t❡r✐❛✔ ② ✓❢♦r♠❛✔ t❛❧ ❝♦♠♦ s❡ ✉t✐❧✐③❛♥

❡♥ ❧❛ ✜❧♦s♦❢í❛ ❡s❝♦❧ást✐❝❛✳ ▲✉❡❣♦ ❡❧❛❜♦r❛♠♦s ✉♥❛ t❡♦rí❛ ❞❡ ❝ó♠♦ ② ❝✉á♥❞♦ s❡ ❛♣❧✐❝❛ ❡❧

❝❛♠❜✐♦ ❛ ❝❛❞❛ ❝❛t❡❣♦rí❛ ❞❡ s❡r q✉❡ ❤❡♠♦s ❞❡✜♥✐❞♦✳ ❋✐♥❛❧♠❡♥t❡✱ ❡①♣❧♦r❛♠♦s ❝ó♠♦ t❛❧ ✐❞❡❛

s❡ r❡❧❛❝✐♦♥❛ ❝♦♥ ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦✱ ❡❧ ✈❛❧♦r ② ❧❛ ❛❝❝✐ó♥✱ ❡s ❞❡❝✐r✱ ❝ó♠♦ ❡❧ ❝❛♠❜✐♦ ❛❢❡❝t❛ ② ❡s

❛❢❡❝t❛❞♦ ♣♦r ❧❛ ❡♣✐st❡♠♦❧♦❣í❛ ② ❧❛ ét✐❝❛✱ tér♠✐♥♦s q✉❡ ❡♥t❡♥❞❡♠♦s ❡♥ ❡❧ s❡♥t✐❞♦ ♠ás ❣❡♥❡r❛❧

♣♦s✐❜❧❡✳

❆❜str❛❝t

❲❡ st✉❞② ❝❤❛♥❣❡ ❛♥❞ ❞❡str✉❝t✐♦♥ ❛s ♣❤✐❧♦s♦♣✐❝❛❧ ♥♦t✐♦♥s t❤❛t ♠✉st ❜❡ ❞❡✜♥❡❞ ❛♥❞

❛♥❛❧②③❡❞ ✉s✐♥❣ ❢♦r♠❛❧ ❧❛♥❣✉❛❣❡✳ ❚♦ ❛❝❝♦♠♣❧✐s❤ ♦✉r ❣♦❛❧ ✇❡ ✐♥tr♦❞✉❝❡ s♦♠❡ ♣❤✐❧♦s♦♣✐❝❛❧

♥♦t✐♦♥s ❛s s✉❜st❛♥t✐❛❧ ✐♥❞✐✈✐❞✉❛❧✱ ♣r♦♣❡rt② ❛♥❞ str♦♠❛✳ ❲❡ ♣r♦♣♦s❡ ❛ t❤❡♦r② ♦❢ ❡✈❡♥ts

❛♥❞ ♣♦ss✐❜❧❡ s♣❛❝❡s t❤❛t ✇❡ ❢♦r♠❛❧✐③❡ ✉s✐♥❣ ❝❛t❡❣♦r② t❤❡♦r② ❛♥❞ ❜② ✈✐rt✉❡ ♦❢ ✇✐❝❤ ✇❡

❝❛♥ ❡①♣❧❛✐♥ t❤❡ ✐❞❡❛s ♦❢ ✓♠❛tt❡r✔ ❛♥❞ ✓❢♦r♠✔ ❛s ✉s❡❞ ✐♥ s❝❤♦❧❛st✐❝ ♣❤✐❧♦s♦♣❤②✳ ❚❤❡♥ ✇❡

❡❧❛❜♦r❛t❡ ❛ t❤❡♦r② ♦❢ ❤♦✇ ❛♥❞ ✇❤❡♥ ❝❤❛♥❣❡ ✐s ❛♣♣❧✐❡❞ t♦ ❡✈❡r② ❝❛t❡❣♦r② ♦❢ ❜❡✐♥❣ ✇❡ ❤❛✈❡

❞❡✜♥❡❞✳ ❋✐♥❛❧❧②✱ ✇❡ ❡①♣❧♦r❡ ❤♦✇ ❝❤❛♥❣❡ r❡❧❛t❡s t♦ ❦♥♦✇❧❡❞❣❡✱ ✈❛❧✉❡ ❛♥❞ ❛❝t✐♦♥✱ t❤❛t ✐s✱

❤♦✇ ❝❤❛♥❣❡ ❛✛❡❝ts ❛♥❞ ✐s ❛✛❡❝t❡❞ ❜② ❡♣✐st❡♠♦❧♦❣② ❛♥❞ ❡t❤✐❝s ✱ t❡r♠s ✇❡ ✉♥❞❡rst❛♥❞ ✐♥ t❤❡

♠♦r❡ ❣❡♥❡r❛❧ s❡♥s❡✳
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✹✳✶✳✶✳ ❖♥t♦❧♦❣í❛ ❢♦r♠❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✼

✹✳✶✳✷✳ ❖♥t♦❧♦❣í❛ ♠❛t❡r✐❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✹✳✷✳ ❊❧ ❝❛♠❜✐♦ ❡♥ ❧❛ ♦♥t♦❧♦❣í❛ ❢♦r♠❛❧ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✻✾

✺✳ ❊❧ ❝♦♥♦❝✐♠✐❡♥t♦ ② ❧♦ ❞✐♥á♠✐❝♦✱ ❝♦♥tr❛ ❧❛ ❞❡s❝r✐♣❝✐ó♥ ✼✸

✺✳✶✳ ❊❧ ❝❛♠❜✐♦ ❡♥ ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✹

✺✳✷✳ ❊❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❡♥ ❡❧ ❝❛♠❜✐♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✼✼

✻✳ ➱t✐❝❛ ❞❡ ② ♣❛r❛ ❡str♦♠❛s ❡❢í♠❡r♦s ✽✶

✻✳✶✳ ❈♦♥s❡❝✉❡♥❝✐❛❧✐s♠♦ s✐♥ ❝♦♥s❡❝✉❡♥❝✐❛s ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✷

✻✳✷✳ ❊❧ ✈❛❧♦r ❞❡ ❝♦♥♦❝❡r ❧♦ ✈❛❧✐♦s♦ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✸

✻✳✸✳ ❨♦ s♦② ②♦ ② ♦tr♦s ♠ás ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✳ ✽✺

❇✐❜❧✐♦❣r❛❢í❛ ✾✶



■♥tr♦❞✉❝❝✐ó♥

❚♦❞♦ ❡s ♠❛t❡r✐❛✿ t✐❡♠♣♦✱

❡s♣❛❝✐♦❀ ❝❛r♥❡ ② ♦❜r❛✳

▼❛t❡r✐❛ s♦❧❛✱ ✐♥♠❡♥s❛✱

❥❛❞❡❛ ♦ s✉s♣✐r❛✱ ② ❧❛t❡

❛q✉í ❡♥ ❧❛ ♦r✐❧❧❛✳ ▼♦❥❛

t✉ ♠❛♥♦✱ t✐❡♥t❛✱ t✐❡♥t❛

❛❧❧í ❡♥ ❡❧ ♦r✐❣❡♥ ú♥✐❝♦✱

❛❧❧í ❡♥ ❧❛ ✐♥✜♥✐t✉❞

q✉❡ ❞❛ ❛q✉í✱ ❡♥ t✐✱ ❛ú♥ ❡s♣✉♠❛s✳

▼❛t❡r✐❛ ú♥✐❝❛

❱✐❝❡♥t❡ ❆❧❡✐①❛♥❞r❡

▲❛ ❤✐st♦r✐❛ ❞❡ ❧❛ ✜❧♦s♦❢í❛ ♥♦ ❡s s♦❧♦ ✉♥❛ s✉❝❡s✐ó♥ ❞❡ ♣❡♥s❛❞♦r❡s ♠ás ♦ ♠❡♥♦s ✐❧✉str❡s ❝♦♥

♦❝✉rr❡♥❝✐❛s✱ ❢r❛s❡s ❣❡♥✐❛❧❡s ♦ s✐st❡♠❛s ✜❧♦só✜❝♦s✳ ▲❛ ❤✐st♦r✐❛ ❞❡ ❧❛ ✜❧♦s♦❢í❛ ❡s ✉♥❛ ❤✐st♦r✐❛

r❡♣❧❡t❛ ❞❡ ✐❞❡❛s ② ♣r♦❜❧❡♠❛s✱ ❛❧❣✉♥♦s ♠ás ♦ ♠❡♥♦s s✉♣❡r❛❞♦s ② ♦tr♦s t♦❞❛✈í❛ ❛❜✐❡rt♦s

② ❡♥ ❡st❛❞♦s ❛ ✈❡❝❡s ♥♦ ♠✉② ❧❡❥❛♥♦s ❛ s✉ ♦r✐❣❡♥✳ ❊♥tr❡ ❡s❛s ✐❞❡❛s ② ❛ ❧❛ ✈❡③ ♣r♦❜❧❡♠❛s

q✉❡ r❡❝♦rr❡ t♦❞❛ ❧❛ ❤✐st♦r✐❛ ❞❡ ❧❛ ✜❧♦s♦❢í❛ ❡stá✱ s✐♥ ❞✉❞❛ ❛❧❣✉♥❛✱ ❧❛ ✐❞❡❛ ❞❡❧ ❝❛♠❜✐♦✱ ❞❡

tr❛♥s❢♦r♠❛❝✐ó♥ ♦ ❞❡ ♠✉t❛❜✐❧✐❞❛❞✳

❨ ❡s q✉❡ s✐ ❡♥t❡♥❞❡♠♦s q✉❡ ❧❛s ✐❞❡❛s ✜❧♦só✜❝❛s s♦♥ ❛q✉❡❧❧❛s s✉♠❛♠❡♥t❡ ❣❡♥❡r❛❧❡s q✉❡

❛♣❛r❡❝❡♥ ❡♥ ❞✐✈❡rs♦s á♠❜✐t♦s ❝✐❡♥tí✜❝♦s✱ té❝♥✐❝♦s✱ ❛rtíst✐❝♦s✱ ✳✳✳ ❡stá ❝❧❛r♦ q✉❡ ❡❧ ❝❛♠❜✐♦ ❡s

✉♥♦ ❞❡ ❡st♦s s❡❧❡❝t♦s ♠✐❡♠❜r♦s✳ P❡r♦ ❤❛② ♠ás✱ ❡❧ ❝❛♠❜✐♦ ❡s ✉♥❛ ✐❞❡❛ ✜❧♦só✜❝❛ q✉❡ ❛♣❛r❡❝❡

② t✐❡♥❡ r❡♣❡r❝✉s✐♦♥❡s ❞❡ ❢♦r♠❛ s✐st❡♠át✐❝❛ ❡♥ ❧❛s ✜❧♦s♦❢í❛s✱ ❡s ❞❡❝✐r ❡❧ ❝❛♠❜✐♦ ❥✉❡❣❛ ✉♥

♣❛♣❡❧ ✐♠♣♦rt❛♥t❡ ❡♥ ❧❛ ét✐❝❛✱ ❧❛ ❡♣✐st❡♠♦❧♦❣í❛✱ ✳✳✳

◆♦ ❝❛❜❡ ✉♥❛ ✜❧♦s♦❢í❛ ❝♦♠♣❧❡t❛ q✉❡ s❡ q✉✐❡r❛ ❡①❡♥t❛ ❞❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❧❛ ✐❞❡❛ ❞❡ ❝❛♠❜✐♦✳

▼✉❝❤♦s ✜❧ós♦❢♦s ❤❛♥ ♣r♦t❡st❛❞♦ ❝♦♥tr❛ ❡st❛ ✐❞❡❛ ② ♦tr♦s ❧❛ ❤❛♥ ❛❜r❛③❛❞♦ ❝♦♠♦ ✉♥❛ s✉❡rt❡

❞❡ ♣r✐♥❝✐♣✐♦ ú❧t✐♠♦✱ ♣❡r♦ ❧♦ q✉❡ ♥♦ ❡s ❢r❡❝✉❡♥t❡ ② ❝❛s✐ ♥♦ ❤❛ t❡♥✐❞♦ ❝❛❜✐❞❛ ❡s ❡❧ ❞❡s♣r❡❝✐♦

♦ ❡❧ ❞❡s❞é♥ ❞❡ ❡st❛ ✐❞❡❛ ❝♦♠♦ ✉♥❛ ♠❡r❛ ❢r✐✈♦❧✐❞❛❞✳ ❆❞❡♠ás✱ ❝♦♠♦ ②❛ ❞✐❥✐♠♦s✱ ❡st❛ ♥✉♥❝❛

s❡ ❤❛ ✈✐st♦ ❝♦♠♦ ✉♥❛ ❝✉❡st✐ó♥ ❛✐s❧❛❞❛ ♦ ♠❡r❛♠❡♥t❡ s✉♣❡r✜❝✐❛❧✱ s✐♥♦ q✉❡ ❛ ♠❡♥✉❞♦ ❧❛s

❝♦♥❝❡♣❝✐♦♥❡s s♦❜r❡ ❡❧ ❝❛♠❜✐♦ ❤❛♥ ❧❧❡✈❛❞♦ ♣❛r❡❥❛s ♣r♦❜❧❡♠át✐❝❛s ét✐❝❛s✱ t❡♦❧ó❣✐❝❛s ❡ ✐♥❝❧✉s♦

✼



✽ ❮◆❉■❈❊ ●❊◆❊❘❆▲

❝✐❡♥tí✜❝❛s✳ ❊♥ ❝♦♥❝❧✉s✐ó♥✱ ❧❛ ✐❞❡❛ ❞❡❧ ❝❛♠❜✐♦ ❡s ❞❡ s✉♠❛ ✐♠♣♦rt❛♥❝✐❛ ② ✉♥❛ ✜❧♦s♦❢í❛ q✉❡ s❡

♣r❡❝✐❡ ❞❡❜❡ tr❛❜❛❥❛r ❝♦♥ ❡❧❧❛✳

❆❤♦r❛ ❜✐❡♥✱ ❝❛❜❡♥ ♠✉❝❤❛s ❢♦r♠❛s ❛❧t❡r♥❛t✐✈❛s ❞❡ ❛❜♦r❞❛r ❡st❛ ✐❞❡❛✳ ◆♦s♦tr♦s t♦♠❛r❡✲

♠♦s ❛q✉í ❧❛ ✈í❛ ❞❡ ✉♥❛ ✜❧♦s♦❢í❛ q✉❡ ✐♥t❡♥t❡ s❡r ❝❧❛r❛ ② ♥♦ s♦❧♦ s✉❣❡r✐r ♣r♦❜❧❡♠❛s ♦ ♣❛r❛❞♦❥❛s✱

s✐♥♦ s♦❧✉❝✐♦♥❛r❧❛s✳ ◆♦ s♦❧♦ ❡s♦✱ s✐♥♦ q✉❡ ❝✐❢r❛r❡♠♦s ❧❛ ♣♦t❡♥❝✐❛ ❞❡ ❡st❛s ✐❞❡❛s ❡♥ ❧❛ ♠❡❞✐❞❛

q✉❡ ♣❡r♠✐t❛♥ s✐st❡♠❛t✐③❛r ② ❡♥t❡♥❞❡r ♠❡❥♦r ❧❛s ❝✐❡♥❝✐❛s ② té❝♥✐❝❛s q✉❡ ♥♦s r♦❞❡❛♥✳ ◆♦

♦❜st❛♥t❡ ❞❡❥❛♠♦s ❛❧ ❧❡❝t♦r ❡❧ ❥✉✐❝✐♦ s♦❜r❡ ❧❛ ♣❡rt✐♥❡♥❝✐❛ ♦ ♥♦ ❞❡ ❧❛s t❡s✐s ❛q✉í ❞❡❢❡♥❞✐❞❛s✳

P❛r❛ ❡st✉❞✐❛r ❡st❛ ✐❞❡❛ ❝♦♥t❛♠♦s ❝♦♥ s❡✐s ❝❛♣ít✉❧♦s q✉❡ ❛ s✉ ✈❡③ ♣r❡s❡♥t❛♥ s❡❝❝✐♦♥❡s ②

❛♣é♥❞✐❝❡s✳ ▲♦s ❞♦s ♣r✐♠❡r♦s ♣♦❞rí❛♥ ❝♦♥s✐❞❡r❛rs❡ ✉♥♦ s♦❧♦ ❡♥ ❧♦s q✉❡ ❜✉s❝❛♠♦s ❞❡s❛rr♦❧❧❛r

✐❞❡❛s ❛❞❡❝✉❛❞♦s ♣❛r❛✱ ❡♥ ❡❧ ♣r✐♠❡r ❝❛♣ít✉❧♦✱ ❞❛r ❝♦♥ ✉♥❛ ✐❞❡❛ r❛③♦♥❛❜❧❡ ② ❝❧❛r❛ ❞❡❧ ❝❛♠❜✐♦ ②✱

❡♥ ❡❧ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦✱ ♣❛r❛ ❞❡✜♥✐r ❧❛ ✐❞❡❛ ❞❡ ❞❡str✉❝❝✐ó♥ s✐♥ ❝❛❡r ❡♥ ❧❛ ✐❞❡❛ ❞❡ ❛♥✐q✉✐❧❛❝✐ó♥✳

❊❧ ❞❡s❛rr♦❧❧♦ ❞❡ ❧❛ ✐❞❡❛ ❞❡ ❝❛♠❜✐♦ ♥♦s ❧❧❡✈❛rá ❛ ❢♦r♠✉❧❛r ② r❡❢♦r♠✉❧❛r ❞✐✈❡rs❛s ✐❞❡❛s ❝♦♠♦

❧❛s ❞❡ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧✱ ♠♦r❢♦❧♦❣í❛✱ t♦❞♦✱ ❡str♦♠❛✱ ✳✳✳

❉✉r❛♥t❡ ❡❧ t❡r❝❡r ❝❛♣ít✉❧♦ s❡ ❛❜♦r❞❛rá♥ ❧❛ ✐❞❡❛ ❞❡ ♠❛t❡r✐❛ ② ❢♦r♠❛ ❞❡ ♠❛♥❡r❛✱ ❛❧ ♠❡♥♦s

t❛❧ ❡s ♥✉❡str❛ ✐♥t❡♥❝✐ó♥✱ ❝❧❛r❛ ② ♣r❡❝✐s✐ó♥ t♦♠❛♥❞♦ ❝♦♠♦ ♣✉♥t♦ ❞❡ ♣❛rt✐❞❛ ❧♦s ❞❡s❛rr♦❧❧♦s

❞❡ ✐❞❡❛s ❡❧❛❜♦r❛❞❛s ❞✉r❛♥t❡ ❧♦s ❞♦s ♣r✐♠❡r♦s ❝❛♣ít✉❧♦s ② ❧♦s s✐❣♥✐✜❝❛❞♦s ❛s♦❝✐❛❞❛s ❛❧ ♣❛r

♠❛t❡r✐❛ ② ❢♦r♠❛ ♣r♦♣✐♦s ❞❡ ❧❛ ✜❧♦s♦❢í❛ ❡s❝♦❧ást✐❝❛✳ ❆❞❡♠ás s❡ ❢♦r♠❛❧✐③❛rá♥ ❛❧❣✉♥❛s ❞❡ ❡st❛s

✐❞❡❛s ✉s❛♥❞♦ ♣❛r❛ ❡❧❧♦ ♥♦❝✐♦♥❡s ♣r♦♣✐❛s ❞❡ ❧❛ t❡♦rí❛ ❞❡ ❝❛t❡❣♦rí❛s✳

❊❧ ❝❛♣ít✉❧♦ ❝✉❛rt♦ s❡ ❡♥❢♦❝❛ ❡♥ ❞❡✜♥✐r q✉é s❡ ❡♥t✐❡♥❞❡ ♣♦r ♦♥t♦❧♦❣í❛ ❢♦r♠❛❧ ② ♦♥t♦❧♦❣í❛

♠❛t❡r✐❛❧ ❝♦♠♦ ❜❛s❡ ♣❛r❛ r❡s♣♦♥❞❡r ❛ ❧❛ ♣r❡❣✉♥t❛ ➽q✉é ❡s ❛q✉❡❧❧♦ q✉❡ ❝❛♠❜✐❛❄ ♦ ➽s♦❜r❡ q✉é

♣✉❡❞❡ ❛♣❧✐❝❛rs❡ ❧❛ ✐❞❡❛ ❞❡ ❝❛♠❜✐♦❄

▲♦s ❞♦s ú❧t✐♠♦s ❝❛♣ít✉❧♦s ❡❧❛❜♦r❛♥ ❛❧❣✉♥❛s ❝♦♥s❡❝✉❡♥❝✐❛s ❞❡ ❧❛ ✐❞❡❛ ❞❡ ❝❛♠❜✐♦ ② ♥♦s

♠✉❡str❛♥ ❝♦♠♦ ♣♦❞❡♠♦s ❡♥r✐q✉❡❝❡r ❡st❛ ♠❡❞✐❛♥t❡ ❡❧ ❡st✉❞✐♦ ❞❡ ♣♦st✉❧❛❞♦s ❞❡r✐✈❛❞♦s ❞❡

♥✉❡str♦s ✐♥t❡r❡s❡s ❝♦❣♥♦s❝✐t✐✈♦s ② ❞❡ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ❞❡ ❧❛s ✐❞❡❛s ❡❧❛❜♦r❛❞❛s ❡♥ ❧♦s ❝❛♣ít✉❧♦s

♣r❡✈✐♦s✳ ❊♥ ❝♦♥❝r❡t♦ s❡ ❡st✉❞✐❛rá♥ ❡❧ ❝❛♠❜✐♦ t❛♥t♦ ❡♥ ❡❧ á♠❜✐t♦ ❞❡ ❧❛ t❡♦rí❛ ❞❡❧ ❝♦♥♦❝✐♠✐❡♥t♦

❝♦♠♦ ❡♥ ❡❧ á♠❜✐t♦ ❞❡ ❧❛ ét✐❝❛✳



❈❛♣ít✉❧♦ ✶

▲❛ ✐❞❡❛ ❞❡ ❝❛♠❜✐♦

❙❡r✱ ♣✉r♦ s❡r ✖s✐♥ ♥✐♥❣✉♥❛ ♦tr❛

❞❡t❡r♠✐♥❛❝✐ó♥✳ ❊♥ s✉ ✐♥♠❡❞✐❛❝✐ó♥

✐♥❞❡t❡r♠✐♥❛❞❛ ❡s ✐❣✉❛❧ só❧♦ ❛ sí

♠✐s♠♦✱ ② t❛♠♣♦❝♦ ❡s ❞❡s✐❣✉❛❧ ❢r❡♥t❡ ❛

♦tr♦❀ ♥♦ t✐❡♥❡ ♥✐♥❣✉♥❛ ❞✐❢❡r❡♥❝✐❛✱ ♥✐ ❡♥

s✉ ✐♥t❡r✐♦r ♥✐ ❤❛❝✐❛ ❧♦ ❡①t❡r✐♦r✳ P♦r ✈í❛

❞❡ ❛❧❣✉♥❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ♦ ❝♦♥t❡♥✐❞♦✱

q✉❡ s❡ ❞✐❢❡r❡♥❝✐❛r❛ ❡♥ é❧✱ ♦ ♣♦r ❝✉②♦

♠❡❞✐♦ ❢✉❡s❡ ♣✉❡st♦ ❝♦♠♦ ❞✐❢❡r❡♥t❡ ❞❡

♦tr♦✱ ♥♦ s❡rí❛ ❝♦♥s❡r✈❛❞♦ ❡♥ s✉ ♣✉r❡③❛✳

❈✐❡♥❝✐❛ ❞❡ ❧❛ ❧ó❣✐❝❛

❍❡❣❡❧

▲❛ ✐❞❡❛ ❞❡ ❝❛♠❜✐♦ r❡q✉✐❡r❡ ❞❡ ✉♥ ♦❜❥❡t♦ q✉❡ t✐❡♥❡ q✉❡ ♣r❡s❡♥t❛r ✉♥ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s

♣♦s✐❜❧❡s✳ ◆♦ ❡s ♣♦s✐❜❧❡ ❡❧ ❝❛♠❜✐♦ s✐♥ ❛❧❣♦ q✉❡ ❝❛♠❜✐❡✱ ② ♥♦ ❡s ♣♦s✐❜❧❡ q✉❡ ❛❧❣♦ ❝❛♠❜✐❡ s✐♥

q✉❡ ❡s❛ ❝♦s❛ ♣✉❡❞❛ ❡st❛r ❡♥ ❞♦s ❡st❛❞♦s ❞✐st✐♥t♦s s✐❡♥❞♦ ❧❛ ♠✐s♠❛✳ ❊st♦ q✉✐❡r❡ ❞❡❝✐r q✉❡ ♥♦

❡①✐st❡ ❡❧ ❝❛♠❜✐♦ ❛❜s♦❧✉t♦ ♦ ❛❜str❛❝t♦✱ ❡❧ ❝❛♠❜✐♦ s✐❡♠♣r❡ ❡s ❡❧ ❝❛♠❜✐♦ ❞❡ ❛❧❣♦ ❝♦♥❝r❡t♦✳ ❨✱

❛❞❡♠ás✱ ❡❧ ❝❛♠❜✐♦ r❡q✉✐❡r❡ q✉❡ ❡s❡ ❛❧❣♦ ❝♦♥❝r❡t♦ ♣✉❡❞❡ s❡r ❧❛ ♠✐s♠❛ ❝♦s❛ ❛ ♣❡s❛r ❞❡ t❡♥❡r

❞✐st✐♥t❛s ♣r♦♣✐❡❞❛❞❡s✳ ❊❧ ♦tr♦ r❡q✉❡r✐♠✐❡♥t♦ q✉❡ ♣r❡❝✐s❛♠♦s ❡s ❡❧ ❞❡ q✉❡ ❤❛②❛ ❛❧❣♦ q✉❡

♣❡r♠✐t❛✱ ❞❡ ❛❧❣✉♥❛ ❢♦r♠❛ ❞❛r ✉♥ ♦r❞❡♥ ♦ ✐♥❞❡①❛r ❧♦s ❞✐❢❡r❡♥t❡s ❡st❛❞♦s ❞❡ ❧❛s ❝♦s❛s✳ P❛r❛

❧♦❣r❛r t❛❧ ✜♥ ❝r❡❡♠♦s q✉❡ ❧❛ ♠❡❥♦r ✐❞❡❛ q✉❡ t❡♥❡♠♦s ❛ ♥✉❡str❛ ❞✐s♣♦s✐❝✐ó♥ ❡s ❡❧ t✐❡♠♣♦✳

P❛r❛ q✉❡ ❧❛ ❝♦s❛ ♣✉❡❞❡ t❡♥❡r ❞✐st✐♥t❛s ♣r♦♣✐❡❞❛❞❡s ♦ ❞✐st✐♥t♦s ✈❛❧♦r❡s ❤❛❝❡ ❢❛❧t❛ q✉❡ ❤❛②❛

♣♦s✐❜❧❡s ♠♦♠❡♥t♦s ❞✐st✐♥t❛s ❞❡ ❧❛ ♠✐s♠❛ ② ♣❛r❛ ❡❧❧♦ ♣r❡❝✐s❛♠♦s ❞❡ ❛❧❣♦ ❝♦♠♦ ❡❧ t✐❡♠♣♦✳

▲♦s tr❡s r❡q✉✐s✐t♦s ❛♥t❡r✐♦r❡s ♥♦ s♦♥ s♦❧♦ r❡q✉✐s✐t♦s✱ s✐♥♦ q✉❡ ♣❡r♠✐t❡♥ ❝♦♥str✉✐r ❝♦♥

❡st♦s ❞❡✜♥✐❝✐♦♥❡s s❛t✐s❢❛❝t♦r✐❛s ❞❡❧ ❝❛♠❜✐♦✳ ❊♥ ❧❛ ❤✐st♦r✐❛ ❞❡ ❧❛ ✜❧♦s♦❢í❛ ♥♦ s✐❡♠♣r❡ s❡ ❤❛♥

t❡♥✐❞♦ ♣r❡s❡♥t❡s ♦ s❡ ❤❛♥ ❢♦r♠✉❧❛❞♦ ❞❡ ❧❛ ♠❡❥♦r ❢♦r♠❛ ♣♦s✐❜❧❡✳ ◆♦ ♦❜st❛♥t❡ ❝♦♥s✐❞❡r❛♠♦s

✾
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q✉❡ ❤❛② q✉❡ ❝♦♥s✐❣✉✐❡r♦♥ ❞❡✜♥✐r ❡❧ ❝❛♠❜✐♦ ❛t❡♥❞✐❡♥❞♦ ❛ ❡st♦s✱ ❛✉♥q✉❡ ❡♠♣❧❡❛♥❞♦ ✐❞❡❛s

❜✐❡♥ ❞✐st✐♥t❛s✳

◆♦ ♣♦❞❡♠♦s ❡♥t❡♥❞❡r ❡st❡ tr❛❜❛❥♦ ② ♥✉❡str❛s ✐❞❡❛s ❝♦♠♦ ❜r♦t❛♥❞♦ ❞❡ ✉♥❛ ♥❛❞❛ ♦ ❞❡

✉♥❛ ♠❡r❛ ♦❜s❡r✈❛❝✐ó♥ ❛❤✐stór✐❝❛ ❞❡ ❧❛ r❡❛❧✐❞❛❞✳ ❚♦❞♦ ♣❡♥s❛r s❡ ❡♥❝✉❛❞r❛ ❡♥ ✉♥❛ ❤✐st♦r✐❛

❞❡ ❧❛ q✉❡ ❡s ❞❡✉❞♦r❛ ② ❞❡ ❧❛ q✉❡ ❞❡♣❡♥❞❡✱ ❛✉♥q✉❡ ❡st♦ ♥♦ q✉✐❡r❛ ❞❡❝✐r q✉❡ s❡ r❡❞✉③❝❛ ❛

❡❧❧♦s✳ P♦r ❡s♦ ❡♠♣❡③❛♠♦s ❡st❡ tr❛❜❛❥♦ ❝♦♥ ✉♥❛ ♣❡q✉❡ñ❛ ♠❡♥❝✐ó♥ ❛❧ ❝❛♠❜✐♦ ❡♥ ✉♥❛ ❞❡ ❧❛s

❡s❝✉❡❧❛s ♠ás ❢❡❝✉♥❞❛s ② ❧♦♥❣❡✈❛s✿ ❧❛ ❡s❝♦❧ást✐❝❛✳

✶✳✶✳ ❍✐❧❡♠♦r✜s♠♦ ❚♦♠✐st❛

P♦r ❧♦ ❡①♣✉❡st♦ ❡♥ ❬✸❪ ♣♦❞❡♠♦s ❡♥t❡♥❞❡r q✉❡ ❧❛ ✜❧♦s♦❢í❛ ❞❡❧ s❛♥t♦ ❝❛tó❧✐❝♦ ❡♥t✐❡♥❞❡ q✉❡

❡♥ ❡❧ ❝❛♠❜✐♦ ❡♥tr❛♥ ❡♥ ❥✉❡❣♦ ❧❛ ❢♦r♠❛✱ ❧❛ ♠❛t❡r✐❛✱ ❡❧ ❝♦♠♣✉❡st♦ ❞❡ ❡st❛s ② ❡❧ t✐❡♠♣♦✳ ▲❛

♠❛t❡r✐❛ ✐♥✈♦❧✉❝r❛rí❛ ❧♦ q✉❡ ❛❤♦r❛ ❞❡♥♦t❛♠♦s ❝♦♠♦ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ♣♦s✐❜❧❡s✱ ❡s ❞❡❝✐r

s❡rí❛ ❡❧ ❡❧❡♠❡♥t♦ ♣♦t❡♥❝✐❛❧✱ ❛q✉❡❧❧♦ q✉❡ ♣❡r♠✐t❡ q✉❡ ❤❛②❛ ❝❛♠❜✐♦✳ ▲❛ ❢♦r♠❛✱ ♣♦r s✉ ♣❛rt❡✱

s❡rí❛ ❛q✉❡❧❧♦ q✉❡ ❡s ❡♥ ❛❝t♦ ❡♥ ✉♥ t✐❡♠♣♦ ❞❡t❡r♠✐♥❛❞♦ ② q✉❡ ❛❧ ✐♥❤❡r✐r ❡♥ ❧❛ ♠❛t❡r✐❛ ❤❛❝❡

❡❧ ❝♦♠♣✉❡st♦✱ q✉❡ ❡s ✉♥❛ ❝♦s❛ ❡st❛♥❞♦ ❡♥ ✉♥ ❡st❛❞♦ ❞❡t❡r♠✐♥❛❞♦✳ ❆sí ♣✉❡s✿

❉❡✜♥✐❝✐ó♥ ✶✳✶ ✭❈❛♠❜✐♦ s❡❣ú♥ ❚♦♠ás ❞❡ ❆q✉✐♥♦✮✳ ❉❡❝✐♠♦s q✉❡ ❤❛② ✉♥ ❝❛♠❜✐♦ ❡♥

✉♥❛ ❝♦s❛ C s✐ ② s♦❧♦ s✐✿

✶✳ ▲❛ ♠❛t❡r✐❛ M ❞❡ C ♣❡r❞✉r❛ ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ ❞❡ t✐❡♠♣♦ [t1, t2]✳

✷✳ ❊①✐st❡♥ ❞♦s ❢♦r♠❛s ❞✐st✐♥t❛s F ② G✳

✸✳ F ✐♥❤✐❡r❡ ❡♥ M ❡♥ t1 ② G ✐♥❤✐❡r❡ ❡♥ M ❡♥ t2✳

✶✳✷✳ Pr✐♠❡r❛ ❛♣r♦①✐♠❛❝✐ó♥ ❛ ❧❛ ❢♦r♠❛❧✐③❛❝✐ó♥ ❞❡❧ ❝❛♠❜✐♦

❈♦♥ t♦❞♦✱ ❛ ♣❡s❛r ❞❡❧ r❡s♣❡t♦ ② ❡❧ ❛♣r❡❝✐♦ q✉❡ ♣♦❞❛♠♦s t❡♥❡r ❛❧ ❣r❛♥ ✜❧ós♦❢♦ ♠❡❞✐❡✈❛❧

❞❡❜❡♠♦s ❝❛❧✐✜❝❛r ❞❡ ♣r❡❝❛r✐❛ ❛ s✉ ❞❡✜♥✐❝✐ó♥ ❡♥ ❧❛ ♠❡❞✐❞❛ q✉❡ ❧❛s ✐❞❡❛s ❞❡ ♠❛t❡r✐❛ ② ❢♦r♠❛

t❡♥❣❛♥ ❝✐❡rt❛s ✈❛❣✉❡❞❛❞❡s ❡ ✐♠♣r❡❝✐s✐♦♥❡s✳ ❚♦♠❛r❡♠♦s✱ ❡♥ ❝❛♠❜✐♦ ✐❞❡❛s ❡①♣✉❡st❛s ♣♦r

▼❛r✐♦ ❇✉♥❣❡ ② ●✉st❛✈♦ ❘♦♠❡r♦ ♠ás ❞❡ ❛❝♦r❞❡ ❛ ❧❛ ❢♦r♠❛ ❞❡ ♣❡♥s❛r ❝♦♥t❡♠♣♦rá♥❡❛ ②✱

❡s♣❡r❛♠♦s✱ ❝♦♥ ♠❡♥♦s ✈❛❣✉❡❞❛❞ ✭❬✺❪✱ ❬✷✷❪✮✳ ◆♦ ♦❜st❛♥t❡✱ ❛q✉í ♠ás q✉❡ ❡①♣♦♥❡r ❧❛s ✐❞❡❛s

❞❡ ❡st♦s ✜❧ós♦❢♦s ❡①♣♦♥❞r❡♠♦s ✉♥❛ ✈❡rs✐ó♥ ♣r♦♣✐❛ ❝♦♥ ✉♥❛ ♦♥t♦❧♦❣í❛ q✉❡ ❜❡❜❡ ♠✉❝❤♦ ❞❡

❡❧❧♦s ♣❡r♦ ❝♦♥ r❛s❣♦s ✐❞❡♦s✐♥❝rát✐❝♦s ❞❡ ❧♦s ❛✉t♦r q✉❡ ❡s♣❡r❡♠♦s q✉❡ ❧♦s ❧❡❝t♦r❡s ❛♣r❡❝✐❡♥

♦✱ ❡♥ ❡❧ ♣❡♦r ❞❡ ❧♦s ❝❛s♦s✱ ♣✉❡❞❛♥ ♣❡r❞♦♥❛r✳
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✶✳✷✳✶✳ ❉❡✜♥✐❝✐ó♥ ❞❡ ▼❡r❡♦❧♦❣í❛

Ps❡✉❞♦♣♦st✉❧❛❞♦ ✶✳✷✳ ✶ ❊❧ ♠✉♥❞♦ ② ❧❛s s✐t✉❛❝✐♦♥❡s ♣r❡s❡♥t❛♥ ✉♥❛ r❡❧❛❝✐ó♥ ❞❡ ♦r❞❡♥✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✸✳ ❊st❡ ♣♦st✉❧❛❞♦ s❡ ❜❛s❛ ❡♥ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ✉♥❛s ❝♦s❛s s♦♥ ♣❛rt❡s ❞❡

♦tr❛s✳ ◆♦ ♦❜st❛♥t❡ ❡st♦ r❡q✉✐❡r❡ ❧❛ ✐❞❡❛ ❞❡ ❝♦s❛ q✉❡ s❡ ❛❝❧❛r❛rá ♠ás ❛❞❡❧❛♥t❡ ② ♣♦r t❛♥t♦

♣r❡❢❡r✐♠♦s ♥♦ ✐♥tr♦❞✉❝✐r❧❛ ❛❤♦r❛✳ P❛rt✐♠♦s✱ ❡♥ ❝❛♠❜✐♦✱ ❞❡ ✉♥❛ ✐❞❡❛ ♠ás ♦ ♠❡♥♦s ♣r✐♠❛r✐❛

② ✈❛❣❛ ❞❡ ♠✉♥❞♦✳

Ps❡✉❞♦❞❡✜♥✐❝✐ó♥ ✶✳✹ ✭▼❡r❡♦❧♦❣í❛✮✳ ❈✉❛❧q✉✐❡r t❡♦rí❛ q✉❡ ✐♥t❡♥t❡ r❡♣r❡s❡♥t❛r ❞✐❝❤❛

❡str✉❝t✉r❛ s❡ ❞✐❝❡ q✉❡ ❡s ✉♥❛ ♠❡r❡♦❧♦❣í❛✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✺✳ ❉❡❜❡♠♦s ♠❡♥❝✐♦♥❛r ❛q✉í q✉❡ ❧❛ ✐❞❡❛ ❞❡ ✓r❡♣r❡s❡♥t❛r✔ ❧❛ t♦♠❛♠♦s ❞❡

❢♦r♠❛ ♠ás ♦ ♠❡♥♦s ✐♥t✉✐t✐✈❛ ② s✐♥ ❡s♣❡❝✐✜❝❛r✳ ◆♦ ♦❜st❛♥t❡ s✐ q✉❡r❡♠♦s ❞❡❥❛r ❝❧❛r♦ q✉❡ ♥♦

❛♣♦st❛♠♦s ♣♦r ✉♥❛ ✈✐s✐ó♥ ❞❡ ❧❛ r❡♣r❡s❡♥t❛❝✐ó♥ ❝♦♠♦ ✉♥❛ ❛❝t✐✈✐❞❛❞ r❡❛❧✐③❛❞❛ ♣♦r s✉❥❡t♦s

❡①t❡r✐♦r❡s ❛❧ ♠✉♥❞♦ q✉❡ ♥♦ ✐♥t❡r✈✐❡♥❡♥ s♦❜r❡ ❡st❡✱ ♥✐ s♦♥ ♣❛rt❡ ❞❡❧ ♠✐s♠♦✱ ♠ás ❜✐❡♥ t♦❞♦

❧♦ ❝♦♥tr❛r✐♦✳

P♦st✉❧❛❞♦ ✶✳✻✳ ❚♦❞❛ ♠❡r❡♦❧♦❣í❛ ❞❡❜❡ t❡♥❡r ❛❧ ♠❡♥♦s ✉♥ ❝♦♥❥✉♥t♦ ✓S✔✱ ✉♥❛ r❡❧❛❝✐ó♥ ❞❡

♦r❞❡♥ ✓≤✔ ♦ ❞❡ ♦r❞❡♥ ❡str✐❝t♦ ✓<✔ ❡♥tr❡ ❡❧❧♦s ② ✓M✔ ✉♥ ♠á①✐♠♦ ♣❛r❛ t❛❧ r❡❧❛❝✐ó♥✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✼✳ ▲❛ ✐♥t❡r♣r❡t❛❝✐ó♥ q✉❡ ❤❛❝❡♠♦s ❞❡ ❡st❡ ♣♦st✉❧❛❞♦ ❡s q✉❡ t♦❞❛ ♠❡r❡♦❧♦❣í❛

❞❡❜❡ t❡♥❡r tér♠✐♥♦s ❝❛♣❛❝❡s ❞❡ r❡♣r❡s❡♥t❛r ❧♦s ✐♥❞✐✈✐❞✉♦s ② ✉♥❛ ❢♦r♠❛ ❞❡ ❞❡t❡r♠✐♥❛r ❝✉á❧❡s

s♦♥ ♣❛rt❡s ❞❡ ♦tr♦s✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✽✳ ▲❛ ú❧t✐♠❛ ❝♦♥❞✐❝✐ó♥ ♥♦s ❣❛r❛♥t✐③❛ q✉❡ S ❡s ♥♦ ✈❛❝í♦ ② ❛❞❡♠ás ❞❡❜❡♠♦s

✐♥t❡r♣r❡t❛r❧❛ ❝♦♠♦ ✉♥❛ r❡str✐❝❝✐ó♥ r❛③♦♥❛❜❧❡ q✉❡ t✐❡♥❡ ❡♥ ❝✉❡♥t❛ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❧❛ ♠❡✲

r❡♦❧♦❣í❛ ❞❡❜❡ ❤❛❜❧❛r ❞❡❧ ♠✉♥❞♦ ♦ t❡♥❡r ❛❧❣✉♥❛ ❝♦t❛ ❞❡ q✉é ♣❡rt❡♥❡❝❡ ❛ ❧❛ s✐t✉❛❝✐ó♥ ② ❞❡

q✉é ♥♦s ✐♥t❡r❡s❛ ② q✉é ♥♦✳ ❊s ❞❡❝✐r✱ ♥❡❝❡s✐t❛♠♦s ✉♥ ♦❜❥❡t♦ ♣r✐✈✐❧❡❣✐❛❞♦ q✉❡ ❢✉♥❝✐♦♥❡ ❝♦♠♦

✓♠á①✐♠♦✔ ② ❛ ❡st♦ ❧♦ ❧❧❛♠❛♠♦s M✷✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✾✳ ❉❡❝✐♠♦s q✉❡ ❧❛ r❡❧❛❝✐ó♥ ♣✉❡❞❡ s❡r ❞❡ ♦r❞❡♥ ♦ ❞❡ ♦r❞❡♥ ❡str✐❝t♦ ②❛ q✉❡

❛♠❜❛s ♥♦❝✐♦♥❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s s✐ t❡♥❡♠♦s ❛❧❣♦ q✉❡ s✐♠❜♦❧✐❝❡ ❧❛ ✐❞❡♥t✐❞❛❞✳ ❆q✉í ❡♥t❡♥❞❡✲

r❡♠♦s t❛❧ ♥♦❝✐ó♥ ❞❡ ❢♦r♠❛ ♣r✐♠✐t✐✈❛ ❛✉♥q✉❡ ❧✉❡❣♦ ❝❛r❛❝t❡r✐❝❡♠♦s ❡st❛✱ ❛❧ ♠❡♥♦s ❛♣❧✐❝❛❞❛

❛ ❧♦s ❡❧❡♠❡♥t♦s ❞❡ ❧❛ ♠❡r❡♦❧♦❣í❛✱ ♣✐❞✐❡♥❞♦ q✉❡ s❡❛ ❡q✉✐✈❛❧❡♥t❡ ❛ ♦tr❛s ❝♦♥❞✐❝✐♦♥❡s✳ ▲♦ ✐♠✲

♣♦rt❛♥t❡ ❛q✉í ❡s q✉❡ ❞❡ ❡st❛r ❡♥ ❡❧ ❝❛s♦ ❞❡ t❡♥❡r ✉♥ ♦r❞❡♥ ❡str✐❝t♦✱ ❡s ❞❡❝✐r ❞❡ ♣❡❞✐r q✉❡

a < b ✐♠♣❧✐q✉❡ q✉❡ s❡❛♥ ❞✐❢❡r❡♥t❡s✱ ♣♦❞❡♠♦s ♦❜t❡♥❡r ✉♥❛ r❡❧❛❝✐ó♥ ❞❡ ♦r❞❡♥ ❝♦♠♦ a ≤ b ss✐

✶❯s❛r❡♠♦s ✓♣s❡✉❞♦♣♦st✉❧❛❞♦✔ ② ✓♣s❡✉❞♦❞❡✜♥✐❝✐ó♥✔ ❝✉❛♥❞♦ ❧♦ q✉❡ t❡♥❡♠♦s ❡s ♠ás ❜✐❡♥ ❛❧❣♦ t❡♥t❛t✐✈♦

q✉❡ q✉✐③á ❞❡s♣✉és r❡❢♦r♠✉❧❡♠♦s ❞❡ ❢♦r♠❛ ♠ás ❝❧❛r❛ ② r❛③♦♥❛❜❧❡✳
✷❈♦♥ ❡st♦ ♥♦ ♣r❡t❡♥❞❡♠♦s ❝❛❡r ❡♥ ✉♥ ♠♦♥✐s♠♦ ❛❜s♦❧✉t♦ ♥✐ ♥❛❞❛ ♣♦r ❡❧ ❡st✐❧♦✱ ❡s ♠ás ❜✐❡♥ ✉♥❛ ♣♦st✉r❛

❝rít✐❝❛ s♦❜r❡ ❛q✉❡❧ ✓✐♥❞✐✈✐❞✉♦✔ ♦ ❝♦s❛ ❞❡ ❧❛ q✉❡ s✐❡♠♣r❡ ♣♦❞❡♠♦s ❡st❛r s❡❣✉r♦ q✉❡ ❡①✐st❡ ② ❡stá ❞❡t❡r♠✐♥❛❞❛

s✉ ❡①t❡♥s✐ó♥✿ t♦❞♦ ❧♦ q✉❡ ❡①✐st❡ ❬✸✵❪
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a < b ♦ a = b✳ ❉❡ ❢♦r♠❛ ❛♥á❧♦❣❛ s❡❛ ❤❛❝❡ ♣❛rt✐❡♥❞♦ ❞❡ ✉♥❛ r❡❧❛❝✐ó♥ ❞❡ ♦r❞❡♥ ♣❛r❛ ♦❜t❡♥❡r

✉♥ ♦r❞❡♥ ❡str✐❝t♦✳

P❛r❛ ❛✉t♦r❡s ❝♦♠♦ ▼❛r✐♦ ❇✉♥❣❡ ✉♥❛ ♠❡r❡♦❧♦❣í❛ ♥❡❝❡s✐t❛ ❜❛st❛♥t❡ ♠ás✱ ❡♥ ❝♦♥❝r❡t♦

❞✐❝❤♦ ❛✉t♦r ❝♦♥s✐❞❡r❛ q✉❡ ❡s ♥❡❝❡s❛r✐♦ ✉s❛r ✉♥ á❧❣❡❜r❛ ❞❡ ❇♦♦❧❡ 〈S,≤,∪,∩, 0, 1〉 ✸✳ ❆

❞✐❢❡r❡♥❝✐❛ ❞❡ ❡st❡ ♥♦ ❛✜r♠❛r❡♠♦s q✉❡ ♣❛r❛ r❡♣r❡s❡♥t❛r ❧❛ r❡❧❛❝✐ó♥ ❞❡ ♦r❞❡♥ q✉❡ ♣r❡s❡♥t❛

❡❧ ♠✉♥❞♦ t❡♥❣❛♠♦s q✉❡ ✉s❛r ✉♥ á❧❣❡❜r❛ ❞❡ ❇♦♦❧❡✱ ♥✐ ❝r❡❡♠♦s s❡❛ ❧❛ ♠❡❥♦r ❢♦r♠❛ ♥✐ ❧❛

ú♥✐❝❛ ❞❡ r❡♣r❡s❡♥t❛r t❛❧ r❡❧❛❝✐ó♥✳ ◆✉❡str❛ ✈✐s✐ó♥ ✐♥t❡♥t❛ s❡r ♠ás ❛❜✐❡rt❛ ② ❞❛r ❝❛❜✐❞❛ ❛

❝♦♥❝❡♣t✉❛❧✐③❛❝✐♦♥❡s ❞✐st✐♥t❛s❀ ❜✉s❝❛♥❞♦✱ ❡♥ ❝♦♥s❡❝✉❡♥❝✐❛✱ ✐❞❡❛s ♠í♥✐♠❛s q✉❡ ♣❡r♠✐t❛♥ ✉♥❛

♣❧✉r❛❧✐❞❛❞ ❞❡ ❝♦♥❝❡♣t✉❛❧✐③❛❝✐♦♥❡s ❞✐❢❡r❡♥t❡s✳ P❛r❛ ♠ás ✐♥❢♦r♠❛❝✐ó♥ s♦❜r❡ ❡st♦ ♣✉❡❞❡ ❧❡❡rs❡

❡❧ t❡①t♦ ❬✷✻❪ q✉❡ ❛❜♦r❞❛ ❞✐st✐♥t❛s ♠❡r❡♦❧♦❣í❛s ♦ t❡♦rí❛s ❞❡ t♦❞♦s ② ♣❛rt❡s✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✵ ✭■♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧✮✳ ❯♥ ❡❧❡♠❡♥t♦ x ∈ S s❡ ❞✐❝❡ q✉❡ ❡s ✉♥❛ ✐♥❞✐✈✐❞✉♦

s✉st❛♥❝✐❛❧ ♦ s✉st❛♥❝✐❛✳

❈♦♠♦ ❡s ♦❜✈✐♦ q✉é ❡s ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ ❞❡♣❡♥❞❡ ❞❡ q✉é t✐♣♦ ❞❡ ♠❡r❡♦❧♦❣í❛ t♦♠❡✲

♠♦s✳ ❊st❡ r❡s✉❧t❛❞♦ ❧♦ q✉❡r❡♠♦s r❡♠❛r❝❛r ♣✉❡st♦ q✉❡ ❝♦♥s✐❞❡r❛♠♦s q✉❡ ❧❛ ♣r❡❣✉♥t❛ ♣♦r ❧♦s

✐♥❞✐✈✐❞✉♦s q✉❡ ❢♦r♠❛♥ ❧❛ r❡❛❧✐❞❛❞ ❡s ✉♥❛ ♣r❡❣✉♥t❛ ♠❛❧ ❢♦r♠✉❧❛❞❛ q✉❡ ❤❛st❛ ❝✐❡rt♦ ♣✉♥t♦

♣r❡s✉♣♦♥❡ q✉❡ ❡①✐st❡ ❛❧❣♦ ❛sí ❝♦♠♦ ✉♥❛ ú♥✐❝❛ ✓s❡♣❛r❛❝✐ó♥✔ ❞✐s❝r❡t❛ ❞❡❧ ♠✉♥❞♦ ❡♥ ❝♦s❛s

❞✐s❝r❡t❛s✳ ▼ás ❜✐❡♥✱ ♣r❡s✉♣♦♥❡♠♦s q✉❡ t❛❧ s❡♣❛r❛❝✐ó♥ ❡s ♠ás ❜✐❡♥ ❢r✉t♦ ❞❡ ✉♥ ❛❝t♦ ❝♦❣♥✐t✐✲

✈♦ ② ❝✉②❛ ✜♥❛❧✐❞❛❞ ② ❥✉st✐✜❝❛❝✐ó♥ t✐❡♥❡ q✉❡ ✈❡r ❝♦♥ ❧♦s r❡s✉❧t❛❞♦s q✉❡ ❞❡ ❡st♦ ♦❜t❡♥❡♠♦s✳

❆ ♥✉❡str♦ ❥✉✐❝✐♦ ❡st♦ ú❧t✐♠♦ ♣❡r♠✐t❡ ❛✈❛♥③❛r ❝♦♥ r❡s♣❡❝t♦ ❛ ❧❛s ✐❞❡❛s ❞❡ ▼❛r✐♦ ❇✉♥❣❡ q✉❡

♣r❡s✉♣♦♥❡ ✉♥❛ ❝✐❡rt❛ ❡str✉❝t✉r❛ ❡♥ ❧❛ r❡❛❧✐❞❛❞ ❝♦♠♦ ❞♦t❛❞❛ ♣♦r sí ♠✐s♠❛ ❞❡ ✐♥❞✐✈✐❞✉♦s

❞✐s❝r❡t♦s✳ ❊♥ ❝❛♠❜✐♦ ♥♦s♦tr♦s ❡♥t❡♥❞❡♠♦s q✉❡ ❧♦ ♣r✐♠♦r❞✐❛❧ ♥♦ s♦♥ ❧♦s ✐♥❞✐✈✐❞✉♦s ❝♦♠♦ t❛✲

❧❡s✱ s✐♥♦ ❧❛ t♦t❛❧✐❞❛❞ ✭q✉❡ ❤❛st❛ ❝✐❡rt♦ ♣✉♥t♦ t❛♠♣♦❝♦ ❞❡❜❡♠♦s ❝❛t❛❧♦❣❛r ❝♦♠♦ t❛❧✮ ♠✐s♠❛✱

♠✐❡♥tr❛s q✉❡ ❧♦s ✐♥❞✐✈✐❞✉♦s s❡rí❛♥ ♠ás ❜✐❡♥ ✉♥ r❡s✉❧t❛❞♦ ❞❡ ❛♣❧✐❝❛r ✉♥❛ t❡♦rí❛✱ ❡♥ ❝♦♥❝r❡t♦

✉♥❛ ♠❡r❡♦❧♦❣í❛✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✶✳ ❉❛❞❛ ✉♥❛ ♠❡r❡♦❧♦❣í❛ M ② ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ x ❧❧❛♠❛♠♦s Ux ❛❧

❝♦♥❥✉♥t♦ ❞❡ ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s ♠❡♥♦r❡s ❡str✐❝t♦s q✉❡ x✱ ❡st♦ ❡s Ux = {z ∈ S| z < x}✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✷✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛ ♠❡r❡♦❧♦❣í❛ M ❡s ♥♦✲❧✐♥❡❛❧ s✐ ♥♦ ❡①✐st❡ ✉♥ ✐♥❞✐✈✐❞✉♦

s✉st❛♥❝✐❛❧ x ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ∃y = maxUx✳

✸❈♦♠♦ s❡ ♣✉❡❞❡ ♦❜s❡r✈❛r ✉♥ á❧❣❡❜r❛ ❞❡ ❇♦♦❧❡ ♣r❡s❡♥t❛ ♠ás ❡❧❡♠❡♥t♦s ❛❞❡♠ás ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ② ✉♥❛

r❡❧❛❝✐ó♥ ❞❡ ♦r❞❡♥✳ ❊♥ ♣❛rt✐❝✉❧❛r ♣r❡s❡♥t❛ ❞♦s ♦♣❡r❛❝✐♦♥❡s q✉❡ ♣♦❞❡♠♦s ✐♥t❡r♣r❡t❛r ❝♦♠♦ ❧❛ ❛s♦❝✐❛❝✐ó♥

② ❧❛ ✐♥t❡rs❡❝❝✐ó♥ ❞❡ ❞♦s ❝♦s❛s✳ ❊♥ ❝❛♠❜✐♦ 0 ♣✉❡❞❡ ❡♥t❡♥❞❡rs❡ ❝♦♠♦ ❧❛ ✜❝❝✐ó♥ ❞❡ ✉♥ ✐♥❞✐✈✐❞✉♦ ♥✉❧♦ ② 1

❝♦♠♦ ❧❛ t♦t❛❧✐❞❛❞ ❞❡ ❧♦ ❡①✐st❡♥t❡✳ P❛r❛ ♠ás ✐♥❢♦r♠❛❝✐ó♥ s♦❜r❡ ❡st♦ ② ❧❛ ♥♦❝✐ó♥ ❞❡ á❧❣❡❜r❛ ❞❡ ❇♦♦❧❡ ♣✉❡❞❡

❝♦♥s✉❧t❛rs❡ ❬✺❪
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❖❜s❡r✈❛❝✐ó♥ ✶✳✶✸✳ ❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❛ ❞❡✜♥✐❝✐ó♥ ❡s ♣r❡✈❡♥✐r s✐t✉❛❝✐♦♥❡s ❝♦♠♦ ❧❛ s✐❣✉✐❡♥t❡✿

x

y

z

❊s ❞❡❝✐r✱q✉❡r❡♠♦s ❡✈✐t❛r q✉❡ ❤❛②❛ ✉♥ ♦r❞❡♥ ❧✐♥❡❛❧ ❡♥ q✉❡ ✉♥❛ ❝♦s❛ s❡ ❞❡s❝♦♠♣♦♥❣❛ ❡♥ ✉♥

✐♥❞✐✈✐❞✉♦ ✐♥♠❡❞✐❛t❛♠❡♥t❡ ✐♥❢❡r✐♦r ② ♥❛❞❛ ♠ás✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✹✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛ ♠❡r❡♦❧♦❣í❛ M ❡s ❞✐st✐♥t✐✈❛ s✐ ② s♦❧♦ s✐ s❡ t✐❡♥❡ q✉❡

Ux = Uy =⇒ x = y✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✶✺✳ ❊♥ ❡st❡ ❝❛s♦ ❡❧ ❝♦♥tr❛❡❥❡♠♣❧♦ q✉❡ q✉❡r❡♠♦s ❡❧✐♠✐♥❛r s❡rí❛ ❛❧❣♦ ❝♦♠♦ ❡❧

s✐❣✉✐❡♥t❡✿
x y

u v

❊s ❞❡❝✐r✱ ❧♦ q✉❡ s❡ ❜✉s❝❛ ❡♥ ❡st❡ ❝❛s♦ ❡s ❡❧✐♠✐♥❛r ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ q✉❡ ❞♦s ❝♦s❛s t❡♥❣❛♥ ❧❛

♠✐s♠❛ ❝♦♠♣♦s✐❝✐ó♥✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✶✻✳ P✉❡❞❡ ❞❡♠♦str❛rs❡ q✉❡ ❧❛s ❞♦s ♣r♦♣✐❡❞❛❞❡s ❞❡✜♥✐❞❛s ❛♥t❡r✐♦r♠❡♥t❡ t✐❡✲

♥❡♥ ✉♥ s✐❣♥✐✜❝❛❞♦ t♦♣♦❧ó❣✐❝♦ s✐ s❡ ✉t✐❧✐③❛ ♣❛r❛ ❡❧❧♦ ❧❛ t♦♣♦❧♦❣í❛ ❞❡ ♣♦s❡ts ❞❡✜♥✐❞❛ ❡♥ ❬✶❪✳ ❊s

❞❡❝✐r✱ ❡♥t❡♥❞✐❡♥❞♦ ❧❛ ♥♦ ❧✐♥❡❛❧✐❞❛❞ ❝♦♠♦ ❧❛ ♥♦ ❡①✐st❡♥❝✐❛ ❞❡ ✓❜❡❛t✲♣♦✐♥ts✔ ② ❧❛ ❡❧ ❝❛rá❝t❡r

❞✐st✐t✐✈♦ ❝♦♠♦ ❧❛ ♥♦ ♣r❡s❡♥❝✐❛ ❞❡ s✉❜❝♦♥❥✉♥t♦s ♥♦ ❝♦♥trá❝t✐❧❡s✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✶✼✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ f : X → Y ❡s ✐♥②❡❝t✐✈❛ s✐ ② s♦❧♦ s✐

∀x, y ∈ X, f(x) = f(y) =⇒ x = y✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✶✽✳ ▲❛ ✐❞❡❛ ✐♥t✉✐t✐✈❛ ❞❡trás ❞❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ✐♥②❡❝t✐✈❛ ❡s q✉❡ ❛s♦❝✐❛ ❛ ❝❛❞❛

❡❧❡♠❡♥t♦ x ∈ X ✉♥ ú♥✐❝♦ ❡❧❡♠❡♥t♦ f(x) ∈ Y ✳

❉❡✜♥✐❝✐ó♥ ✶✳✶✾ ✭❙✉❜♠❡r❡♦❧♦❣í❛✮✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛ ♠❡r❡♦❧♦❣í❛ M = (S,≤) ❡s ♠❡♥♦s

✜♥❛ q✉❡ ♦tr❛ M ′ = (S′,≤′) ② r❡♣r❡s❡♥t❛♠♦s ❝♦♠♦ M ≤M s✐ ② s♦❧♦ s✐ ❡①✐st❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥

✐♥②❡❝t✐✈❛ f : S → S′ q✉❡ s❛t✐s❢❛❝❡ q✉❡✿

∀x, y ∈ S t❛❧❡s q✉❡ x ≤ y s❡ ❝✉♠♣❧❡ q✉❡ f(x) ≤′ f(y)✱ ❡s ❞❡❝✐r ❝♦♥s❡r✈❛ ❡❧ ♦r❞❡♥✳

f(M) = M ′ ❞♦♥❞❡ M ❡s ❡❧ ♦❜❥❡t♦ ♠❛①✐♠❛❧ ❞❡ S ② M ′ ❡❧ ❞❡ S′✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✷✵✳ ❍❛❜❧❛♠♦s ❞❡ q✉❡ ❤❛② ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ✐♥②❡❝t✐✈❛ ♣❛r❛ ❣❡♥❡r❛❧✐③❛r ❧❛ ✐❞❡❛

✐♥t✉✐t✐✈❛ ❞❡ q✉❡ ❡st❛♠♦s ❛♥t❡ ✉♥ s✉❜❝♦♥❥✉♥t♦✳ ▲❛ ✐❞❡❛ ✐♠♣♦rt❛♥t❡ ❡s q✉❡ ❡st❛♠♦s ❤❛❝✐❡♥❞♦

❝❛s♦ ♦♠✐s♦ ❞❡ ❧♦s ♥♦♠❜r❡s q✉❡ ❞❛♠♦s ♦ ❧♦s ❡❧❡♠❡♥t♦s ♣❛rt✐❝✉❧❛r❡s ❞❡ S ② S′✳
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❉❡✜♥✐❝✐ó♥ ✶✳✷✶✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛ ♠❡r❡♦❧♦❣í❛ M = ❡s ♠ás ✜♥❛ q✉❡ ♦tr❛ M ′ ② r❡♣r❡s❡♥✲

t❛♠♦s ❝♦♠♦ M ≥M s✐ ② s♦❧♦ s✐ M ′ ≤M ✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✷✷ ✭❘❡❧❛❝✐ó♥ ❡♥tr❡ ♠❡r❡♦❧♦❣í❛s✮✳ ▲❛ r❡❧❛❝✐ó♥ ❡♥tr❡ ♠❡r❡♦❧♦❣í❛s ✓s❡r

♠❡♥♦s ✜♥❛ q✉❡✔ ❡s ❞❡ ♦r❞❡♥ t♦♠❛♥❞♦ ❝♦♠♦ ✐❞❡♥t✐❞❛❞ ❡❧ ✐s♦♠♦r✜s♠♦ ❡♥tr❡ ❝♦♥❥✉♥t♦s ♦r✲

❞❡♥❛❞♦s ❝♦♥ ✉♥ ❡❧❡♠❡♥t♦ ❞❡st❛❝❛❞♦✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✷✸✳ ◗✉❡ ✉♥❛ ♠❡r❡♦❧♦❣í❛ s❡❛ ♠ás ✜♥❛ q✉❡ ♦tr❛ ♥♦ q✉✐❡r❡ ❞❡❝✐r q✉❡ s❡❛

♣r❡❢❡r✐❜❧❡ s✐❡♠♣r❡✳ ◆♦ t✐❡♥❡ s❡♥t✐❞♦ ❞✐✈✐❞✐r ❧♦ q✉❡ ♣✉❡❞❡ s❡r s✐♠♣❧❡✳ ❚❛♠♣♦❝♦ t✐❡♥❡ s❡♥t✐❞♦

✐♥tr♦❞✉❝✐r ✐♥❞✐✈✐❞✉♦s q✉❡ ♥♦ r❡✜❡r❡♥ ❛ ♥❛❞❛ r❡❛❧✳

✶✳✷✳✷✳ ❉❡✜♥✐❝✐ó♥ ❞❡ ▼♦r❢♦❧♦❣í❛

❍❛st❛ ❡❧ ♠♦♠❡♥t♦ s♦❧♦ ❤❡♠♦s ❛❜♦r❞❛❞♦ ❛q✉❡❧❧♦ q✉❡ t✐❡♥❡ q✉❡ ✈❡r ❝♦♥ ❧♦s ✐♥❞✐✈✐❞✉♦s✱

♣❡r♦ ♣❛r❡❝❡ q✉❡ ❤❛② ♠✉❝❤❛s ❛❧t❡r♥❛t✐✈❛s ♣♦s✐❜❧❡s ♣❛r❛ ❡❧❡❣✐r ✉♥♦s ✉ ♦tr♦s✳ ❊st♦ ❡s✱ ❤❛② ❞✐✲

✈❡rs❛s ❢♦r♠❛s ♣❛r❛ ♣❛r❝❡❧❛r ❧❛ r❡❛❧✐❞❛❞ ❡♥ ❝♦s❛s✳ P❛r❛ ❞♦t❛r ❞❡ ❛❧❣✉♥❛ ❝❧❛s❡ ❞❡ r❛❝✐♦♥❛❧✐❞❛❞

❛ ❡st❡ ♣r♦❝❡s♦ ❞❡❜❡♠♦s ✐♥tr♦❞✉❝✐r ✉♥❛ ♥♦❝✐ó♥ q✉❡ ♣❡r♠✐t✐rá ✐❞❡♥t✐✜❝❛r ❛ ❧♦s ✐♥❞✐✈✐❞✉♦s ②

❞❡ ❞♦t❛r❧❡s ❞❡ ✉♥❛ ❡str✉❝t✉r❛ ♠ás ❝♦♠♣❧❡❥❛ q✉❡ ❧❛ ❤❛st❛ ❛q✉í ❡①♣✉❡st❛✳

▲❛ ✐❞❡❛ q✉❡ ✈❛♠♦s ❛ s❡❣✉✐r ❡s q✉❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ♣✉❡❞❡♥ ❝❛r❛❝t❡r✐③❛♥ ♦ s♦♥ ❝✉❡st✐♦♥❡s

q✉❡ s❡ ♣✉❡❞❡♥ ✓♥♦t✐✜❝❛r✔ ❞❡ ✉♥ ♦❜❥❡t♦✳ ❆❤♦r❛ ❜✐❡♥✱ t❛♥t♦ ❡❧ ✓❝❛r❛❝t❡r✐③❛r✔ ❝♦♠♦ ❡❧ ✓♥♦t✐✲

✜❝❛r✔ s♦♥ ❛❝❝✐♦♥❡s q✉❡ ✐♥❞✐❝❛♥ ②❛ ❛❧ s✉❥❡t♦✳ ◆♦ ❤❛② ✉♥❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ♦ ✉♥❛ ♥♦t✐✜❝❛❝✐ó♥

s✐♥ ❛❧❣✉✐❡♥ ♣❛r❛ ❡❧ ❝✉á❧ ❡stá♥ ❝❛r❛❝t❡r✐③❛❞❛s ♦ ❡stá♥ ♥♦t✐✜❝❛❞❛s✳ ❉❡ ❛❤í q✉❡ ❧❛ ✐❞❡❛ ❞❡

♣r♦♣✐❡❞❛❞ ❧❛ ❡♥t❡♥❞❛♠♦s ❝♦♠♦ ❛❧❣♦ ♣r♦♣✐♦✳ ❨ ❡s q✉❡ ❡s❡ ❝❛r❛❝t❡r✐③❛r ❡s ❛❧❣♦ q✉❡ r❡q✉✐❡r❡

②❛ ❞❡ ❧♦s ✐♥❞✐✈✐❞✉♦s q✉❡ ❛ s✉ ✈❡③ ②❛ ❞✐❥✐♠♦s q✉❡ ❞❡♣❡♥❞❡♥ ❞❡ ✉♥❛ t❡♦rí❛✱ ❛✉♥q✉❡ ❡st❛ t❡♥❣❛

s✉ ❢✉♥❞❛♠❡♥t♦ ❡♥ ❧❛ r❡❛❧✐❞❛❞✳

Ps❡✉❞♦❞❡✜♥✐❝✐ó♥ ✶✳✷✹ ✭Pr♦♣✐❡❞❛❞✮✳ ❉❛❞❛ ✉♥❛ ♠❡r❡♦❧♦❣í❛M ② ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧

x ∈ S ❧❧❛♠❛♠♦s ♣r♦♣✐❡❞❛❞❡s ❞❡ x ❛ t♦❞♦ ❛q✉❡❧❧♦ q✉❡ ♣❡r♠✐t❛ ❝❛r❛❝t❡r✐③❛r ❛ x ❢r❡♥t❡ ❛❧

r❡st♦ ❞❡ ✐♥❞✐✈✐❞✉♦s ❞❡ M ✳

Ps❡✉❞♦❞❡✜♥✐❝✐ó♥ ✶✳✷✺ ✭▼♦r❢♦❧♦❣í❛✮✳ ❯♥❛ ♠❡r❡♦❧♦❣í❛ ❡♥ ❧❛ ❝✉❛❧ ❛ ❝❛❞❛ ✐♥❞✐✈✐❞✉♦ s✉s✲

t❛♥❝✐❛❧ s ∈ S s❡ ❧❡ ♣✉❡❞❡ ❞♦t❛r ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦♣✐❡❞❛❞❡s Ps s❡ ❧❧❛♠❛ ♠♦r❢♦❧♦❣í❛✳

❉❡✜♥✐❝✐ó♥ ✶✳✷✻✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛✱ ❞❡♥♦t❛♠♦s ❝♦♠♦ P = ∪s∈SPs ❛❧ ❝♦♥❥✉♥t♦ ❞❡ t♦❞❛s

❧❛s ♣r♦♣✐❡❞❛❞❡s ♣♦s✐❜❧❡s✳

❉❡✜♥✐❝✐ó♥ ✶✳✷✼ ✭❘❡❞❡✜♥✐❝✐ó♥ ❞❡ ▼♦r❢♦❧♦❣í❛✮✳ ❯♥❛ ♠♦r❢♦❧♦❣í❛ ❡s ✉♥❛ t❡r♥❛ (M,P, f)

❞♦♥❞❡ M = (S,≤) ❡s ✉♥❛ ♠❡r❡♦❧♦❣í❛✱ P ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦♣✐❡❞❛❞❡s ② f : M → P (P) ❡s

✉♥❛ ❛♣❧✐❝❛❝✐ó♥ q✉❡ ❛s✐❣♥❛ ❛ ❝❛❞❛ x ∈ S ✉♥ s✉❜❝♦♥❥✉♥t♦ Px ⊂ P✳
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❉❡✜♥✐❝✐ó♥ ✶✳✷✽ ✭❙✉❜♠♦r❢♦❧♦❣í❛✮✳ ❯♥❛ ♠♦r❢♦❧♦❣í❛ (M,P, f) ❡s ✉♥❛ s✉❜♠♦r❢♦❧♦❣í❛ ❞❡

(M ′,P′, f ′) s✐ ② s♦❧♦ s✐ s❡ ❝✉♠♣❧❡ q✉❡✿

✶✳ M ❡s ✉♥❛ s✉❜♠❡r❡♦❧♦❣í❛ ❞❡ M ′ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✶✳✶✾ ❝♦♥ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥

f : S → S′

✷✳ ❊①✐st❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ✐♥②❡❝t✐✈❛ g : P→ P′✳

✸✳ P❛r❛ ❝❛❞❛ x ∈ S s❡ t✐❡♥❡ q✉❡ g(Px) ⊂ Pf(x) ❞♦♥❞❡ f ❡s ❧❛ ❛♣❧✐❝❛❝✐ó♥ ✐♥②❡❝t✐✈❛ ❡♥tr❡

♠❡r❡♦❧♦❣í❛s✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✷✾✳ ❊♥ ✈❡r❞❛❞ s♦❧♦ ❡st❛♠♦s ♣✐❞✐❡♥❞♦ ✉♥❛ ❣❡♥❡r❛❧✐③❛❝✐ó♥ ❞❡ q✉❡ ❧❛s ♣r♦♣✐❡✲

❞❛❞❡s q✉❡ ❡♠♣❧❡❛ ❧❛ ♣r✐♠❡r❛ ♠♦r❢♦❧♦❣í❛ s❡❛♥ t♦❞❛s ✉s❛❞❛s ♣♦r ❧❛ s❡❣✉♥❞❛ ② ❝❛r❛❝t❡r✐❝❡♥

❞❡ ❢♦r♠❛ s❡♠❡❥❛♥t❡✳ ❉❡ ♥✉❡✈♦✱ ❤❛❜❧❛♠♦s ❡♥ tér♠✐♥♦s ❞❡ ❛♣❧✐❝❛❝✐♦♥❡s ♣❛r❛ ✓♥♦ ❞❛r ✐♠♣♦r✲

t❛♥❝✐❛ ❛ ❧♦s ♥♦♠❜r❡s✔✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✸✵✳ ❈❛❜❡♥ ♣❛r❛ ❡st❛ ú❧t✐♠❛ ♥♦❝✐ó♥ ❝♦♥s✐❞❡r❛❝✐♦♥❡s ❛♥á❧♦❣❛s ❛ ❧❛s ♣❧❛♥t❡❛❞❛s

❡♥ ❧❛ s✉❜s❡❝❝✐ó♥ ❛♥t❡r✐♦r ❡♥ ❝✉❛♥t♦ ❛ ❧❛ ♥♦❝✐ó♥ ❞❡ ✓s✉❜♠❡r❡♦❧♦❣í❛✔✳

✶✳✷✳✸✳ ❚✐♣♦s ❞❡ ▼♦r❢♦❧♦❣í❛

❉❡✜♥✐❝✐ó♥ ✶✳✸✶ ✭▼♦r❢♦❧♦❣í❛ tr✐✈✐❛❧✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❡s ✉♥❛ ♠♦r❢♦❧♦❢í❛

tr✐✈✐❛❧ s✐ t♦❞❛s ❧❛s ♣r♦♣✐❡❞❛❞❡s s❡ ❢♦r♠✉❧❛♥ ❡♥ tér♠✐♥♦s ❞❡ ❧❛ r❡❧❛❝✐ó♥ ❞❡ ♦r❞❡♥ ♦ ❡♥ tér♠✐♥♦s

❞❡ ❧❛ ♠❡r❡♦❧♦❣í❛✳

P❛r❛ ❡♥t❡♥❞❡r ♠❡❥♦r ❡st❛ ♥♦❝✐ó♥ ✈❡❛♠♦s ❛❧❣✉♥♦s ❡❥❡♠♣❧♦s ✓tr✐✈✐❛❧❡s✔✳

❊❥❡♠♣❧♦ ✶✳✸✷✳ ❙✐ t❡♥❡♠♦s ❡❧ ❡❥❡♠♣❧♦ ♠ás tr✐✈✐❛❧ ❞❡ ✉♥❛ ♠❡r❡♦❧♦❣í❛✱ ❡s ❞❡❝✐r ❧❛ ♠❡r❡♦❧♦❣í❛

tr✐✈✐❛❧ ❞♦♥❞❡ S = {M}✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✸✸✳ ❙✐ t❡♥❡♠♦s ✉♥❛ ♠❡r❡♦❧♦❣í❛ ♠❡♥♦s tr✐✈✐❛❧ q✉❡ ❧❛ ❛♥t❡r✐♦r ❡♥ ❧❛ ❝✉❛❧

❛❞❡♠ás ❞❡❧ ♦❜❥❡t♦ M ❡stá ✉♥ ♦❜❥❡t♦ � q✉❡ ♣♦❞❡♠♦s ✐♥t❡r♣r❡t❛r ❝♦♠♦ ❡❧ ♦❜❥❡t♦ ✜❝t✐❝✐♦ ✓❧❛

♥❛❞❛✔✳ ❊st♦ ♥♦ ❞❡❜❡rí❛ ❡♥t✉r❜✐❛r♥♦s ❞❡♠❛s✐❛❞♦✱ ♣✉❡st♦ q✉❡ ❧❛ ♠❡r❡♦❧♦❣í❛ ❡s ✉♥❛ t❡♦rí❛ q✉❡

❜✉s❝❛ r❡♣r❡s❡♥t❛r ❧❛ ❡str✉❝t✉r❛ ❞❡ ❝♦♥❥✉♥t♦ ♦r❞❡♥❛❞♦ q✉❡ ♣♦❞❡♠♦s ❛s✐❣♥❛r❧❡ ❛❧ ♠✉♥❞♦✱ ♣❡r♦

♥❛❞❛ ❞✐❝❡ q✉❡ ❡♥ ❡s❛ ❡str✉❝t✉r❛ t♦❞♦s ❧♦s ❡❧❡♠❡♥t♦s ❞❡❧ ❝♦♥❥✉♥t♦ ❞❡❜❛♥ r❡♣r❡s❡♥t❛r ❛❧❣♦

❡①✐st❡♥t❡ ❝♦♠♦ t❛❧ ② ♥♦ ♠ás ❜✐❡♥ ✉♥❛ ✜❝❝✐ó♥ ♣♦r ❝♦♥✈❡♥✐❡♥❝✐❛ t❡ór✐❝❛✳ ❊♥ ❡st❡ ❝❛s♦ ♣♦❞❡♠♦s

❤❛❜❧❛r ❞❡ ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ M ❝♦♠♦ q✉❡ ❝♦♥t✐❡♥❡ ❝♦♠♦ ♣❛rt❡ ❛ � ♦ ❡s ❞✐st✐♥t♦ ❞❡

❡st❛✳ ◆♦ ♦❜st❛♥t❡ ❡st❡ ♠♦❞❡❧♦ ♥♦ r❡s✉❧t❛ s❡r ♣r♦✈❡❝❤♦s♦ ♣❛r❛ ❧❛ ♥♦❝✐ó♥ ❞❡ ♠♦r❢♦❧♦❣í❛ ♣✉❡st♦

q✉❡ ♥♦ ❝❛❜❡ ❜✉s❝❛r ♠✉❝❤❛s ♠ás ♣r♦♣✐❡❞❛❞❡s ♣❛r❛ ❡❧ r❡s✉❧t❛❞♦ q✉❡ ❜✉s❝❛♠♦s✳

❆ ♣❛rt✐r ❞❡ ❛❤♦r❛ s✉♣♦♥❞r❡♠♦s q✉❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ♠❡r❡♦❧ó❣✐❝❛s ♥♦ ❢♦r♠❛♥ ♣❛rt❡ ❞❡

❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛s ♠♦r❢♦❧♦❣í❛s ❝♦♥ ❧❛s q✉❡ tr❛❜❛❥❛♠♦s✳ ❊s ❞❡❝✐r✱ ❡♥t❡♥❞❡r❡♠♦s q✉❡
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❧❛s ♣r♦♣✐❡❞❛❞❡s ✈❛♥ ♠ás ❛❧❧á ❞❡ ❧❛ r❡❧❛❝✐ó♥ ❞❡ ♦r❞❡♥ ❛s♦❝✐❛❞❛ ② t✐❡♥❡♥ q✉❡ ✈❡r ❝♦♥ ♦tr♦s

❛s♣❡❝t♦s✳ ◆♦ ♦❜st❛♥t❡ ♣♦❞r❡♠♦s s❡❣✉✐r ❤❛❜❧❛♥❞♦ ❞❡ ❡st❛s ♣r♦♣✐❡❞❛❞❡s ❝✉❛♥❞♦ s❡❛ ♥❡❝❡s❛r✐♦✱

♣❡r♦ ♥♦ ❡♥ t❛♥t♦ q✉❡ ❡❧❡♠❡♥t♦s ❞❡ P✳

❉❡✜♥✐❝✐ó♥ ✶✳✸✹ ✭❘❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ✉♥❛ ♣r♦♣✐❡❞❛❞✮✳ ❯♥❛ ♣r♦♣✐❡❞❛❞ P ❡s r❡♣r❡s❡♥✲

t❛❜❧❡ ❝✉❛♥❞♦ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♥❛ ❢✉♥❝✐ó♥ P : S′ × C → D✱ ❞♦♥❞❡ S′ ⊂ S✱ C ❡s ✉♥

❝♦♥❥✉♥t♦ ❞❡ ✓❝♦♥❞✐❝✐♦♥❡s✔ ♦ ✓♠♦❞✐✜❝❛❞♦r❡s✔✱ D ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦♣♦s✐❝✐♦♥❡s q✉❡ ❝♦♥✲

t✐❡♥❡♥ ❛ P ② ❛❧ ♠❡♥♦s ✉♥❛ ❞❡ ❡st❛s ♣r♦♣♦s✐❝✐♦♥❡s ❡s ✈❡r❞❛❞❡r❛ ♣❛r❛ ❝❛❞❛ ♦❜❥❡t♦ ❞❡ S′✱ ❡s

❞❡❝✐r ❞❛❞♦ x ∈ S′ ❡①✐st❡ c ∈ C t❛❧ q✉❡ P (x, c) ❡s ✈❡r❞❛❞❡r❛✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✸✺✳ ▲❛ ❞❡✜♥✐❝✐ó♥ ❛♥t❡r✐♦r t✐❡♥❡ ♣♦r ♦❜❥❡t✐✈♦ ❞❡❥❛r ❝❧❛r♦ q✉❡ ❧❛ r❡♣r❡s❡♥t❛✲

❝✐ó♥ ❞❡ ✉♥❛ ♣r♦♣♦s✐❝✐ó♥ ❡s ✉♥❛ ❢✉♥❝✐ó♥ q✉❡ t✐❡♥❡ ✉♥❛s ❝❛r❛❝t❡ríst✐❝❛s ❞❡t❡r♠✐♥❛❞❛s✳ P♦r

✉♥❛ ♣❛rt❡✱ t✐❡♥❡ q✉❡ t❡♥❡r ✉♥ ❝♦♥❥✉♥t♦ ❝❧❛r♦ ❞❡ ✐♥❞✐✈✐❞✉♦s s✉st❛♥t✐✈♦s S′ s♦❜r❡ ❧♦s q✉❡

♣✉❡❞❡ ❞❡❝✐rs❡ q✉❡ t✐❡♥❡♥ ♦ ♥♦ t❛❧ ♣r♦♣✐❡❞❛❞✱ ❡s ❞❡❝✐r ✉♥❛ ♣r♦♣✐❡❞❛❞ s✐❡♠♣r❡ t✐❡♥❡ q✉❡

t❡♥❡r ❛s♦❝✐❛❞❛ ✉♥❛ ❝♦❧❡❝❝✐ó♥ ❞❡ ♦❜❥❡t♦s s♦❜r❡ ❧♦s q✉❡ s❡ ❛♣❧✐❝❛ ② ♦tr❛ s♦❜r❡ ❧♦s q✉❡ ♥♦

✭♣♦s✐❜❧❡♠❡♥t❡ ❛❧❣✉♥❛ ❞❡ ❡st❛s ♣✉❡❞❡ s❡r ✈❛❝í❛✮✳ ❆❞❡♠ás ✉♥❛ ♣r♦♣✐❡❞❛❞ ♣✉❡❞❡ ♣r❡s❡♥t❛r

❞✐st✐♥t♦s ♠♦❞✐✜❝❛❞♦r❡s✱ ♣♦r ❡❥❡♠♣❧♦ ♣r♦♣✐❡❞❛❞❡s ❝♦♠♦ ✓s❡r r♦❥♦✔ ♣✉❡❞❡♥ ♠♦❞✐✜❝❛rs❡ ②

❞❡❜❡♠♦s ❤❛❝❡r❧♦ s✐ q✉❡r❡♠♦s s❡r ♣r❡❝✐s♦s ❝♦♥ ❝✉❡st✐♦♥❡s ❝♦♠♦ ❡❧ t✐❡♠♣♦✱ ❧♦s s✉❥❡t♦s ♣❛r❛

❧♦s q✉❡ s❡ ❝✉♠♣❧❡✱ ✳✳✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✸✻✳ ❊♥ ♥✐♥❣ú♥ ♠♦♠❡♥t♦ s❡ ❤❛ ❞✐❝❤♦ q✉❡ t♦❞❛ ♣r♦♣♦s✐❝✐ó♥ s❡❛ r❡♣r❡s❡♥t❛❜❧❡✱

❡st♦ ♣✉❡❞❡ s✉❝❡❞❡r ♣♦rq✉❡ ♥♦ s❡♣❛♠♦s ❝✉á❧ ❡s ❡s❡ ❝♦♥❥✉♥t♦ ❞❡ ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s s♦❜r❡

❧❛s q✉❡ ❝❛❜❡ ❛♣❧✐❝❛r❧❛✳

❉❡✜♥✐❝✐ó♥ ✶✳✸✼✳ ❯♥❛ ♣r♦♣✐❡❞❛❞ P ❡s r❡♣r❡s❡♥t❛❜❧❡ ❝♦♥ ✈❡r❞❛❞ ❝✉❛♥❞♦ ♣♦❞❡♠♦s ❝♦♥str✉✐r

✉♥❛ ❢✉♥❝✐ó♥ P : S′×C → D✱ ❞♦♥❞❡ S′ ⊂ S✱ C ❡s ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ✓❝♦♥❞✐❝✐♦♥❡s✔ ♦ ✓♠♦❞✐✜✲

❝❛❞♦r❡s✔ ② D ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦♣♦s✐❝✐♦♥❡s q✉❡ ❝♦♥t✐❡♥❡♥ ❛ P ② ❛❞❡♠ás ❡①✐st❡♥ ♠ét♦❞♦s

s✉✜❝✐❡♥t❡♠❡♥t❡ r❛③♦♥❛❜❧❡s ♣❛r❛ ❞❡t❡r♠✐♥❛r ❝✉❛♥❞♦ t❛❧❡s ♣r♦♣♦s✐❝✐♦♥❡s s♦♥ ✈❡r❞❛❞❡r❛s✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✸✽✳ ❊st❛ ❞❡✜♥✐❝✐ó♥ ❡s✱ ❞❡ ❢♦r♠❛ ❡✈✐❞❡♥t❡✱ ♠✉❝❤♦ ♠ás ❢✉❡rt❡ q✉❡ ❧❛ ❛♥t❡r✐♦r✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✸✾✳ P❡❞✐♠♦s q✉❡ ❧♦s ❝r✐t❡r✐♦s ② ❢♦r♠❛s ❞❡ ❞❡t❡r♠✐♥❛r ❧❛ ✈❡r❞❛❞ ❞❡ ❧❛s ♣r♦✲

♣♦s✐❝✐♦♥❡s s❡❛♥ ✓r❛③♦♥❛❜❧❡s✔ ♣❛r❛ ❧♦s ♥✐✈❡❧❡s ② ❝❛♣❛❝✐❞❛❞❡s ❤✉♠❛♥❛s✳ ❆❞❡♠ás ❡s r❛③♦♥❛❜❧❡

♣❡❞✐r q✉❡ s❡❛♥ ✐♥✈❛r✐❛♥t❡s✱ ❡s ❞❡❝✐r✱ ❡❧ ❝r✐t❡r✐♦ t✐❡♥❡ q✉❡ s❡r ✐♥❞❡♣❡♥❞✐❡♥t❡ ❞❡❧ t✐❡♠♣♦✳ ❙✐

q✉❡r❡♠♦s q✉❡ ❡♥ ✉♥❛ ♣r♦♣✐❡❞❛❞ ✐♥t❡r✈❡♥❣❛ ❡❧ t✐❡♠♣♦ ❧♦ ❤❛r❡♠♦s✱ ❝♦♠♦ s❡ ♣✉❡❞❡ ❝♦♠✲

♣r♦❜❛r✱ ✐♥tr♦❞✉❝✐❡♥❞♦ ❡❧ t✐❡♠♣♦ ❡♥ ❡❧ ❝♦♥❥✉♥t♦ C ❞❡ ❧❛s ❝♦♥❞✐❝✐♦♥❡s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❧❛

r❡♣r❡s❡♥t❛❝✐ó♥ ❞❡ ❞✐❝❤❛ ♣r♦♣✐❡❞❛❞✳

❉❡✜♥✐❝✐ó♥ ✶✳✹✵ ✭▼♦r❢♦❧♦❣í❛ r❡♣r❡s❡♥t❛❜❧❡✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❡s r❡♣r❡s❡♥✲

t❛❜❧❡ ❝✉❛♥❞♦ t♦❞❛s s✉s ♣r♦♣✐❡❞❛❞❡s s♦♥ r❡♣r❡s❡♥t❛❜❧❡s✳



✶✳✷✳ P❘■▼❊❘❆ ❆P❘❖❳■▼❆❈■Ó◆ ❆ ▲❆ ❋❖❘▼❆▲■❩❆❈■Ó◆ ❉❊▲ ❈❆▼❇■❖ ✶✼

❉❡✜♥✐❝✐ó♥ ✶✳✹✶ ✭▼♦r❢♦❧♦❣í❛ r❡♣r❡s❡♥t❛❜❧❡ ❝♦♥ ✈❡r❞❛❞✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ ♠♦r❢♦❧♦❣í❛

❡s r❡♣r❡s❡♥t❛❜❧❡ ❝♦♥ ✈❡r❞❛❞ ❝✉❛♥❞♦ t♦❞❛s s✉s ♣r♦♣✐❡❞❛❞❡s s♦♥ r❡♣r❡s❡♥t❛❜❧❡s ❝♦♥ ✈❡r❞❛❞✳

❉❡✜♥✐❝✐ó♥ ✶✳✹✷ ✭Pr♦♣✐❡❞❛❞❡s ❡q✉✐✈❛❧❡♥t❡s✮✳ ❉♦s ♣r♦♣✐❡❞❛❞❡s P1 ② P2 r❡♣r❡s❡♥t❛❜❧❡s

s♦♥ ❡q✉✐✈❛❧❡♥t❡s s✐ ② s♦❧♦ s✐ s✉s r❡♣r❡s❡♥t❛❝✐♦♥❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ q✉❡✿

S′
1 = S′

2 ❞♦♥❞❡ S′
1 ❡s ❡❧ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✐♥❞✐✈✐❞✉♦s s✉st❛♥t✐✈♦s ❛s♦❝✐❛❞♦s ❛ P1 ② S′

2 ❡s

❡❧ s✉❜❝♦♥❥✉♥t♦ ❞❡ ✐♥❞✐✈✐❞✉♦s s✉st❛♥t✐✈♦s ❛s♦❝✐❛❞♦s ❛ P2✳

C1 ≃ C2✱ ❡s ❞❡❝✐r ❧♦s ❝♦♥❥✉♥t♦s ❞❡ ❝♦♥❞✐❝✐♦♥❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s ❜❛❥♦ ❛❧❣✉♥❛ r❡❧❛❝✐ó♥

❞❡ ❡q✉✐✈❛❧❡♥❝✐❛ ❞❡✜♥✐❞❛ ♣♦r ❛❧❣✉♥❛ ❝❧❛s❡ ❞❡ ❛♣❧✐❝❛❝✐♦♥❡s ❜✐②❡❝t✐✈❛s f ✱ ♣♦r ❡❥❡♠♣❧♦

♣♦❞❡♠♦s ♣❡♥s❛r ❡♥ q✉❡ ❤❛② ✐s♦r♠♦✜s♠♦s ❡♥tr❡ ❡s♣❛❝✐♦s ✈❡❝t♦r✐❛❧❡s✱ ❤♦♠❡♦♠♦r✜s♠♦s

❡♥tr❡ ❡s♣❛❝✐♦s t♦♣♦❧ó❣✐❝♦s✱ ✳✳✳

P1(x, c) ❡s ✈❡r❞❛❞❡r♦ s✐ ② s♦❧♦ s✐ P2(x, f(c)) ❡s ✈❡r❞❛❞❡r♦ ✹✳

❉❡✜♥✐❝✐ó♥ ✶✳✹✸ ✭▼♦r❢♦❧♦❣í❛ ❡①❛❝t❛✮✳ ❯♥❛ ♠♦r❢♦❧♦❣í❛ r❡♣r❡s❡♥t❛❜❧❡ ❝♦♥ ✈❡r❞❛❞ ❡s ❡①❛❝✲

t❛ s✐ s❡ ❝✉♠♣❧❡ q✉❡ ♥♦ ❡①✐st❡♥ ♣r♦♣✐❡❞❛❞❡s ❡q✉✐✈❛❧❡♥t❡s✳

❉❡✜♥✐❝✐ó♥ ✶✳✹✹ ✭Pr♦♣✐❡❞❛❞ ❝✉❛❧✐t❛t✐✈❛✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ P ♣r♦♣✐❡❞❛❞ ❡s ❝✉❛❧✐t❛t✐✈❛

s✐ ② s♦❧♦ s✐ s❡ ♣✉❡❞❡ r❡♣r❡s❡♥t❛r ♠❡❞✐❛♥t❡ ✉♥❛ ❢✉♥❝✐ó♥ P : S′ → D ❞♦♥❞❡ S′ ⊂ S✱ D

❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦♣♦s✐❝✐♦♥❡s ❝♦♥ ❧❛ ♣r♦♣✐❡❞❛❞ P ② P (x, ❡s ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✓x t✐❡♥❡ ❧❛

♣r♦♣✐❡❞❛❞ P✔✳

❉❡✜♥✐❝✐ó♥ ✶✳✹✺ ✭Pr♦♣✐❡❞❛❞ ❝✉❛❧✐t❛t✐✈❛ ❢✉❡rt❡✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ P ♣r♦♣✐❡❞❛❞ ❡s

❝✉❛❧✐t❛t✐✈❛ ❢✉❡rt❡ s✐ ② s♦❧♦ s✐ ❡s r❡♣r❡s❡♥t❛❜❧❡ ❢✉❡rt❡ ♠❡❞✐❛♥t❡ ✉♥❛ ❢✉♥❝✐ó♥ P : S′ → D

❞♦♥❞❡ S′ ⊂ S✱D ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦♣♦s✐❝✐♦♥❡s ❝♦♥ ❧❛ ♣r♦♣✐❡❞❛❞ P ② P (x, ❡s ❧❛ ♣r♦♣♦s✐❝✐ó♥

✓x t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ P✔✳

❉❡✜♥✐❝✐ó♥ ✶✳✹✻ ✭Pr♦♣✐❡❞❛❞ ❝✉❛♥t✐t❛t✐✈❛✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ P ♣r♦♣✐❡❞❛❞ ❡s ❝✉❛♥t✐t❛✲

t✐✈❛ s✐ ② s♦❧♦ s✐ s❡ ♣✉❡❞❡ r❡♣r❡s❡♥t❛r ♠❡❞✐❛♥t❡ ✉♥❛ ❢✉♥❝✐ó♥ P : S′ × V → D ❞♦♥❞❡ S′ ⊂ S✱

V ❡s ❛❧❣✉♥❛ ❝❧❛s❡ ❞❡ ❡s♣❛❝✐♦ ❞❡r✐✈❛❞♦ ❞❡ R ② D ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦♣♦s✐❝✐♦♥❡s ❝♦♥ ❧❛

♣r♦♣✐❡❞❛❞ P ② P (x, v) ❡s ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✓x t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ P ❝♦♥ ✈❛❧♦r v✔✳

❉❡✜♥✐❝✐ó♥ ✶✳✹✼ ✭Pr♦♣✐❡❞❛❞ ❝✉❛♥t✐t❛t✐✈❛ ❢✉❡rt❡✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ P ♣r♦♣✐❡❞❛❞ ❡s

❝✉❛♥t✐t❛t✐✈❛ s✐ ② s♦❧♦ s✐ ❡s r❡♣r❡s❡♥t❛❜❧❡ ❢✉❡rt❡ ♠❡❞✐❛♥t❡ ✉♥❛ ❢✉♥❝✐ó♥ P : S′×V → D ❞♦♥❞❡

S′ ⊂ S✱ V ❡s ❛❧❣✉♥❛ ❝❧❛s❡ ❞❡ ❡s♣❛❝✐♦ ❞❡r✐✈❛❞♦ ❞❡ R ② D ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦♣♦s✐❝✐♦♥❡s

❝♦♥ ❧❛ ♣r♦♣✐❡❞❛❞ P ② P (x, v) ❡s ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✓x t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ P ❝♦♥ ✈❛❧♦r v✔✳

✹❆❧t❡r♥❛t✐✈❛♠❡♥t❡ s✐ s❡ ❝✉♠♣❧❡ q✉❡ P2(x, k) ❡s ✈❡r❞❛❞❡r♦ s✐ ② s♦❧♦ s✐ P1(x, f
−1(k)) ❡s ✈❡r❞❛❞❡r♦✳
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❊❧ ♣r♦❜❧❡♠❛✱ ♦ ✐♥❝❧✉s♦ ✈✐rt✉❞✱ ❞❡ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ❛♥t❡r✐♦r❡s ❡s q✉❡ ❝❛r❡❝❡♥ ❞❡ ✉♥ ❡❧❡✲

♠❡♥t♦ ✐♠♣♦rt❛♥t❡ ♣❛r❛ ♥✉❡str♦s ✐♥t❡♥t♦s ❞❡ t❡♥❡r ♠♦❞❡❧♦s ❞❡ ❧❛s ❝♦s❛s✳ ❨ ❡s q✉❡ ❛ ❣r❛♥❞❡s

r❛s❣♦s t❛❧❡s ❝♦s❛s s♦♥ ❝❛♠❜✐❛♥t❡s ② s❡ ❞❛♥ s✐❡♠♣r❡ ❡♥ ✉♥ t✐❡♠♣♦ ❞❡t❡r♠✐♥❛❞♦✳ ◆❡❝❡s✐t❛✲

♠♦s✱ ♣♦r t❛♥t♦✱ ✐♥tr♦❞✉❝✐r ❧❛ ✐❞❡❛ ❞❡ t✐❡♠♣♦✳ P❛r❛ ❡❧❧♦ ✉s❛r❡♠♦s✱ ❜ás✐❝❛♠❡♥t❡✱ ❧❛s ♦♣❝✐♦♥❡s

q✉❡ ♥♦s ♣♦s✐❜✐❧✐t❛ ❡❧ ❝♦♥❥✉♥t♦ ✓C✔ ❞❡ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ♣r♦♣✐❡❞❛❞ r❡♣r❡s❡♥t❛❜❧❡✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✹✽✳ ❊♥t❡♥❞❡r❡♠♦s q✉❡ ❧❛ ❢♦r♠❛ ❞❡ ✓r❡♣r❡s❡♥t❛r✔ ❡❧ t✐❡♠♣♦ ❡s ♠❡❞✐❛♥t❡ ❡❧

❝♦♥❥✉♥t♦ ❞❡ ❧♦s ♥ú♠❡r♦s r❡❛❧❡s R ♣❡r♦ ♥♦ q✉❡r❡♠♦s ❞❛r ❛ ❡♥t❡♥❞❡r q✉❡ ❡st❛ s❡❛ ❧❛ ú♥✐❝❛

❢♦r♠❛✳ ❊♥ ♣r✐♥❝✐♣✐♦ s❡ ♣♦❞rí❛ ❡♠♣❧❡❛r ♦tr♦s ❝♦♥❥✉♥t♦s ② ❡s♣❛❝✐♦s✱ ②❛ s❡❛♥ ♠ás ✓❣r❛♥❞❡s✔

♦ ♠ás ✓♣❡q✉❡ñ♦s✔✳ P♦r ❡❥❡♠♣❧♦ ♣♦❞rí❛♠♦s ♣❡♥s❛r ❡❧ t✐❡♠♣♦ ❝♦♠♦ ✉♥❛ ❝✐r❝✉♥❢❡r❡♥❝✐❛ ❡♥

❧❛ q✉❡ ❡stá ❡♠❜❡❜✐❞♦ ❡❧ ❝♦♥❥✉♥t♦ R ♣❛r❛ ❡❧ ❝❛s♦ ❞❡ ✉♥ ❡s♣❛❝✐♦ ♠ás ❣r❛♥❞❡✳ ❊♥ ❡❧ ❝❛s♦ ❞❡

✉♥ ❡s♣❛❝✐♦ ♠ás ♣❡q✉❡ñ♦ ❛❧❣✉♥❛s ♣♦s✐❜✐❧✐❞❛❞❡s q✉❡ s❡ ♥♦s ♦❢r❡❝❡♥ s♦♥ ❧❛s ❞❡ r❡♣r❡s❡♥t❛r ❡❧

t✐❡♠♣♦ ♠❡❞✐❛♥t❡ ✉♥ ❝♦♥❥✉♥t♦ ❝♦♠♦ ❧♦s ♥ú♠❡r♦s r❡❛❧❡s ✐♥t✉✐❝✐♦♥✐st❛s✱ ❧♦s ♥ú♠❡r♦s r❛❝✐♦♥❛❧❡s

Q ♦ ❧♦s ♥ú♠❡r♦s ❡♥t❡r♦s Z✳

❉❡✜♥✐❝✐ó♥ ✶✳✹✾ ✭Pr♦♣✐❡❞❛❞ ❝✉❛❧✐t❛t✐✈❛ t❡♠♣♦r❛❧✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ P ♣r♦♣✐❡❞❛❞ ❡s

t❡♠♣♦r❛❧ ❝✉❛❧✐t❛t✐✈❛ s✐ ② s♦❧♦ s✐ s❡ ♣✉❡❞❡ r❡♣r❡s❡♥t❛r ♠❡❞✐❛♥t❡ ✉♥❛ ❢✉♥❝✐ó♥ P : S′×R→ D

❞♦♥❞❡ S′ ⊂ S✱ D ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦♣♦s✐❝✐♦♥❡s ❝♦♥ ❧❛ ♣r♦♣✐❡❞❛❞ P ② P (x, t) ❡s ❧❛

♣r♦♣♦s✐❝✐ó♥ ✓x t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ P ❡♥ ❡❧ ✐♥st❛♥t❡ t✔✳

❉❡✜♥✐❝✐ó♥ ✶✳✺✵ ✭Pr♦♣✐❡❞❛❞ ❝✉❛❧✐t❛t✐✈❛ t❡♠♣♦r❛❧ ❢✉❡rt❡✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ P ♣r♦✲

♣✐❡❞❛❞ ❡s t❡♠♣♦r❛❧ ❝✉❛❧✐t❛t✐✈❛ ❢✉❡rt❡ s✐ ② s♦❧♦ s✐ s❡ ♣✉❡❞❡ r❡♣r❡s❡♥t❛r ❝♦♥ ✈❡r❞❛❞ ♠❡❞✐❛♥t❡

✉♥❛ ❢✉♥❝✐ó♥ P : S′ × R → D ❞♦♥❞❡ S′ ⊂ S✱ D ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦♣♦s✐❝✐♦♥❡s ❝♦♥ ❧❛

♣r♦♣✐❡❞❛❞ P ② P (x, t) ❡s ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✓x t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ P ❡♥ ❡❧ ✐♥st❛♥t❡ t✔✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✺✶✳ P♦r ❧❛ ❉❡✜♥✐❝✐ó♥ ✶✳✸✹✱ ❞❛❞❛ ✉♥❛ ♣r♦♣✐❡❞❛❞ P s❛❜❡♠♦s q✉❡ ♣❛r❛ ❝✉❛❧✲

q✉✐❡r ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ s ∈ S′ ❡①✐st❡ t ∈ R ❡♥ ❡❧ q✉❡ ❝✉♠♣❧❡ ❧❛ ♣r♦♣✐❡❞❛❞ P ✳

❉❡✜♥✐❝✐ó♥ ✶✳✺✷ ✭Pr♦♣✐❡❞❛❞ ❝✉❛♥t✐t❛t✐✈❛ t❡♠♣♦r❛❧✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ ♣r♦♣✐❡❞❛❞

P ❡s t❡♠♣♦r❛❧ ❝✉❛♥t✐t❛t✐✈❛ s✐ ② s♦❧♦ s✐ s❡ ♣✉❡❞❡ r❡♣r❡s❡♥t❛r ♠❡❞✐❛♥t❡ ✉♥❛ ❢✉♥❝✐ó♥ P :

S′ × R× (V ∪ {∅})→ D ❞♦♥❞❡ S′ ⊂ S✱ V ❡s ❛❧❣✉♥❛ ❝❧❛s❡ ❞❡ ❡s♣❛❝✐♦ ❞❡r✐✈❛❞♦ ❞❡ R✱ D ❡s

❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦♣♦s✐❝✐♦♥❡s ❝♦♥ ❧❛ ♣r♦♣✐❡❞❛❞ P ② P (x, t, v) ❡s ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✓x t✐❡♥❡ ❧❛

♣r♦♣✐❡❞❛❞ P ❝♦♥ ❡❧ ✈❛❧♦r v ❡♥ ❡❧ ✐♥st❛♥t❡ t✔✳

❉❡✜♥✐❝✐ó♥ ✶✳✺✸ ✭Pr♦♣✐❡❞❛❞ ❝✉❛♥t✐t❛t✐✈❛ t❡♠♣♦r❛❧ ❢✉❡rt❡✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ ♣r♦♣✐❡✲

❞❛❞ P ❡s t❡♠♣♦r❛❧ ❝✉❛♥t✐t❛t✐✈❛ ❢✉❡rt❡ s✐ ② s♦❧♦ s✐ s❡ ♣✉❡❞❡ r❡♣r❡s❡♥t❛r ❝♦♥ ✈❡r❞❛❞ ♠❡❞✐❛♥t❡

✉♥❛ ❢✉♥❝✐ó♥ P : S′×R× (V ∪∅)→ D ❞♦♥❞❡ S′ ⊂ S✱ V ❡s ❛❧❣✉♥❛ ❝❧❛s❡ ❞❡ ❡s♣❛❝✐♦ ❞❡r✐✈❛❞♦

❞❡ R✱ D ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦♣♦s✐❝✐♦♥❡s ❝♦♥ ❧❛ ♣r♦♣✐❡❞❛❞ P ✱ P (x, t, v) ❡s ❧❛ ♣r♦♣♦s✐❝✐ó♥ ✓x

t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ P ❝♦♥ ❡❧ ✈❛❧♦r v ❡♥ ❡❧ ✐♥st❛♥t❡ t✔ ② ❛❞❡♠ás ♣❛r❛ ❝❛❞❛ ♣❛r (x, t) ❡①✐st❡

✉♥ ú♥✐❝♦ v ∈ V ∪ ∅ t❛❧ q✉❡ P (x, t, v) ❡s ✈❡r❞❛❞❡r❛✳
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❖❜s❡r✈❛❝✐ó♥ ✶✳✺✹✳ ❚♦♠❛♠♦s ❝♦♠♦ ✉♥❛ ❞❡ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❞❡ C ❡❧ ❝♦♥❥✉♥t♦ V ∪ {∅} ♣❛r❛

s✐♠❜♦❧✐③❛r q✉❡ s❡ ♣✉❡❞❡ t♦♠❛r ✉♥❛ ❝❛♥t✐❞❛❞ v ∈ V ♦ ❜✐❡♥ ♥♦ t♦♠❛r ♥✐♥❣ú♥ ✈❛❧♦r s✐ s❡

t✐❡♥❡ v = ∅✳ ❚❛❧ s✐t✉❛❝✐ó♥ ♥♦s r❡s✉❧t❛rá ❞❡ ♣r♦✈❡❝❤♦ ♣❛r❛ ❡♥t❡♥❞❡r ❧❛ ✐❞❡❛ ❞❡ ❞❡str✉❝❝✐ó♥

② ❣❡♥❡r❛❝✐ó♥ q✉❡ ✈❡r❡♠♦s ♠ás ❛❞❡❧❛♥t❡✳

❊♥ ❡❧ ❝❛s♦ ❛♥t❡r✐♦r ❝♦♥✈✐❡♥❡ ♥♦ r❡♣r❡s❡♥t❛r t❛❧❡s ❝❧❛s❡s ❞❡ ♣r♦♣✐❡❞❛❞ ♠❡❞✐❛♥t❡ ❧❛s ✐❞❡❛s

♣r♦♣✐❛s ❞❡ ♣r♦♣✐❡❞❛❞✱ s✐♥♦ ♠❡❞✐❛♥t❡ ✉♥ ❛rt✐✜❝✐♦ ♠ás ✐♥t❡r❡s❛♥t❡✳

❉❡✜♥✐❝✐ó♥ ✶✳✺✺ ✭❋✉♥❝✐ó♥ ❞❡ ❡st❛❞♦ ❝✉❛❧✐t❛t✐✈❛✮✳ ❉❛❞❛ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❝✉❛❧✐t❛t✐✈❛

t❡♠♣♦r❛❧ P : S × R → D ❞❡✜♥✐♠♦s ✉♥❛ ❢✉♥❝✐ó♥ ❞❡ ❡st❛❞♦ ❝✉❛❧✐t❛t✐✈❛ ❛s♦❝✐❛❞❛ ❛ ❡❧❧❛

F : SR→ {0, 1, ∅} t❛❧ q✉❡✿

F (x, t) = 1 s✐ ② s♦❧♦ s✐ P (x, t) ❡s ✈❡r❞❛❞❡r❛✳

F (x, t) = 0 s✐ P (x, t) ❡s ❢❛❧s❛✳

F (x, t) = ∅ ❝✉❛♥❞♦ q✉❡r❛♠♦s r❡♣r❡s❡♥t❛r q✉❡ ♥♦ ❡s ♣♦s✐❜❧❡ ♣r❡❞✐❝❛r t❛❧ ♣r♦♣✐❡❞❛❞ ❡♥

✉♥ ✐♥st❛♥t❡ t✳

❉❡✜♥✐❝✐ó♥ ✶✳✺✻ ✭❋✉♥❝✐ó♥ ❞❡ ❡st❛❞♦ ❝✉❛♥t✐t❛t✐✈❛✮✳ ❉❛❞❛ ✉♥❛ ♣r♦♣✐❡❞❛❞ P t❡♠♣♦r❛❧

❝✉❛♥t✐t❛t✐✈❛ ❢✉❡rt❡ q✉❡ s❡ ♣✉❡❞❡ r❡♣r❡s❡♥t❛r ❝♦♥ ✈❡r❞❛❞ ♠❡❞✐❛♥t❡ ✉♥❛ ❢✉♥❝✐ó♥ P : S′×R×

V → D✱ ❧❧❛♠❛♠♦s ❛ ❢✉♥❝✐ó♥ ❞❡ ❡st❛❞♦ F ❛s♦❝✐❛❞♦ ❛ P ❛ ✉♥❛ ❢✉♥❝✐ó♥ F : S′ × R→ V ∪ ∅

t❛❧ q✉❡ F (x, t) = v s✐❡♥❞♦ P (x, t, v) ✉♥❛ ♣r♦♣♦s✐❝✐ó♥ ✈❡r❞❛❞❡r❛✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✺✼✳ ❉❛❞❛ ❧❛ ú❧t✐♠❛ ❝♦♥❞✐❝✐ó♥ ❞❡ ❧❛ ❉❡✜♥✐❝✐ó♥ ✶✳✺✸ ❧❛ ❢✉♥❝✐ó♥ ❡stá ❜✐❡♥

❞❡✜♥✐❞❛✳

P♦st✉❧❛❞♦ ✶✳✺✽✳ ❉❛❞♦ ✉♥ ♦❜❥❡t♦ x ∈ S ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ❡st❛❞♦ ❝✉❛♥t✐t❛t✐✈❛s ❝♦♠♦ ❧❛s

❝✉❛❧✐t❛t✐✈❛s ❞❡ ❞✐❝❤♦ ♦❜❥❡t♦ ❞❡❜❡♥ ❝✉♠♣❧✐r q✉❡ ❡①✐st❡ ❛❧ ♠❡♥♦s ✉♥ ✐♥t❡r✈❛❧♦ I ⊂ R ♥♦

❞❡❣❡♥❡r❛❞♦✺ t❛❧ q✉❡ ∀t ∈ I s❡ ❝✉♠♣❧❛ q✉❡ F (x, t) 6= ∅✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✺✾✳ P❡❞✐♠♦s ❡❧ ♣♦st✉❧❛❞♦ ❛♥t❡r✐♦r ♣❛r❛ ❡✈✐t❛r t❡♥❡r ✉♥❛ ♣r♦♣✐❡❞❛❞ P ✓✈❛✲

❝í❛✔✱ ❡s ❞❡❝✐r q✉❡ ❡♥ t♦❞♦ ♠♦♠❡♥t♦ s✉ ❢✉♥❝✐ó♥ ❞❡ ❡st❛❞♦ s❡❛ ✓♥✉❧❛✔✳ ❊st♦ s❡ ♣✉❡❞❡♥ s✐♠✲

♣❧❡♠❡♥t❡ ❡♥t❡♥❞❡r ❞✐❝✐❡♥❞♦ q✉❡ x /∈ S′ ❞♦♥❞❡ S′ ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s

❛ ❛s♦❝✐❛❞♦s✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✻✵✳ ❊st❡ ♣♦st✉❧❛❞♦ ❡♥ ❝✐❡rt♦ ♠♦❞♦ ❡s r❡❞✉♥❞❛♥t❡ ❡♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❝✉❛✲

❧✐t❛t✐✈❛s q✉❡ ❣r❛❝✐❛s ❛ ❧❛ ❉❡✜♥✐❝✐ó♥ ✶✳✸✹ ♥♦ ♣✉❡❞❡ s❡r ❡❧ ❝❛s♦ ❞❡ q✉❡ F (x, t) = ∅ ∀t ∈ R✱

❛✉♥q✉❡ ❛q✉í ❡st❛♠♦s ♣✐❞✐❡♥❞♦ ❛❧❣♦ ♠ás ❢✉❡rt❡ ❛❧ ❝♦♥s✐❞❡r❛r q✉❡ t✐❡♥❡ q✉❡ ❞❛rs❡ ♣❛r❛ ✉♥

✐♥t❡r✈❛❧♦ ❝♦♠♣❧❡t♦ ♥♦ ❞❡❣❡♥❡r❛❞♦✳ P❡❞✐♠♦s ❡st♦ ♣♦r ❧❛ s❡♥❝✐❧❧❛ r❛③ó♥ ❞❡ q✉❡ ❝r❡❡♠♦s q✉❡

❧♦s ✐♥st❛♥t❡s ❝♦♠♦ t❛❧ s♦♥ ✓❡♥t✐❞❛❞❡s t❡ór✐❝❛s✔ ♦ ✜❝❝✐♦♥❡s✱ ❡♥ ♥✉❡str❛ ✈✐❞❛ s♦❧♦ tr❛❜❛❥❛♠♦s

❝♦♥ ♣❡rí♦❞♦s ♦ ✐♥t❡r✈❛❧♦s✳
✺❉❡❝✐♠♦s q✉❡ ✉♥ ✐♥t❡r✈❛❧♦ ❡s ♥♦ ❞❡❣❡♥❡r❛❞♦ ❝✉❛♥❞♦ ❡s ❞✐st✐♥t♦ ❞❡❧ ✈❛❝í♦ ② ❞❡ ✉♥ ♣✉♥t♦✳
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❖❜s❡r✈❛❝✐ó♥ ✶✳✻✶✳ ❊♥t❡♥❞❡r❡♠♦s ❛ ♣❛rt✐r ❞❡ ❛❤♦r❛ ♣♦r ♣r♦♣✐❡❞❛❞ ❝✉❛❧✐t❛t✐✈❛ ② ❝✉❛♥t✐t❛t✐✈❛

❧♦ q✉❡ ❡♥ ✈❡r❞❛❞ s♦♥ ♣r♦♣✐❡❞❛❞❡s ❝✉❛❧✐t❛t✐✈❛s t❡♠♣♦r❛❧❡s ❢✉❡rt❡s ② ♣r♦♣✐❡❞❛❞❡s ❝✉❛♥t✐t❛t✐✲

✈❛s t❡♠♣♦r❛❧❡s ❢✉❡rt❡s✳

❉❡✜♥✐❝✐ó♥ ✶✳✻✷ ✭Pr♦♣✐❡❞❛❞ s✉st❛♥❝✐❛❧✮✳ ❉❛❞❛ ✉♥❛ ♣r♦♣✐❡❞❛❞ P ∈ P ❞✐r❡♠♦s q✉❡✿

❊s ❝✉❛❧✐t❛t✐✈❛ s✉st❛♥❝✐❛❧ s✐ ❡s ❝✉❛❧✐t❛t✐✈❛ ② ❛❞❡♠ás s❡ ❝✉♠♣❧❡ q✉❡ ∀x ∈ S s❡ ❝✉♠♣❧❡

q✉❡ ∀t ∈ RP (x, t) t✐❡♥❡ ❡❧ ♠✐s♠♦ ✈❛❧♦r ❞❡ ✈❡r❞❛❞✳

❊s ❝✉❛♥t✐t❛t✐✈❛ s✉st❛♥❝✐❛❧ s✐ ❡s ❝✉❛♥t✐t❛t✐✈❛ ② ❛❞❡♠ás s❡ ❝✉♠♣❧❡ q✉❡ ∀x ∈ S t❛❧ q✉❡

∀t, t′ ∈ RF (x, t) = F (x, t′)✱ ❡s ❞❡❝✐r F (x, •) ❡s ❝♦♥st❛♥t❡✳

❊s s✉st❛♥❝✐❛❧ s✐ ❡stá ❡♥ ❛❧❣✉♥♦ ❞❡ ❧♦s ❞♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✻✸✳ ❉❡s❛rr♦❧❧❛r❡♠♦s ♠ás ❧❛ ✐❞❡❛ ❞❡ ♣r♦♣✐❡❞❛❞ s✉st❛♥❝✐❛❧ ② s✉ ♣♦s✐❜✐❧✐❞❛❞ ❡♥

❝❛♣ít✉❧♦s ♣♦st❡r✐♦r❡s✳ P♦r ❛❤♦r❛ s♦❧♦ ❞✐r❡♠♦s q✉❡ ❞❡ ❤❛❜❡r ♣r♦♣✐❡❞❛❞❡s tr✐✈✐❛❧❡s ♦ ♠❡r❡♦✲

❧ó❣✐❝❛s t❛❧❡s ♣r♦♣✐❡❞❛❞❡s s❡rí❛♥ ♣r♦♣✐❡❞❛❞❡s ❝✉❛❧✐t❛t✐✈❛s s✉st❛♥❝✐❛❧❡s✳

❉❡✜♥✐❝✐ó♥ ✶✳✻✹ ✭▼♦r❢♦❧♦❣í❛ ❝✉❛❧✐t❛t✐✈❛✮✳ ❯♥❛ ♠♦r❢♦❧♦❣í❛ ❡♥ ❧❛ q✉❡ t♦❞❛s ❧❛s ♣r♦♣✐❡✲

❞❛❞❡s s♦♥ ❝✉❛❧✐t❛t✐✈❛s s❡ ❞✐❝❡ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❝✉❛❧✐t❛t✐✈❛✳

❉❡✜♥✐❝✐ó♥ ✶✳✻✺ ✭▼♦r❢♦❧♦❣í❛ ❝✉❛♥t✐t❛t✐✈❛✮✳ ❯♥❛ ♠♦r❢♦❧♦❣í❛ ❡♥ ❧❛ q✉❡ t♦❞❛s ❧❛s ♣r♦✲

♣✐❡❞❛❞❡s s♦♥ ❝✉❛♥t✐t❛t✐✈❛s s❡ ❞✐❝❡ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❝✉❛♥t✐t❛t✐✈❛✳

❉❡✜♥✐❝✐ó♥ ✶✳✻✻ ✭▼♦r❢♦❧♦❣í❛ ♠✐①t❛✮✳ ❯♥❛ ♠♦r❢♦❧♦❣í❛ ❡♥ ❧❛ q✉❡ t♦❞❛s ❧❛s ♣r♦♣✐❡❞❛❞❡s

s♦♥ ❝✉❛♥t✐t❛t✐✈❛s ♦ ❝✉❛❧✐t❛t✐✈❛s ② ❛❧ ♠❡♥♦s ❡①✐st❡ ✉♥❛ ❞❡ ❝❛❞❛ ❣r✉♣♦ s❡ ❞✐❝❡ q✉❡ ❡s ✉♥❛

♠♦r❢♦❧♦❣í❛ ♠✐①t❛✳

❉❡✜♥✐❝✐ó♥ ✶✳✻✼✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❢í❛ ♠✐①t❛✱ ❞❡♥♦t❛♠♦s ❝♦♠♦✿

PCl = {P ∈ P| P ❡s ❝✉❛❧✐t❛t✐✈❛ } ❛❧ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦♣✐❡❞❛❞❡s ❝✉❛❧✐t❛t✐✈❛s✳

PCn = {P ∈ P| P ❡s ❝✉❛♥t✐t❛t✐✈❛ } ❛❧ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦♣✐❡❞❛❞❡s ❝✉❛♥t✐t❛t✐✈❛s✳

F ❛❧ ❝♦♥❥✉♥t♦ ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ❡st❛❞♦✳

❉❡✜♥✐❝✐ó♥ ✶✳✻✽✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❢í❛ ♠✐①t❛ ② x ∈ S✱ ❞❡♥♦t❛♠♦s ❝♦♠♦✿

PCl
x ❛ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❝✉❛❧✐t❛t✐✈❛s ❞❡ ✉♥ ♦❜❥❡t♦ x✳

PCn
x ❛ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❝✉❛♥t✐t❛t✐✈❛s ❞❡ ✉♥ ♦❜❥❡t♦ x✳

Fx ❛ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ❡st❛❞♦ ❞❡ ✉♥ ♦❜❥❡t♦ x✳

❉❡✜♥✐❝✐ó♥ ✶✳✻✾✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❢í❛ ♠✐①t❛ ② x ∈ S✱ ❞❡♥♦t❛♠♦s ❝♦♠♦✿
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PClV
x ❛❧ ❝♦♥❥✉♥t♦ {(P, t)| ❝♦♥ P ∈ PCl

x ② t ∈ R t❛❧❡s q✉❡ P (x, t) ❡s ✈❡r❞❛❞❡r❛}✳

PCnV
x ❛❧ ❝♦♥❥✉♥t♦ {(P, t, v)| ❝♦♥ P ∈ PCn

x ✱ t ∈ R ② v ∈ V ∪ {∅} t❛❧❡s q✉❡ P (x, t, v) ❡s

✈❡r❞❛❞❡r❛}✳

FV
x ❛❧ ❝♦♥❥✉♥t♦ {(F (x, t)| F ∈ Fx t ∈ R}✳

❉❡✜♥✐❝✐ó♥ ✶✳✼✵✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❢í❛ ♠✐①t❛ ② x ∈ S✱ ❞❡♥♦t❛♠♦s ❝♦♠♦✿

PClVt

x ❛❧ ❝♦♥❥✉♥t♦ {P | ❝♦♥ P ∈ PCl
x t❛❧❡s q✉❡ P (x, t) ❡s ✈❡r❞❛❞❡r❛}✳

PCnVt

x ❛❧ ❝♦♥❥✉♥t♦ {(P, v)| ❝♦♥ P ∈ PCn
x ② v ∈ V ∪ {∅} t❛❧❡s q✉❡ P (x, t, v) ❡s

✈❡r❞❛❞❡r❛}✳

❉❡✜♥✐❝✐ó♥ ✶✳✼✶✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ♠✐①t❛ ❡①❛❝t❛ ❡s ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❝♦♠♣❧❡t❛

s✐ s❡ ❝✉♠♣❧❡

∀x, y ∈ S, PClV
x = PClV

y ② PCnV
x = PCnV

y =⇒ x = y.

❖❜s❡r✈❛❝✐ó♥ ✶✳✼✷✳ ❆ ♣❛rt✐r ❞❡ ❛❤♦r❛ tr❛❜❛❥❛r❡♠♦s ❜❛❥♦ ❧❛ ❤✐♣ót❡s✐s ❞❡ q✉❡ ❡st❛♠♦s ❛♥t❡

✉♥❛ ♠♦r❢♦❧♦❣í❛ ❝♦♠♣❧❡t❛ ♠✐①t❛ ❡①❛❝t❛✳ ❆ ♣❛rt✐r ❞❡ ❡st❛ ♠♦r❢♦❧♦❣í❛ ♣♦❞❡♠♦s ❡①tr❛❡r ❞♦s

♠♦r❢♦❧♦❣í❛s ❡①❛❝t❛s✱ ✉♥❛ ❝✉❛♥t✐t❛t✐✈❛ ② ✉♥❛ ❝✉❛❧✐t❛t✐✈❛✳ ❈♦♥ t♦❞♦✱ ♥♦ ♣♦❞❡♠♦s ❣❛r❛♥t✐③❛r

q✉❡ ❧❛s ♠♦r❢♦❧♦❣í❛s ❡①tr❛í❞❛s s❡❛♥ ❝♦♠♣❧❡t❛s✳

✶✳✷✳✹✳ ❚✐♣♦s ❞❡ ❝❛♠❜✐♦s ♠♦r❢♦❧ó❣✐❝♦s

❉❡✜♥✐❝✐ó♥ ✶✳✼✸ ✭❈❛♠❜✐♦ ❝✉❛❧✐t❛t✐✈♦✮✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ♠✐①t❛ ♦ ❝✉❛❧✐t❛t✐✈❛✱ ❞✐r❡✲

♠♦s q✉❡ ✉♥❛ ❝♦s❛ x s✉❢r❡ ✉♥ ❝❛♠❜✐♦ ❝✉❛❧✐t❛t✐✈♦ ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦✻ I ⊂ R s✐ ② s♦❧♦ s✐

s❡ ❝✉♠♣❧❡ q✉❡ ∃t1, t2 ∈ I ② ∃P ∈ PCl
x ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ❡①✐st❛♥ ❡♥t♦r♥♦s It1 ❡ It2 ❞❡ t1 ②

t2 r❡s♣❡❝t✐✈❛♠❡♥t❡ t❛❧❡s q✉❡ F (x, t) 6= F (x, t′) ❝♦♥ F ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❡st❛❞♦ ❛s♦❝✐❛❞❛ ❛ P ②

∀t ∈ It1 ② t′ ∈ It2

❉❡✜♥✐❝✐ó♥ ✶✳✼✹ ✭❈❛♠❜✐♦ ❝✉❛♥t✐t❛t✐✈♦✮✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ♠✐①t❛ ♦ ❝✉❛♥t✐t❛t✐✈❛✱

❞✐r❡♠♦s q✉❡ ✉♥❛ ❝♦s❛ x s✉❢r❡ ✉♥ ❝❛♠❜✐♦ ❝✉❛♥t✐t❛t✐✈♦ ♦ ❝❛♠❜✐❛ ❝✉❛♥t✐t❛t✐✈❛♠❡♥t❡ ❞✉r❛♥t❡

✉♥ ♣❡rí♦❞♦ I ⊂ R s✐ ② s♦❧♦ s❡ ❝✉♠♣❧❡ q✉❡ ∃t1, t2I ② ∃P ∈ PCn
x ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ❡①✐st❛♥

❡♥t♦r♥♦s It1 ❡ It2 ❞❡ t1 ② t2 r❡s♣❡❝t✐✈❛♠❡♥t❡ t❛❧❡s q✉❡ F (x, t) 6= F (x, t′) ❝♦♥ F ❧❛ ❢✉♥❝✐ó♥

❞❡ ❡st❛❞♦ ❛s♦❝✐❛❞❛ ❛ P ② ∀t ∈ It1 ② t′ ∈ It2 ✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✼✺✳ t1 ② t2 ♥♦ t✐❡♥❡♥ ✉♥ ♦r❞❡♥ ❝❧❛r♦ ❞❡ ❢♦r♠❛ ✐♥t❡♥❝✐♦♥❛❞❛✳ ❊❧ ❝❛♠❜✐♦ ♣✉❡❞❡

s❡r ❣❛♥❛r ♦ ♣❡r❞❡r ✉♥❛ ♣r♦♣✐❡❞❛❞ ❝♦♥ r❡s♣❡❝t♦ ❛❧ ♣❛s♦ ❞❡❧ t✐❡♠♣♦✳ ❊♥ ❡❧ ❝❛s♦ ❞❡ q✉❡ ❡❧

❝❛♠❜✐♦ s❡❛ ❣❛♥❛r ✉♥❛ ♣r♦♣✐❡❞❛❞ ❞✐r❡♠♦s q✉❡ ❡s ♣♦s✐t✐✈♦ ② ❡♥ ❡❧ ❝❛s♦ ❝♦♥tr❛r✐♦ q✉❡ ❡s

♥❡❣❛t✐✈♦✳
✻◆♦ ❞❡❣❡♥❡r❛❞♦✱ ❛✉♥q✉❡ ♣✉❞✐❡♥❞♦ s❡r ❛❜✐❡rt♦ ♦ ❝❡rr❛❞♦
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❖❜s❡r✈❛❝✐ó♥ ✶✳✼✻✳ P❡❞✐♠♦s q✉❡ ❧❛ ❞✐❢❡r❡♥❝✐❛ ❡♥ ❧♦s ✈❛❧♦r❡s s❡ ❞é ❡♥ ✉♥ ✐♥t❡r✈❛❧♦ ♣♦rq✉❡

❝♦♥s✐❞❡r❛♠♦s q✉❡ ❧♦s ❝❛♠❜✐♦s t✐❡♥❡ q✉❡ t❡♥❡r ✓✉♥❛ ❞✉r❛❝✐ó♥✔✳ ◆♦ ♣✉❡❞❡ s❡r q✉❡ ❤❛②❛

❝❛♠❜✐♦ s♦❧♦ ♣♦rq✉❡ ✉♥ ✐♥st❛♥t❡ ❛✐s❧❛❞♦ t❡♥❣❛ ✉♥ ✈❛❧♦r ❞✐st✐♥t♦✳

❉❡✜♥✐❝✐ó♥ ✶✳✼✼ ✭❈❛♠❜✐♦ ❝✉❛❧✐t❛t✐✈♦ ❡s❡♥❝✐❛❧✮✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ♠✐①t❛ ♦ ❝✉❛♥✲

t✐t❛t✐✈❛✱ ❞✐r❡♠♦s q✉❡ ✉♥❛ ❝♦s❛ x s✉❢r❡ ✉♥ ❝❛♠❜✐♦ ❝✉❛❧✐t❛t✐✈♦ ♥❡❣❛t✐✈♦ ❞✉r❛♥t❡ ✉♥ ♣❡rí♦❞♦

I ⊂ R s✐ ② s♦❧♦ s❡ ❝✉♠♣❧❡ q✉❡ ∃t1, t2 ∈ I ② ∃P ∈ PCl
x ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ❡①✐st❛♥ ❡♥t♦r♥♦s It1

❡ It2 ❞❡ t1 ② t2 r❡s♣❡❝t✐✈❛♠❡♥t❡ t❛❧❡s q✉❡ F (x, t) 6= ∅ = F (x, t′) ❝♦♥ F ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❡st❛❞♦

❛s♦❝✐❛❞❛ ❛ P ② ∀t ∈ It1 ② t′ ∈ It2 ✳

❉❡✜♥✐❝✐ó♥ ✶✳✼✽ ✭❈❛♠❜✐♦ ❝✉❛♥t✐t❛t✐✈♦ ❡s❡♥❝✐❛❧✮✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ♠✐①t❛ ♦ ❝✉❛♥✲

t✐t❛t✐✈❛✱ ❞✐r❡♠♦s q✉❡ ✉♥❛ ❝♦s❛ x s✉❢r❡ ✉♥ ❝❛♠❜✐♦ ❝✉❛♥t✐t❛t✐✈♦ ♥❡❣❛t✐✈♦ ❞✉r❛♥t❡ ✉♥ ♣❡rí♦❞♦

I ⊂ R s✐ ② s♦❧♦ s❡ ❝✉♠♣❧❡ q✉❡ ∃t1, t2 ∈ I ② ∃P ∈ PCn
x ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ❡①✐st❛♥ ❡♥t♦r♥♦s It1

❡ It2 ❞❡ t1 ② t2 r❡s♣❡❝t✐✈❛♠❡♥t❡ t❛❧❡s q✉❡ F (x, t) 6= ∅ = F (x, t′) ❝♦♥ F ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❡st❛❞♦

❛s♦❝✐❛❞❛ ❛ P ② ∀t ∈ It1 ② t′ ∈ It2 ✳

❉❡✜♥✐❝✐ó♥ ✶✳✼✾ ✭❈❛♠❜✐♦ ❡s❡♥❝✐❛❧✮✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ♠✐①t❛✱ ❞✐r❡♠♦s q✉❡ ✉♥❛ ❝♦s❛

x s✉❢r❡ ✉♥ ❝❛♠❜✐♦ ♥❡❣❛t✐✈♦ ❞✉r❛♥t❡ ✉♥ ♣❡rí♦❞♦ I ⊂ R s✐ ② s♦❧♦ s❡ ❝✉♠♣❧❡ q✉❡ ∃t1, t2inI ②

∃P ∈ Px ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ❡①✐st❛♥ ❡♥t♦r♥♦s It1 ❡ It2 ❞❡ t1 ② t2 r❡s♣❡❝t✐✈❛♠❡♥t❡ t❛❧❡s q✉❡

F (x, t) 6= ∅ = F (x, t′) ❝♦♥ F ❧❛ ❢✉♥❝✐ó♥ ❞❡ ❡st❛❞♦ ❛s♦❝✐❛❞❛ ❛ P ② ∀t ∈ It1 ② t′ ∈ It2 ✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✽✵✳ ❆❧ ✐❣✉❛❧ q✉❡ ❛♥t❡s✱ ❡♥ ❢✉♥❝✐ó♥ ❞❡❧ ♦r❞❡♥ ❞❡ t ② t′ ❞✐r❡♠♦s q✉❡ ❡❧ ❝❛♠❜✐♦

❡s ❡s❡♥❝✐❛❧ ♣♦s✐t✐✈♦ ♦ ♥❡❣❛t✐✈♦✳

❉❡✜♥✐❝✐ó♥ ✶✳✽✶ ✭❈❛♠❜✐♦ ❡♥ ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧✮✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ♠✐①✲

t❛✱❝✉❛❧✐t❛t✐✈❛ ♦ ❝✉❛♥t✐t❛t✐✈❛✱ ❞✐r❡♠♦s q✉❡ ✉♥❛ ❝♦s❛ x s✉❢r❡ ✉♥ ❝❛♠❜✐♦ ❞✉r❛♥t❡ ✉♥ ♣❡r✐♦❞♦

I ⊂ R ❝✉❛♥❞♦ s✉❢r❡ ✉♥ ❝❛♠❜✐♦ ❝✉❛♥t✐t❛t✐✈♦ ♦ ✉♥ ❝❛♠❜✐♦ ❝✉❛❧✐t❛t✐✈♦ ❞✉r❛♥t❡ ❡❧ ♣❡r✐♦❞♦ I✳



❆♣♣❡♥❞✐①

✶✳❆✳ ▲❛ ♣r♦♣✐❡❞❛❞ s❡r ❝❛♠❜✐❛♥t❡

Pr♦♣♦s✐❝✐ó♥ ✶✳✽✷ ✭Pr♦♣✐❡❞❛❞ ✓s❡r ❝❛♠❜✐❛♥t❡✔✮✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ♠✐①t❛✱ ❝✉❛❧✐t❛✲

t✐✈❛ ♦ ❝✉❛♥t✐t❛t✐✈❛ ♣♦❞❡♠♦s ❛ñ❛❞✐r ✉♥❛ ♣r♦♣✐❡❞❛❞ ❝✉❛❧✐t❛t✐✈❛ Cam q✉❡ ✈❡♥❣❛ r❡♣r❡s❡♥t❛❞❛

♣♦r ✉♥❛ ❢✉♥❝✐ó♥ Cam : S → D ② q✉❡ s❡❛ ❝✐❡rt❛ s✐ ② s♦❧♦ s✐ x ❝❛♠❜✐❛ ❞✉r❛♥t❡ ❛❧❣ú♥ ✐♥t❡r✈❛❧♦

❞❡ t✐❡♠♣♦✳

❉❡✜♥✐❝✐ó♥ ✶✳✽✸✳ ❉❡❝✐♠♦s q✉❡ ✉♥ ♦❜❥❡t♦ ❡s ❝❛♠❜✐❛♥t❡ s✐ ② s♦❧♦ s✐ Cam(x) ❡s ✈❡r❞❛❞❡r♦✳

❊♥ ❝❛s♦ ❝♦♥tr❛r✐♦ ❞✐r❡♠♦s q✉❡ ♥♦ ❡s ❝❛♠❜✐❛♥t❡✳

❖❜s❡r✈❛❝✐ó♥ ✶✳✽✹✳ ◆❛❞❛ ♥♦s ❛s❡❣✉r❛ q✉❡ ❡s❛ ♥✉❡✈❛ ♠♦r❢♦❧♦❣í❛ ♥♦ s❡❛ ♣r❡❝✐s❛✱ ❡s ❞❡❝✐r✱

♣✉❡❞❡ q✉❡ ❡s❛ ♣r♦♣✐❡❞❛❞ ②❛ ❡sté ❡♥ ❝✐❡rt♦ ♠♦❞♦ ❡♥ ❧❛ ♠❡r❡♦❧♦❣í❛ ♦r✐❣✐♥❛❧✳

✶✳❇✳ ❙♦❜r❡ ❧❛ ♥❛❞❛

❉❡✜♥✐❝✐ó♥ ✶✳✽✺ ✭▼❡r❡♦❧♦❣í❛ ♥✐❤✐❧✐st❛✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ ♠❡r❡♦❧♦❣í❛ ❡s ♥✐❤✐❧✐st❛ s✐ t✐❡♥❡

✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ � t❛❧ q✉❡ ∀x ∈ S s❡ ❝✉♠♣❧❡ q✉❡ � ≤ x✳

❉❡✜♥✐❝✐ó♥ ✶✳✽✻ ✭❙✉❜♠❡r❡♦❧♦❣í❛ ♥✐❤✐❧✐st❛✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ ♠❡r❡♦❧♦❣í❛ ♥✐❤✐❧✐st❛ M

❡s ✉♥❛ s✉❜♠❡r❡♦❧♦❣í❛ ♥✐❤✐❧✐st❛ ❞❡ ✉♥❛ ♠❡r❡♦❧♦❣í❛ ♥✐❤✐❧✐st❛ M ′ s✐ M ❡s ✉♥❛ s✉❜♠❡r❡♦❧♦❣í❛

❞❡ M ② ❛❞❡♠ás f(�M ) = �M ′ ✳

❉❡✜♥✐❝✐ó♥ ✶✳✽✼ ✭▼♦r❢♦❧♦❣í❛ ♥✐❤✐❧✐st❛✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ♠✐①t❛ ❡s ♥✐❤✐❧✐st❛

s✐ t✐❡♥❡ ✉♥❛ ♠❡r❡♦❧♦❣í❛ ♥✐❤✐❧✐st❛ ② ❡❧ ♦❜❥❡t♦ � t✐❡♥❡ s♦❧♦ ♣r♦♣✐❡❞❛❞❡s ♠❡r❡♦❧ó❣✐❝❛s ♦ ❧❛

♣r♦♣✐❡❞❛❞ ❝✉❛❧✐t❛t✐✈❛ ✓♥♦ ❝❛♠❜✐❛r✔✳

Pr♦♣♦s✐❝✐ó♥ ✶✳✽✽✳ ❙✐ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❡s ♥✐❤✐❧✐st❛ ② ❝♦♠♣❧❡t❛ ❡♥t♦♥❝❡s t♦❞♦ ♦❜❥❡t♦ ❝❛♠✲

❜✐❛♥t❡ x 6= � t✐❡♥❡ ❛❧ ♠❡♥♦s ✉♥❛ ♣r♦♣✐❡❞❛❞✳

❉❡♠♦str❛❝✐ó♥✳ ❙✐ ✉♥ ♦❜❥❡t♦ x ❝❛♠❜✐❛♥t❡ ♥♦ t✐❡♥❡ ♣r♦♣✐❡❞❛❞❡s ♥♦ ♠❡r❡♦❧ó❣✐❝❛s ❡♥t♦♥❝❡s

PClV
x = PClV

�
② PCnV

x = PCnV
�

✱ ♣❡r♦ ❛♣❧✐❝❛♥❞♦ q✉❡ ❡s ❝♦♠♣❧❡t❛ s❡ t✐❡♥❡ q✉❡ x = �✳

✷✸
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❈❛♣ít✉❧♦ ✷

▲❛ ✐❞❡❛ ❞❡ ❞❡str✉❝❝✐ó♥

▲❛s ②❡❣✉❛s q✉❡ ♠❡ ❧❧❡✈❛♥ ♠❡

❝♦♥❞✉❥❡r♦♥ ❤❛st❛ ❧❛ ♠❡t❛ ❞❡ ♠✐

❝♦r❛③ó♥✱ ♣✉❡s q✉❡ ❡♥ s✉ ❝❛rr❡r❛ ♠❡

tr❛s♣♦rt❛r♦♥ ❤❛st❛ ❡❧ ❢❛♠♦s♦ ❝❛♠✐♥♦

❞❡ ❧❛ ❞❡✐❞❛❞ q✉❡✱ s♦❧♦✱ ❧❧❡✈❛ ❛ tr❛✈és ❞❡

t♦❞♦ ❛❧ ❤♦♠❜r❡ ✐♥✐❝✐❛❞♦ ❡♥ ❡❧ s❛❜❡r✳

❍❛st❛ ❛❧❧í ❢✉✐ ❧❧❡✈❛❞♦✱ ♣✉❡s ❤❛st❛ ❛❧❧í

♠❡ ❧❧❡✈❛r♦♥ ❧❛s ♠✉② ✐♥t❡❧✐❣❡♥t❡s

②❡❣✉❛s q✉❡ t✐r❛♥ ❞❡ ♠✐ ❝❛rr♦✱ ♠✐❡♥tr❛s

q✉❡ ✉♥❛s ❞♦♥❝❡❧❧❛s ♠❡ ❡♥s❡ñ❛❜❛♥ ❡❧

❝❛♠✐♥♦✳

❙♦❜r❡ ❧❛ ♥❛t✉r❛❧❡③❛

P❛r♠é♥✐❞❡s

▼✐❡♥tr❛s q✉❡ ❧❛ ✐❞❡❛ ❞❡ ❝❛♠❜✐♦ ✐♠♣❧✐❝❛ ❡♥ ❝✐❡rt♦ ♠♦❞♦ ❧❛ ♣❡rs✐st❡♥❝✐❛ ❞❡ ❛❧❣♦ q✉❡ s❡

♠❛♥t✐❡♥❡ ❡st❛❜❧❡ ❞✉r❛♥t❡ ❡❧ ❝❛♠❜✐♦ ② q✉❡ ♥♦s♦tr♦s ✐❞❡♥t✐✜❝❛♠♦s ❝♦♥ ❡❧ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧✱

❧❛ ✐❞❡❛ ❞❡ ❞❡str✉❝❝✐ó♥ ♣❛r❡❝❡ ✐r ❡♥ ❝♦♥tr❛ ❞❡ ❡s♦✳ ❊s ❞❡❝✐r✱ ❛ ♠❡♥✉❞♦ ❝✉❛♥❞♦ ✉s❛♠♦s ❡s❡

tér♠✐♥♦ q✉❡r❡♠♦s ❤❛❜❧❛r ❞❡ q✉❡ ❛❧❣♦ ✓②❛ ♥♦ ❡①✐st❡✔ ♦ ✓❤❛ ❧❧❡❣❛❞♦ ❛ s✉ ✜♥✔✳ ▲❛ ❞❡str✉❝❝✐ó♥

❞❡ ❛❧❣♦ ♥♦ ♣♦❞rí❛ s❡r ❡♥t❡♥❞✐❞❛✱ ♣♦r t❛♥t♦✱ ❝♦♠♦ ✉♥ ♠❡r♦ ❝❛♠❜✐♦ ♣❛r❡❝❡ q✉❡ ❤❛② ❛❧❣♦ q✉❡

♣❡r♠❛♥❡❝❡ ② ❡♥ ❧❛ ❞❡str✉❝❝✐ó♥ ♥♦✳

❆❤♦r❛ ❜✐❡♥✱ t❡♥❡♠♦s ♦tr♦ ♣r♦❜❧❡♠❛ ② ❡s q✉❡ ❧❛ ✐❞❡❛ ❞❡ ❞❡str✉❝❝✐ó♥ ♥♦ ♣✉❡❞❡ ❡♥t❡♥❞❡rs❡

❝♦♠♦ ❛♥✐q✉✐❧❛❝✐ó♥✱ ❡s ❞❡❝✐r ❡♥ ❧❛ ❞❡str✉❝❝✐ó♥ ♥♦ ♣✉❡❞❡ s✉❝❡❞❡r q✉❡ ❛❧❣♦ s❡ tr❛♥s❢♦r♠❡ ❡♥ ❧❛

♥❛❞❛✱ ♣❡r♦ ❡♥t♦♥❝❡s✱ ➽❞❡ ✈❡r❞❛❞ s❡ ❤❛ ❞❡str✉✐❞♦❄ ❚❡♥❡♠♦s ❧❛ s❡♥s❛❝✐ó♥ ❞❡ ❢♦r♠❛ ❝♦♥st❛♥t❡

❞❡ q✉❡ ❧❛s ❝♦s❛s s❡ ❞❡str✉②❡♥ ② ♥♦ ✈✉❡❧✈❡♥ ❛ ❡①✐st✐r✱ ❧♦s s❡r❡s ✈✐✈♦s ♠✉❡r❡♥✱ ❧❛s ❝❛s❛s s❡

❞❡rr✉♠❜❛♥✱ ❧❛s ✜❣✉r❛s s❡ ❝♦♥✈✐❡rt❡♥ ❡♥ ♣♦❧✈♦✱ ✳✳✳ ➽❈ó♠♦ ❞❡❜❡♠♦s ❝♦♥❝❡♣t✉❛❧✐③❛r ❡s♦ s✐♥

❝❛❡r ❡♥ ❧❛ ✐❞❡❛ ❞❡ ♥❛❞❛❄ ➽② ❝ó♠♦ ❧♦ ❤❛❝❡♠♦s s✐♥✱ ❛♣❛r❡♥t❡♠❡♥t❡ ✉s❛r ❧❛ ✐❞❡❛ ❞❡ ❝❛♠❜✐♦❄

✷✺
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▲❛ s♦❧✉❝✐ó♥ q✉❡ ♦❢r❡❝❡♠♦s ❛q✉í s❡ ❜❛s❛ ❡♥ ❛ñ❛❞✐r ❛❧❣♦ ♠ás ❛ ❧❛s ❞❡✜♥✐❝✐♦♥❡s q✉❡ ❤❡♠♦s

✈✐st♦ ❛♥t❡s✳ ▲❛ ✐❞❡❛ ✐♥t✉✐t✐✈❛ ✈❛ ❛ s❡r q✉❡ ❡♥ ❧❛ ❞❡str✉❝❝✐ó♥ s❡ ✈❛ ❛ ❞❡str✉✐r ❛❧❣♦ ② ♣♦r

t❛♥t♦ ❡s❡ ❛❧❣♦ ✈❛ ❛ ❞❡❥❛r ❞❡ ❡①✐st✐r✱ ♥♦ ♦❜st❛♥t❡ ❡s♦ q✉❡ s❡ ❞❡str✉②❡ ② ❞❡❥❛ ❞❡ ❡①✐st✐r ♥♦

✈❛ ❛ s❡r ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧✱ ♣❡r♦ t❛♠♣♦❝♦ ✉♥❛ ♣r♦♣✐❡❞❛❞✳ ▲♦ q✉❡ ♣r♦♣♦♥❡♠♦s ❡s q✉❡

❛q✉❡❧❧♦ q✉❡ ❞❡❥❛ ❞❡ ❡①✐st✐r ❡s ❛❧❣♦ ❞✐st✐♥t♦✱ ❧♦ q✉❡ s❡ ❞❡str✉②❡ ❡s ✉♥❛ ✓❝♦♥✜❣✉r❛❝✐ó♥✔ ♦

✉♥ ✓s✐st❡♠❛✔✱ ② q✉❡ ♥♦s♦tr♦s ✈❛♠♦s ❛ ❞✐❢❡r❡♥❝✐❛r ❡♥ ❞♦s ❝❛s♦s✿ ❧♦s t♦❞♦s ② ❧♦s ❡str♦♠❛s✳

❊s ❞❡❝✐r✱ ❡♥ ❧❛ ❞❡str✉❝❝✐ó♥ s❡ ❞❡str✉②❡ ❛❧❣♦✱ ♣❡r♦ t❛❧ ❝♦s❛ ♥♦ ❡s ✉♥❛ ♠❛t❡r✐❛ ❡♥t❡♥❞✐❞❛

❝♦♠♦ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ q✉❡ s❡❣✉✐rá ❡①✐st✐❡♥❞♦ ❝♦♥ ✐♥❞❡♣❡♥❞❡♥❝✐❛ ❞❡ q✉❡ t❛❧ s✐st❡♠❛ s❡

❞❡str✉②❛✳

▲❛ ✐❞❡❛ ❞❡ ✓t♦❞♦✔ q✉❡ ❛q✉í t♦♠❛r❡♠♦s ❢r❡♥t❡ ❛ ♠❡r♦ ❛❣r❡❣❛❞♦ s❡ ❜❛s❛ ❡♥ ❧❛ ✐❞❡❛ ❞❡

❇✉♥❣❡ ❡①♣✉❡st❛ ❡♥ ❬✺❪✱ ♣❡r♦ ❞❡ ♥✉❡✈♦ ❝♦♥ ❛❧❣✉♥❛s s✉t✐❧❡③❛s✳ ▲❛ t❡s✐s ❞❡ ❇✉♥❣❡ ❡s q✉❡ ✉♥

s✐st❡♠❛ s❡ ❞✐❢❡r❡♥❝✐❛ ❞❡ ✉♥ ♠❡r♦ ❛❣r❡❣❛❞♦ ♦ ❛s♦❝✐❛❝✐ó♥ ♣♦rq✉❡ ♣r❡s❡♥t❛ ♥✉❡✈❛s ♣r♦♣✐❡❞❛❞❡s

♥♦ tr✐✈✐❛❧❡s✱ ♣♦r ❡❥❡♠♣❧♦ q✉❡ ✉♥ ❝♦❝❤❡ ♣✉❞❡ s❡r✈✐r♠❡ ♣❛r❛ ❞❡s♣❧❛③❛r♠❡ ❛✉♥q✉❡ s✉s ♣❛rt❡s

s❡♣❛r❛❞❛s ♥♦✳ ❊st❛ ♥♦❝✐ó♥ ❡s ♠✉② ✐♥t❡r❡s❛♥t❡✱ ♣❡r♦ ❝r❡❡♠♦s q✉❡ ❧❛ ❢♦r♠❛❧✐③❛❝✐ó♥ ❞❡ ❇✉♥❣❡

❡s ♠❡❥♦r❛❜❧❡✱ ♦ ❛❧ ♠❡♥♦s ❝♦♥s✐❞❡r❛♠♦s ❡st♦ ❡♥ ❧❛ ♠❡❞✐❞❛ q✉❡ ❧♦ q✉❡ ❛q✉í ♦❢r❡❝❡♠♦s ♣r❡t❡♥❞❡

s❡r✈✐r ♣❛r❛ ❛❧❣♦ ♠ás✱ ❛ s❛❜❡r✱ ❡①♣❧✐❝❛r q✉❡ ❡s ❧❛ ❞❡str✉❝❝✐ó♥✳ P❛r❛ ❡❧❧♦ t❛♠❜✐é♥ ✈❡r❡♠♦s

♥❡❝❡s❛r✐♦ ♥♦ s♦❧♦ ❞❡✜♥✐r q✉é ❡s ✉♥ t♦❞♦✱ s✐♥♦ t❛♠❜✐é♥ q✉é ❡s ✉♥ ❡str♦♠❛✳ ❱❡❛♠♦s ❡st♦ ❝♦♥

♠ás ❝❛❧♠❛ ② ❝❧❛r✐❞❛❞✳

✷✳✶✳ ▲♦s t♦❞♦s ② ❧❛ ❞❡str✉❝❝✐ó♥

❉❡✜♥✐❝✐ó♥ ✷✳✶ ✭▼❡r❡♦❧♦❣í❛ ❛❣r✉♣❛❞♦r❛ ❜✐♥❛r✐❛✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ ♠❡r❡♦❧♦❣í❛ ❡s

❛❣r✉♣❛❞♦r❛ ❜✐♥❛r✐❛ s✐ s❡ ❝✉♠♣❧❡ q✉❡✿ ❉❛❞♦s ❞♦s ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s x ❡ y ❡①✐st❡ x+y ∈ S

t❛❧ q✉❡ x ≤ x+ y✱ y ≤ x+ y ② ∀z, z ≤ x+ y ⇐⇒ z ≤ x ② z ≤ y✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✳ ▲❛ ✐❞❡❛ ✐♥t✉✐t✐✈❛ q✉❡ q✉❡r❡♠♦s tr❛♥s♠✐t✐r ❡s q✉❡ ✉♥❛ ♠❡r❡♦❧♦❣í❛ ❡s ❛❣r✉✲

♣❛❞♦r❛ ❜✐♥❛r✐❛ ❝✉❛♥❞♦ t♦❞♦s ❧♦s ♣❛r❡s ❞❡ ♦❜❥❡t♦s s❡ ♣✉❡❞❡♥ ❛❣r✉♣❛r ❡♥ ✉♥ ♦❜❥❡t♦ ♠ás

❣r❛♥❞❡ ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛ ✉♥✐ó♥ s❡ ♦❜t✐❡♥❡♥ ❝♦♠♦ ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛

❉❡✜♥✐❝✐ó♥ ✷✳✸ ✭▼❡r❡♦❧♦❣í❛ ❛❣r✉♣❛❞♦r❛ ❝♦♥ ❝❛r❞✐♥❛❧ N✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ ♠❡r❡♦✲

❧♦❣í❛ ❡s ❛❣r✉♣❛❞♦r❛ ❝♦♥ ❝❛r❞✐♥❛❧ N ❝✉❛♥❞♦ s❡ ❝✉♠♣❧❡ q✉❡ ❉❛❞♦ ❝✉❛❧q✉✐❡r ❝♦♥❥✉♥t♦ ❝♦♥

❝❛r❞✐♥❛❧ N ❞❡ ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s {xi}i∈I ❡①✐st❡
⊕

i∈I xi ∈ S t❛❧ q✉❡

∀i ∈ Ixixi ≤ +i∈Ixi ②

∀z, z ≤
⊕

i∈I xi ⇐⇒ ∃i ∈ I t❛❧ q✉❡ z ≤ xi✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✹✳ ❊♥ ❡st❡ ❝❛s♦ s♦❧♦ ❡st❛♠♦s ❣❡♥❡r❛❧✐③❛♥❞♦ ❧❛ ✐❞❡❛ ❛♥t❡r✐♦r ♣❛r❛ ♠ás ❞❡ ❞♦s

❡❧❡♠❡♥t♦s✱ ❛✉♥q✉❡ ❝✉❛❧q✉✐❡r❛ ♣✉❡❞❡ ❝♦♠♣r♦❜❛r q✉❡ s❡ t✐❡♥❡ ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✺✳ ∀n ∈ N s❡ ❝✉♠♣❧❡ q✉❡✿
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❙✐ M ❡s ✉♥❛ ♠❡r❡♦❧♦❣í❛ ❛❣r✉♣❛❞♦r❛ ❜✐♥❛r✐❛ ❡♥t♦♥❝❡s M ❡s ✉♥❛ ♠❡r❡♦❧♦❣í❛ ❛❣r✉♣❛❞♦r❛

❝♦♥ ❝❛r❞✐♥❛❧ n✳

❉❡✜♥✐❝✐ó♥ ✷✳✻ ✭▼❡r❡♦❧♦❣í❛ ❛❜s♦❧✉t❛♠❡♥t❡ ❛❣r✉♣❛❞♦r❛✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ ♠❡r❡♦❧♦✲

❣í❛ ❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❛❣r✉♣❛❞♦r❛ s✐ ❡s ❛❣r✉♣❛❞♦r❛ ❝♦♥ ❝❛r❞✐♥❛❧ N = |S|✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✼✳ ❊st♦ q✉✐❡r❡ ❞❡❝✐r q✉❡ ♣♦❞❡♠♦s ❛❣r✉♣❛r ❝✉❛❧q✉✐❡r❛ ❝❛♥t✐❞❛❞ ❞❡ ♦❜❥❡t♦s ♦✱

❧♦ q✉❡ ❡s ❡q✉✐✈❛❧❡♥t❡✱ ♣♦❞❡♠♦s ❛❣r✉♣❛r t❛♥t♦s ♦❜❥❡t♦s ❝♦♠♦ ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s ❤❛②❛✳

❉❡✜♥✐❝✐ó♥ ✷✳✽ ✭▼♦r❢♦❧♦❣í❛ ❛❣r✉♣❛❞♦r❛✮✳ ❯♥❛ ♠♦r❢♦❧♦❣í❛ ❡s ✭❛❜s♦❧✉t❛♠❡♥t❡✮ ❛❣r✉♣❛✲

❞♦r❛ ✭❛❣r✉♣❛❞♦r❛ ❝♦♥ ❝❛r❞✐♥❛❧ N✮ s✐ ❧♦ ❡s s✉ ♠❡r❡♦❧♦❣í❛✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✾✳ ◆♦ ✈❛♠♦s ❛ ♣❡❞✐r q✉❡ ❧❛ s✉♠❛ ♦ ❛❣r✉♣❛❝✐ó♥ ♠❡r❡♦❧ó❣✐❝❛ t❡♥❣❛ ❛❧❣✉♥❛

❝❧❛s❡ ❞❡ r❡str✐❝❝✐ó♥ ❛s♦❝✐❛❞❛ ❛ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❛❧ ♣❛s❛r♥♦s ❛❧ á♠❜✐t♦ ❞❡ ❧❛ ♠♦r❢♦❧♦❣í❛✳ ◆♦

♣❡❞✐♠♦s t❛❧ ❝♦s❛ ♣♦r ❧❛ s❡♥❝✐❧❧❛ r❛③ó♥ ❞❡ q✉❡ ❡♥ ♥✉❡str♦ ❤❛❝❡r ❤❛❜✐t✉❛❧ ♥♦s ♣♦❞❡♠♦s ❡♥❝♦♥✲

tr❛r ❝♦♥ ❝♦♥tr❛❡❥❡♠♣❧♦s ❛ ❧❛s r❡str✐❝❝✐♦♥❡s ♠ás r❛③♦♥❛❜❧❡s✳ ❊s ❞❡❝✐r✱ ❤❛② t❛♥t♦ ❡❥❡♠♣❧♦s ❞❡

♣❛rt❡s q✉❡ s❡ ❛❣r✉♣❛♥ ❡♥ ❛❧❣♦ ❝♦♥ ♠ás ♣r♦♣✐❡❞❛❞❡s q✉❡ ❡❧❧❛s ❝♦♠♦ ♣❛rt❡s ❝♦♥ ♣r♦♣✐❡❞❛❞❡s

q✉❡ ♥♦ t✐❡♥❡♥ s✉s ❛❣r✉♣❛❝✐♦♥❡s✳ P♦r ❡❥❡♠♣❧♦✱ ❡♥ ✉♥ t✐❡♠♣♦ ❞❛❞♦ ❧❛ ❛❣r✉♣❛❝✐ó♥ ❞❡ t♦❞❛s ❧❛s

♣❛rtí❝✉❧❛s q✉❡ ❢♦r♠❛♥ ♠✐ ❝✉❡r♣♦ ❡♥ ❞✐❝❤♦ t✐❡♠♣♦ t✐❡♥❡♥ ♣r♦♣✐❡❞❛❞❡s ❝♦♠♦ ❧❛ ❝❛♣❛❝✐❞❛❞

♣❛r❛ t❡♥❡r ❝♦❣♥✐❝✐ó♥✱ ♣❡r♦ ♥♦ ❛sí ❡❧ ✉♥✐✈❡rs♦ ② t❛♠♣♦❝♦ ❧❛s ❝é❧✉❧❛s ❞❡ ♠✐ ❝✉❡r♣♦✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✵ ✭P❛rt✐❝✐ó♥✮✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❛❣r✉♣❛❞♦r❛ ② x ∈ S✱ ❞✐r❡♠♦s q✉❡ ✉♥

❝♦♥❥✉♥t♦ {xi}i∈I ⊂ S ❡s ✉♥❛ ♣❛rt✐❝✐ó♥ ❞❡ x s✐ ② s♦❧♦ s✐
⊕

i∈I xi = z✱ xi 6= x ② xi � xj

♣❛r❛ t♦❞♦ i 6= j✳ ❙✐ ✉♥ ♦❜❥❡t♦ t✐❡♥❡ ✉♥❛ ♣❛rt✐❝✐ó♥ s❡ ❞✐❝❡ ❝♦♠♣✉❡st♦✱ ❡♥ ❝❛s♦ ❞❡ ♥♦ t❡♥❡r

♥✐♥❣✉♥❛ ♣❛rt✐❝✐ó♥ s❡ ❞✐❝❡ s✐♠♣❧❡✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✶ ✭Pr♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡✮✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❛❣r✉♣❛❞♦r❛ ♠✐①t❛ ❞✐✲

r❡♠♦s q✉❡✿

❯♥❛ ♣r♦♣✐❡❞❛❞ ❝✉❛❧✐t❛t✐✈❛ ❡s ❡♠❡r❣❡♥t❡ ❡♥ ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ x ∈ S ② ♣❛r❛ ✉♥❛

♣❛rt✐❝✐ó♥ {xi}i∈I ❞❡ x s✐ ∃P ∈ Px ❝✉❛❧✐t❛t✐✈❛ t❛❧ q✉❡ P /∈ Pxi
♣❛r❛ t♦❞♦ i ∈ I✳

❯♥❛ ♣r♦♣✐❡❞❛❞ ❝✉❛♥t✐t❛t✐✈❛ ❡s ❡♠❡r❣❡♥t❡ ❡♥ ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ x ∈ S ② ♣❛r❛

✉♥❛ ♣❛rt✐❝✐ó♥ {xi}i∈I ❞❡ x s✐ ∃P ∈ Px ❝✉❛❧✐t❛t✐✈❛ t❛❧ q✉❡ P /∈ Pxi
♣❛r❛ t♦❞♦ i ∈ I✳

❊①✐st❡ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ ♣❛r❛ ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧x ∈ S ② ♣❛r❛ ✉♥❛ ♣❛r✲

t✐❝✐ó♥ {xi}i∈I ❞❡ x s✐ s❡ ❝✉♠♣❧❡ ❛❧❣✉♥❛ ❞❡ ❧❛s ❛♥t❡r✐♦r❡s✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✷✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❛❣r✉♣❛❞♦r❛ ♠✐①t❛ ❞✐r❡♠♦s q✉❡✿

❊①✐st❡ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❝✉❛❧✐t❛t✐✈❛ ❡♠❡r❣❡♥t❡ ❡♥ ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ x ∈ S s✐ s❡

t✐❡♥❡ q✉❡ q✉❡ q✉❡ ∃P ∈ Px ❝✉❛❧✐t❛t✐✈❛ t❛❧ q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r ♣❛rt✐❝✐ó♥ {xi}i∈I ❞❡ x

s❡ ❝✉♠♣❧❡ q✉❡ P /∈ Pxi
♣❛r❛ t♦❞♦ i ∈ I✳
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❊①✐st❡ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❝✉❛♥t✐t❛t✐✈❛ ❡♠❡r❣❡♥t❡ ❡♥ ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ x ∈ S s✐

s❡ t✐❡♥❡ q✉❡ ∃P ∈ Px ❝✉❛♥t✐t❛t✐✈❛ t❛❧ q✉❡ ♣❛r❛ ❝✉❛❧q✉✐❡r ♣❛rt✐❝✐ó♥ {xi}i∈I ❞❡ x s❡

❝✉♠♣❧❡ q✉❡ P /∈ Pxi
♣❛r❛ t♦❞♦ i ∈ I✳

❊①✐st❡ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ s✐ s❡ ❝✉♠♣❧❡ ❛❧❣✉♥❛ ❞❡ ❧❛s ❛♥t❡r✐♦r❡s✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✶✸✳ ❯♥❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ ❡stá ❛s♦❝✐❛❞❛ ❛ ✉♥ ♦❜❥❡t♦✳ ❊s ♠ás✱ ❡♥ ♣r✐♥❝✐♣✐♦

❡s ♣♦s✐❜❧❡ q✉❡ ✉♥❛ ♣r♦♣✐❡❞❛❞ s❡❛ ❡♠❡r❣❡♥t❡ ♣❛r❛ ✉♥ ♦❜❥❡t♦ ♣❡r♦ ♥♦ ♣❛r❛ ♦tr♦✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✹ ✭❱❛❧♦r ❡♠❡r❣❡♥t❡✮✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❛❣r✉♣❛❞♦r❛ ♠✐①t❛ ♦ ❝✉❛♥t✐✲

t❛t✐✈❛ ❞✐r❡♠♦s q✉❡ ❡①✐st❡ ✉♥ ✈❛❧♦r ❡♠❡r❣❡♥t❡ ♣❛r❛ ✉♥ ♦❜❥❡t♦ x ∈ S ② ✉♥❛ ♣❛rt✐❝✐ó♥ {xi}i∈I

❞❡ x s✐ ∃P ∈ Px ❝✉❛♥t✐t❛t✐✈❛ ② s❡ ❝✉♠♣❧❡ q✉❡ P ∈ Pxi
♣❛r❛ t♦❞♦ i ∈ I ② ∃t ∈ R ❞❡ ❢♦r♠❛

t❛❧ q✉❡ ∀t′ ∈ R F (xi, t
′) 6= F (x, t)✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✶✺✳ ▲❛ ✐❞❡❛ ✐♥t✉✐t✐✈❛ ❞❡ ✈❛❧♦r ❡♠❡r❣❡♥t❡ ❡s ❧❛ ❞❡ q✉❡ ❡❧ t♦❞♦ ♣✉❡❞❡ ❛❧❝❛♥③❛r

✉♥ ✈❛❧♦r q✉❡ ♥✐♥❣✉♥❛ ❞❡ ❧❛s ♣❛rt❡s ♣✉❡❞❡ ❧❧❡❣❛r ❛ ♦❜t❡♥❡r✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✻ ✭Pr♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ ❛❝t✐✈❛✮✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❛❣r✉♣❛❞♦r❛

♠✐①t❛ ❞✐r❡♠♦s q✉❡✿

❯♥❛ ♣r♦♣✐❡❞❛❞ ❝✉❛❧✐t❛t✐✈❛ ❡♠❡r❣❡♥t❡ ❞❡ x ❡stá ❛❝t✐✈❛ ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I ⊂ R s✐

② s♦❧♦ s✐ P (x, t) ❡s ✈❡r❞❛❞❡r♦ ♣❛r❛ t♦❞♦ t ∈ I✳

❯♥❛ ♣r♦♣✐❡❞❛❞ ❝✉❛♥t✐t❛t✐✈❛ ❡♠❡r❣❡♥t❡ ❞❡ x ❡stá ❛❝t✐✈❛ ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I ⊂ R

s✐ ② s♦❧♦ s✐ F (x, t) 6= ∅ ♣❛r❛ t♦❞♦ t ∈ I✳

❯♥❛ ♣r♦♣✐❡❞❛❞ ❝✉❛❧✐t❛t✐✈❛ ❞❡ x ❡stá ❛❝t✐✈❛ ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I ⊂ R s✐ ② s♦❧♦ s✐

❡stá ❡♥ ❛❧❣✉♥♦ ❞❡ ❧♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✼ ✭Pr♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ ✐♥❛❝t✐✈❛✮✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❛❣r✉♣❛❞♦r❛

♠✐①t❛ ❞✐r❡♠♦s q✉❡✿

❯♥❛ ♣r♦♣✐❡❞❛❞ ❝✉❛❧✐t❛t✐✈❛ ❡♠❡r❣❡♥t❡ ❡s ✐♥❛❝t✐✈❛ ♣❛r❛ ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ x ❞✉✲

r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I ⊂ R s✐ ② s♦❧♦ s✐ F (x, t) = 0✱ F (x, t) = ∅ ♣❛r❛ t♦❞♦ t ∈ I ♦ x /∈ S′

❡❧ ❝♦♥❥✉♥t♦ ❞❡ ✐♥❞✐✈✐❞✉♦s ❛s♦❝✐❛❞♦s ❛ P ✳

❯♥❛ ♣r♦♣✐❡❞❛❞ ❝✉❛♥t✐t❛t✐✈❛ ❡♠❡r❣❡♥t❡ ❡stá ✐♥❛❝t✐✈❛ ♣❛r❛ ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧

❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I ⊂ R s✐ ② s♦❧♦ s✐ F (x, t) = ∅ ♣❛r❛ t♦❞♦ t ∈ I ♦ x /∈ S′ ❡❧

❝♦♥❥✉♥t♦ ❞❡ ✐♥❞✐✈✐❞✉♦s ❛s♦❝✐❛❞♦s ❛ P ✳

❯♥❛ ♣r♦♣✐❡❞❛❞ ❝✉❛❧✐t❛t✐✈❛ ❡stá ✐♥❛❝t✐✈❛ ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I ⊂ R ♣❛r❛ ✉♥ ✐♥❞✐✈✐❞✉♦

s✉st❛♥❝✐❛❧ x ∈ S s✐ ② s♦❧♦ s✐ ❡stá ❡♥ ❛❧❣✉♥♦ ❞❡ ❧♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✳



✷✳✶✳ ▲❖❙ ❚❖❉❖❙ ❨ ▲❆ ❉❊❙❚❘❯❈❈■Ó◆ ✷✾

❉❡✜♥✐❝✐ó♥ ✷✳✶✽ ✭■♥t❡r✈❛❧♦ ❞❡ ❡①✐st❡♥❝✐❛✮✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❛❣r✉♣❛❞♦r❛ ♠✐①t❛✱

❧❧❛♠❛♠♦s ✐♥t❡r✈❛❧♦ ❞❡ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ P ❛ ✉♥ ✐♥t❡r✈❛❧♦ ♠❛①✐♠❛❧

❞✉r❛♥t❡ ❡❧ ❝✉❛❧ P ❡stá ❛❝t✐✈❛✳

❉❡✜♥✐❝✐ó♥ ✷✳✶✾ ✭Pr♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ ❝♦♥t✐♥❣❡♥t❡✮✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❛❣r✉♣❛✲

❞♦r❛ ♠✐①t❛ ❞✐r❡♠♦s q✉❡ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ ❡s ❝♦♥t✐♥❣❡♥t❡ s✐ ♥♦ t✐❡♥❡ ✉♥ ✐♥t❡r✈❛❧♦

♠❛①✐♠❛❧ ✐❣✉❛❧ R✳

❉❡✜♥✐❝✐ó♥ ✷✳✷✵ ✭❋✉♥❝✐♦♥❛r ❝♦♠♦ ✉♥ t♦❞♦✮✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❛❣r✉♣❛❞♦r❛ ♠✐①t❛

❞✐r❡♠♦s q✉❡ ✉♥ ♦❜❥❡t♦ x ❢✉♥❝✐♦♥❛ ❝♦♠♦ ✉♥ t♦❞♦ ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I s✐ ❡①✐st❡ ❛❧ ♠❡♥♦s

✉♥❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ ❛❝t✐✈❛ ❞❡ x ❞✉r❛♥t❡ ❞✐❝❤♦ ✐♥t❡r✈❛❧♦✳

❉❡✜♥✐❝✐ó♥ ✷✳✷✶✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❛❣r✉♣❛❞♦r❛ ♠✐①t❛ ❞✐r❡♠♦s q✉❡✿

❚✐❡♥❡ ✉♥ ❢❛❧s♦ t♦❞♦ ❝✉❛♥❞♦ ❡①✐st❡ ✉♥ x q✉❡ ❢✉♥❝✐♦♥❛ ❝♦♠♦ ✉♥ t♦❞♦ ❞✉r❛♥t❡ t♦❞♦ R

② ❛❞❡♠ás t♦❞❛s s✉s ♣r♦♣✐❡❞❛❞❡s ❡stá♥ ❛❝t✐✈❛s t❛♠❜✐é♥ ❞✉r❛♥t❡ t♦❞♦ R✳

❊s ❡str✐❝t❛ s✐ ♥♦ t✐❡♥❡ ❢❛❧s♦s t♦❞♦s✳

❉❡✜♥✐❝✐ó♥ ✷✳✷✷ ✭❉❡str✉❝❝✐ó♥ ❞❡ ✉♥ t♦❞♦✮✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❛❣r✉♣❛❞♦r❛ ♠✐①t❛

❞✐r❡♠♦s q✉❡ ✉♥ t♦❞♦ x s❡ ❞❡str✉②❡ ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I ⊂ R s✐ ② s♦❧♦ s✐ ❡①✐st❡ ✉♥ x ∈ S

t❛❧ q✉❡ x ♣r❡s❡♥t❛ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ P ❡♥ ✉♥ ✐♥t❡r✈❛❧♦ J ⊂ I ② ❞❡ ❢♦r♠❛ q✉❡ ❡①✐st❛

♦tr♦ ✐♥t❡r✈❛❧♦ J ′ ⊂ ❞❡ ❢♦r♠❛ q✉❡ P ♥♦ ❡stá ❛❝t✐✈❛ ❡♥ t♦❞♦ ✐♥st❛♥t❡ t ∈ J ′✳ ❊♥ ❡❧ ❝❛s♦ ❞❡

q✉❡ P s❡❛ ❝✉❛❧✐t❛t✐✈❛ ❞✐r❡♠♦s q✉❡ ❧❛ ❞❡str✉❝❝✐ó♥ ❡s ❝✉❛❧✐t❛t✐✈❛ ② ❡♥ ❝❛s♦ ❞❡ q✉❡ P s❡❛

❝✉❛♥t✐t❛t✐✈❛ ❞✐r❡♠♦s q✉❡ ❧❛ ❞❡str✉❝❝✐ó♥ ❡s ❝✉❛♥t✐t❛t✐✈❛✳

P♦st✉❧❛❞♦ ✷✳✷✸ ✭P♦st✉❧❛❞♦ ❞❡ ❝♦♥t✐♥✉✐❞❛❞ ❞❡ ❧❛ ❡♠❡r❣❡♥❝✐❛✮✳ ◆♦ ♣♦❞❡♠♦s t♦♠❛r

✉♥❛ ♠♦r❢♦❧♦❣í❛ ❛❣r✉♣❛❞♦r❛ ❡♥ ❧❛ ❝✉❛❧ ❡①✐st❡ ✉♥ ♦❜❥❡t♦ x ❝♦♥ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ ❞❡

❢♦r♠❛ t❛❧ q✉❡ ❡①✐st❛ ✉♥❛ ♣❛rt✐❝✐ó♥ {xi}i∈I ❞❡ x ② ❞♦s ✐♥st❛♥t❡s t, t′ ∈ R t❛❧❡s q✉❡ ♣❛r❛ t♦❞♦

i ∈ I s❡ t❡♥❣❛ q✉❡ xi t❡♥❣❛ ❧❛s ♠✐s♠❛s ♣r♦♣✐❡❞❛❞❡s ❡♥ ❛♠❜♦s ✐♥st❛♥t❡s✱ ♣❡r♦ P ❡sté ❛❝t✐✈❛

❡♥ t ② ♥♦ ❡♥ t′✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✹✳ ❊s ❞❡❝✐r✱ ♥♦ ♣✉❡❞❡ s✉❝❡❞❡r q✉❡ ❧❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ s❡❛ ❞❡❧ t♦❞♦

❛❥❡♥❛ ❛ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛s ♣❛rt❡s✳ ◆♦ ❝❛❜❡ ♣❡♥s❛r q✉❡ ❜❛❥♦ ❧❛s ♠✐s♠❛s ❝✐r❝✉♥st❛♥❝✐❛s

s❡ ♣✉❡❞❛ t❡♥❡r ✉♥❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ ♦ ♥♦✳ ▲♦ ❝✉❛❧✱ ♥♦ ✐♠♣❧✐❝❛ q✉❡ ✉♥❛ ♣r♦♣✐❡❞❛❞

❡♠❡r❣❡♥t❡ ♣✉❡❞❡ ❡①✐st✐r ♣❛r❛ ❞✐st✐♥t♦s ✈❛❧♦r❡s ❞❡ ❧❛s ♣❛rt❡s✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✺✳ ❊♥ ❡st❛ ♦♥t♦❧♦❣í❛ ♥♦ ❡st❛♠♦s ❛❞♠✐t✐❡♥❞♦ ♣r♦♣✐❡❞❛❞❡s ❞✐s♣♦s✐❝✐♦♥❛❧❡s

♦ ❞❡♣❡♥❞✐❡♥t❡s ❞❡❧ ❡♥t♦r♥♦✳ P♦r t❛♥t♦ ❡st❡ ♣r✐♥❝✐♣✐♦ ♥♦ ❡s ✈✐♦❧❛❞♦ ♣♦rq✉❡ ✉♥❛ ♣r♦♣✐❡❞❛❞

❡♠❡r❣❡♥t❡ s❡ ❞é s♦❧♦ ❜❛❥♦ ❝✐❡rt❛s ❝♦♥❞✐❝✐♦♥❡s ❛♠❜✐❡♥t❛❧❡s✳ ❆q✉í ✉♥❛ ♣r♦♣✐❡❞❛❞ s♦❧♦ ❞❡❜❡

❞❡♣❡♥❞❡r ❞❡ ❧❛ ❝♦s❛ ② ❡❧ t✐❡♠♣♦✳ P♦❞rí❛♠♦s✱ ❡s♦ sí✱ ❛♠♣❧✐❛r ❧❛ ♠♦r❢♦❧♦❣í❛ ♠✐①t❛ ♣❛r❛ q✉❡



✸✵ ❈❆P❮❚❯▲❖ ✷✳ ▲❆ ■❉❊❆ ❉❊ ❉❊❙❚❘❯❈❈■Ó◆

❛❞♠✐t✐❡r❛ t❛❧❡s ♣r♦♣✐❡❞❛❞❡s✱ ❡♥ t❛❧ ❝❛s♦ ♣♦❞rí❛♠♦s ❞❡❝✐r q✉❡ ❧❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ ♥♦

♣✉❡❞❡ t❡♥❡r ❞✐✈❡rs♦s ✈❛❧♦r❡s ♣❛r❛ ❡❧ ♠✐s♠♦ ❡st❛❞♦ ❞❡ ❧❛s ♣❛rt❡s ② ❞❡❧ ❡♥t♦r♥♦ ❞❡❧ ❝✉á❧

❞❡♣❡♥❞❛✳

✷✳✷✳ ▲♦s ❡str♦♠❛s ② ❞❡str✉❝❝✐ó♥

❍❛st❛ ❛❤♦r❛ ❤❡♠♦s ❡st❛❞♦ ❤❛❜❧❛♥❞♦ s♦❧♦ ❞❡ ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s ② ❞❡ ♣r♦♣✐❡❞❛❞❡s

q✉❡ ✐❞❡♥t✐✜❝❛♥ ❛ ❡st♦s✳ ◆♦ ♦❜st❛♥t❡ ❧❛ ✐❞❡❛ ❞❡ ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ ❡s ❜❛st❛♥t❡ ♣r♦✲

❜❧❡♠át✐❝❛ s✐ q✉❡r❡♠♦s ❧✐♠✐t❛r♥♦s ❛ ✉♥❛ ❝♦♥❝❡♣❝✐ó♥ ❞❡❧ ♠✉♥❞♦ q✉❡ t❡♥❣❛ s♦❧♦ ✐♥❞✐✈✐❞✉♦s

s✉st❛♥❝✐❛❧❡s ② ♣r♦♣✐❡❞❛❞❡s✳ ❆❧ ♠❡♥♦s ❛q✉❡❧❧♦ ❝♦♥ ❧♦ q✉❡ ♥♦s ❡♥❢r❡♥t❛♠♦s ❝♦♥✈❡♥❝✐♦♥❛❧♠❡♥t❡

❡stá ❜❛st❛♥t❡ ❛❧❡❥❛❞♦ ❞❡ ✉♥ ♠♦❞❡❧♦ t❛♥ ✓♣♦❜r❡✔✳

P❡♥s❡♠♦s ♣♦r ❡❥❡♠♣❧♦ q✉❡ ❡st❛♠♦s tr❛t❛♥❞♦ ❝♦♥ ✉♥ ❝✉❡r♣♦ ❤✉♠❛♥♦✳ ❋✐❥❡♠♦s ✉♥ t✐❡♠♣♦

❞❛❞♦ ② ✉♥ ❝✉❡r♣♦✳ P♦❞❡♠♦s ❡❧❡❣✐r t✉ ❝✉❡r♣♦ ② ❛❧❣ú♥ ✐♥st❛♥t❡ ❡♥ ❡❧ q✉❡ ❧❡❡s ❡st♦✱ t✉ ❝✉❡r♣♦

❡stá ❢♦r♠❛❞♦ ♣♦r ✉♥❛ ♠✉❧t✐♣❧✐❝✐❞❛❞ ❞❡ ♠♦❧é❝✉❧❛s✱ ✐♥✐♠❛❣✐♥❛❜❧❡ ♣❛r❛ ♥♦s♦tr♦s✳ P❡r♦ ❡s ♠ás✱

❞✐❝❤❛s ♠♦❧é❝✉❧❛s ✈❛♥ ❛ ❞❡❥❛r ❞❡ ❢♦r♠❛r ♣❛rt❡ ❞❡ t✉ ❝✉❡r♣♦ ❡♥ ❛❧❣ú♥ ♠♦♠❡♥t♦✱ ✐♥❝❧✉s♦ ♥♦

❡s ❞❡s❝❛❜❡❧❧❛❞♦ ♣❡♥s❛r s✐ ❛✈❛♥③❛♠♦s ♦ r❡tr♦❝❡❞❡♠♦s ❧♦ s✉✜❝✐❡♥t❡ ❡♥ ❡❧ t✐❡♠♣♦ ❡s ❜❛st❛♥t❡

♣r♦❜❛❜❧❡ q✉❡ ❧❛ ♠❛②♦r ♣❛rt❡ ❞❡ ❡s❛s ♠♦❧é❝✉❧❛s ❞❡❥❡♥ ❞❡ s❡r ♣❛rt❡ ❞❡ t✐✳ ❯♥ ❝✉❡r♣♦ ♥♦

t✐❡♥❡ s✐❡♠♣r❡ ❧❛s ♠✐s♠❛s ♣❛rt❡s✱ ♥♦ t✐❡♥❡ ♣♦r t❛♥t♦ t❛♠♣♦❝♦ ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ s❡r ✉♥❛

♠❡r❛ ❛❣r✉♣❛❝✐ó♥ ❞❡ ❧♦s ♠✐s♠♦s ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s✳ ❊s ♠ás✱ ❧♦s ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s

✓♥♦ s❡ ❞❡str✉②❡♥✔ ♣❡r♦ t♦❞♦s s❛❜❡♠♦s q✉❡ ❧♦s ♦❜❥❡t♦s ❝♦t✐❞✐❛♥♦s t✐❡♥❡♥ ❝♦♠✐❡♥③♦ ② ✜♥❛❧✱

♦❢r❡❝✐é♥❞♦♥♦s ❛sí ✉♥❛ ♣r✉❡❜❛ ♠ás ❞❡ ❧❛ ♥❡❝❡s✐❞❛❞ ❞❡ ❡♥r✐q✉❡❝❡r ♥✉❡str❛ t❡♦rí❛✳

▲♦ q✉❡ ♥❡❝❡s✐t❛♠♦s✱ ♣✉❡s✱ ❡s ✉♥❛ ❝♦❧❡❝❝✐ó♥ ♥✉❡✈❛ ❞❡ ♦❜❥❡t♦s✳ ▲❧❡❣❛♠♦s ♣♦r t❛♥t♦ ❛ ❧❛

s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥ ♣r♦✈✐s✐♦♥❛❧ ♦ ✓♣s❡✉❞♦❞❡✜♥✐❝✐ó♥✔ q✉❡ ❡♥r✐q✉❡❝❡r❡♠♦s ❛ ❧♦ ❧❛r❣♦ ❞❡ ❡st❛

s❡❝❝✐ó♥✿

Ps❡✉❞♦❞❡✜♥✐❝✐ó♥ ✷✳✷✻✳ ❯♥❛ ♠♦r❢♦❧♦❣í❛ ❥✉♥t♦ ❛ ✉♥ ❝♦♥❥✉♥t♦ E ❡s ✉♥❛ ❡str♦♠❛t♦❧♦❣í❛✳

P♦❞❡♠♦s ❛❤♦r❛ ♣❡♥s❛r ❛❧❣✉♥❛s ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s q✉❡ ❞❡❜❡rí❛♥ t❡♥❡r ❧♦s ❡❧❡♠❡♥t♦s

❞❡ ❞✐❝❤♦ ❝♦♥❥✉♥t♦✳ P♦r ❡❥❡♠♣❧♦ ♣♦❞❡♠♦s ❢♦r♠❛❧✐③❛r ❛❧❣✉♥❛s ✐❞❡❛s ♠❡❞✐❛♥t❡ ❧❛ s✐❣✉✐❡♥t❡

❞❡✜♥✐❝✐ó♥✿

Ps❡✉❞♦❞❡✜♥✐❝✐ó♥ ✷✳✷✼ ✭❊str♦♠❛✮✳ ❯♥ ❡str♦♠❛✶ ❡s ✉♥ ❡❧❡♠❡♥t♦ e ∈ E ❞❡ ❢♦r♠❛ t❛❧

q✉❡✿

✶✳ ❊①✐st❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ✐♥t❡r✈❛❧♦s ❝❡rr❛❞♦s Ie ❧❧❛♠❛❞♦s ✐♥t❡r✈❛❧♦s ❞❡ ❡①✐st❡♥❝✐❛ ❞❡ e

❞❡ ❢♦r♠❛ q✉❡ ♣❛r❛ ❝❛❞❛ ✉♥♦ ❞❡ ❡❧❧♦s I ⊂ R s❡ ❝✉♠♣❧❡ q✉❡ ♣❛r❛ ❝❛❞❛ t ∈ I ❡①✐st❡ ✉♥

ú♥✐❝♦ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ et✳
✶❊❧ tér♠✐♥♦ ❧♦ t♦♠❛♠♦s ❞❡ ❧❛ ✜❧♦s♦❢í❛ ❞❡ ●✉st❛✈♦ ❇✉❡♥♦ ❡❧ ♠❛t❡r✐❛❧✐s♠♦ ✜❧♦só✜❝♦✱ ♣❛r❛ ♠ás ✐♥❢♦r♠❛❝✐ó♥

s♦❜r❡ ❞✐❝❤♦ s✐st❡♠❛ ♣✉❡❞❡ ❝♦♥s✉❧t❛rs❡ ❬✹❪



✷✳✷✳ ▲❖❙ ❊❙❚❘❖▼❆❙ ❨ ❉❊❙❚❘❯❈❈■Ó◆ ✸✶

✷✳ ❊①✐st❡♥ ❞♦s ❝♦♥❥✉♥t♦s Pe ⊂ PCl ② Fe ⊂ F ❧❧❛♠❛❞♦s✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ♣r♦♣✐❡❞❛❞❡s

❝✉❛❧✐t❛t✐✈❛s ❞❡ e ② ❢✉♥❝✐♦♥❡s ❞❡ ❡st❛❞♦ ❞❡ e✳

✸✳ P❛r❛ ❝❛❞❛ P ∈ Pe✱ ♣❛r❛ ❝❛❞❛ ✐♥t❡r✈❛❧♦ ❞❡ ❡①✐st❡♥❝✐❛ I ② ♣❛r❛ ❝❛❞❛ t ∈ I✳ ❙❡ ❝✉♠♣❧❡

q✉❡ st ∈ S✱ ❞♦♥❞❡ S ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s ❛s♦❝✐❛❞♦ ❛ P ✳

✹✳ P❛r❛ ❝❛❞❛ F ∈ Fe ♣❛r❛ ❝❛❞❛ ✐♥t❡r✈❛❧♦ ❞❡ ❡①✐st❡♥❝✐❛ I ② ♣❛r❛ ❝❛❞❛ t ∈ I✳❙❡ ❝✉♠♣❧❡

q✉❡ st ∈ S ❞♦♥❞❡ S ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s ❛s♦❝✐❛❞♦ ❛ F ✳

✺✳ P❛r❛ t♦❞♦ ✐♥t❡r✈❛❧♦ ❞❡ ❡①✐st❡♥❝✐❛ ② ∀t ∈ I s❡ s❛t✐s❢❛❝❡ q✉❡ ∀P ∈ Pe✱ P (x, t) ❡s

✈❡r❞❛❞❡r♦ ② ∀F ∈ Fe✱ F (x, t) 6= ∅✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✽✳ ▲❛ ✐❞❡❛ ❞❡trás ❞❡ ❡st❛ ❞❡✜♥✐❝✐ó♥ ❡s q✉❡ ✉♥ ❡str♦♠❛ ❡s ❡♥ ❝❛❞❛ ✐♥st❛♥t❡

✉♥❛ ❛❣r✉♣❛❝✐ó♥ ❞❡ ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s q✉❡ s❛t✐s❢❛❝❡♥ ✉♥❛s ♣r♦♣✐❡❞❛❞❡s q✉❡ ♣♦❞❡♠♦s

♣❡♥s❛r q✉❡ ❧❡ s♦♥ ❡s❡♥❝✐❛❧❡s✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✷✾✳ ❙✐ ❧❛ ♠♦r❢♦❧♦❣í❛ ❡♥ ❧❛ q✉❡ ❡st❛♠♦s t✐❡♥❡ ✉♥ ♦❜❥❡t♦ ♥✉❧♦✱ ♣♦❞❡♠♦s ❡①✲

t❡♥❞❡r ❧❛ ❞❡✜♥✐❝✐ó♥ ❛♥t❡r✐♦r ❞✐❝✐❡♥❞♦ q✉❡ ♣❛r❛ ❛q✉❡❧❧♦s ✐♥st❛♥t❡s t ∈ R ♥♦ ♣❡rt❡♥❡❝✐❡♥t❡s

❛ ✉♥ ✐♥t❡r✈❛❧♦ ❞❡ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥ ❡str♦♠❛ e s❡ t✐❡♥❡ q✉❡ et = � ② ❛❞❡♠ás ♣✐❞✐❡♥❞♦ q✉❡

et 6= � ♣❛r❛ t♦❞♦ t ∈ I] ❝♦♥ I ✐♥t❡r✈❛❧♦ ❞❡ ❡①✐st❡♥❝✐❛✳

❆ ♣❛rt✐r ❞❡ ❛❤♦r❛ s✉♣♦♥❞r❡♠♦s q✉❡ ❡st❛♠♦s ❡♥ t❛❧ s✐t✉❛❝✐ó♥✱ ❡s ❞❡❝✐r q✉❡ ❡①✐st❡ � ∈ S

② ❛❞❡♠ás et = � ❝✉❛♥❞♦ ♥♦ ❝✉♠♣❧❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s✳

❍❡♠♦s ❞❛❞♦ ❛ ❝❛❞❛ ❡str♦♠❛ ✉♥❛ ❝♦❧❡❝❝✐ó♥ ❞❡ ✐♥t❡r✈❛❧♦s ❡♥ ❧♦s q✉❡ ♣♦❞❡♠♦s ♣❡♥s❛r q✉❡

❡stá ❡①✐st✐❡♥❞♦✳ ❙✐♥ ❡♠❜❛r❣♦ t❛❧ ❝♦❧❡❝❝✐ó♥ s❡ ♥♦s ♣r❡s❡♥t❛ ❝♦♠♦ ✉♥ r❡q✉✐s✐t♦ q✉✐③á ❡①❝❡s✐✈♦

♣✉❡st♦ q✉❡ ❜❛st❛ ❛❧❣♦ ♠✉❝❤♦ ♠ás ❧❡✈❡✳ P♦r ❡❥❡♠♣❧♦ ♣♦❞❡♠♦s ♣❡♥s❛r ❡♥✿

❉❡✜♥✐❝✐ó♥ ✷✳✸✵ ✭P❡r✐♦❞♦ ❞❡ ❡①✐st❡♥❝✐❛✮✳ ❉❛❞♦ ✉♥ ❡str♦♠❛ r❡♣r❡s❡♥t❛❜❧❡ ❧❧❛♠❛♠♦s

♣❡r✐♦❞♦ ❞❡ ❡①✐st❡♥❝✐❛ ❛❧ ❝♦♥❥✉♥t♦ Ee = ∪I∈IeI✳

❆❞❡♠ás ♣♦r ❧❛ t♦♣♦❧♦❣í❛ ❞❡ ❧♦s ♥ú♠❡r♦s r❡❛❧❡s R ♣♦❞❡♠♦s r❡❝✉♣❡r❛r ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ❞❡

❧♦s ✐♥t❡r✈❛❧♦s s✐♠♣❧❡♠❡♥t❡ ✉t✐❧✐③❛♥❞♦ ❧❛ ❞❡s❝♦♠♣♦s✐❝✐ó♥ ú♥✐❝❛ ❡♥ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s✳

❉❡✜♥✐❝✐ó♥ ✷✳✸✶ ✭■♥t❡r✈❛❧♦s ♠❛①✐♠❛❧❡s✮✳ ❉❛❞♦ ✉♥ ❡str♦♠❛ r❡♣r❡s❡♥t❛❜❧❡ ❧❧❛♠❛♠♦s

✐♥t❡r✈❛❧♦s ♠❛①✐♠❛❧❡s ❞❡ ❡①✐st❡♥❝✐❛ ❛ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❞❡ Ee✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✸✷✳ ▲❛ ✉♥✐ó♥ ❛r❜✐tr❛r✐❛ ❞❡ ✐♥t❡r✈❛❧♦s ❝❡rr❛❞♦s ♥♦ s✐❡♠♣r❡ ❡s ❝❡rr❛❞♦✱ ❞❡ ❛❤í

q✉❡ ♣✉❡❞❛ ❞❛rs❡ ❡❧ ❝❛s♦ ❞❡ q✉❡ ❛❧❣ú♥ ✐♥t❡r✈❛❧♦ ♠❛①✐♠❛❧ s❡❛ ❛❜✐❡rt♦ ❛ ♣❡s❛r ❞❡ q✉❡ s❡ ❧❡

❛s♦❝✐❡♥ s♦❧♦ ✐♥t❡r✈❛❧♦s ❝❡rr❛❞♦s✳

❘❡❞❡✜♥✐❝✐ó♥ ✷✳✸✸✳ ❯♥ ❡str♦♠❛ ❡s ✉♥ ❡❧❡♠❡♥t♦ e ∈ E q✉❡ ❝✉♠♣❧❡ t♦❞♦ ❧♦ ❡①♣✉❡st♦ ❡♥ ❧❛

❉❡✜♥✐❝✐ó♥ ✷✳✷✼ ② ❛❞❡♠ás s❡ t✐❡♥❡ q✉❡ ∀t /∈ Ee s❡ ❝✉♠♣❧❡ q✉❡ et = �✳



✸✷ ❈❆P❮❚❯▲❖ ✷✳ ▲❆ ■❉❊❆ ❉❊ ❉❊❙❚❘❯❈❈■Ó◆

❘❡❞❡✜♥✐❝✐ó♥ ✷✳✸✹ ✭❊str♦♠❛t♦❧♦❣í❛✮✳ ❯♥❛ ❡str♦♠❛t♦❧♦❣í❛ T ❡s ✉♥ 5✲t✉♣❧❛ (X,E, i, j, k)

t❛❧ q✉❡✿

✶✳ X ❡s ✉♥❛ ♠♦r❢♦❧♦❣í❛ ♠✐①t❛ ♥✐❤✐❧✐st❛✳

✷✳ E ❡s ✉♥ ❝♦♥❥✉♥t♦✳

✸✳ i : E → P (P) q✉❡ ❛s♦❝✐❛ ❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ e ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦♣✐❡❞❛❞❡s q✉❡ ❞❡♥♦t❛♠♦s

❝♦♠♦ s✉ ❡s❡♥❝✐❛ Ee✳

✹✳ j : E → P (R) q✉❡ ❛s♦❝✐❛ ❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ e s✉ ♣❡r✐♦❞♦ ❞❡ ❡①✐st❡♥❝✐❛ Ee ⊂ R✳

✺✳ k : E × R→ S t❛❧ q✉❡✿

k(e, t) = et ❡stá ❡♥ ❡❧ ❝♦♥❥✉♥t♦ ❛s♦❝✐❛❞♦ ❛ ❝❛❞❛ ♣r♦♣✐❡❞❛❞ P ∈ i(e) s✐ t ∈ Ee

F (k(e, t), t) 6= ∅ ♣❛r❛ t♦❞❛ ❢✉♥❝✐ó♥ ❞❡ ❡st❛❞♦ ❞❡ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❝✉❛♥t✐t❛t✐✈❛ ❡♥

i(e) s✐ t ∈ Ee✳

k(e, t) = et = � s✐ t /∈ Ee✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✸✺✳ ▲♦s ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s ♥♦ t✐❡♥❡♥ ❡s❡♥❝✐❛✱ s♦❧♦ ♣♦s❡❡♥ t❛❧ ❝♦s❛ ❧♦s

❡str♦♠❛s✳

❉❡✜♥✐❝✐ó♥ ✷✳✸✻ ✭❊str♦♠❛t♦❧♦❣í❛ ❡str✐❝t❛✮✳ ❯♥❛ ❡str♦♠❛t♦❧♦❣í❛ ❡str✐❝t❛ T ❡s ✉♥ 5✲

t✉♣❧❛ (X,E, i, j, k, l) t❛❧ q✉❡✿

✶✳ X ❡s ✉♥❛ ♠♦r❢♦❧♦❣í❛ ♠✐①t❛ ♥✐❤✐❧✐st❛✳

✷✳ E ❡s ✉♥ ❝♦♥❥✉♥t♦✳

✸✳ i : E → P (P) q✉❡ ❛s♦❝✐❛ ❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ e ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦♣✐❡❞❛❞❡s q✉❡ ❞❡♥♦t❛♠♦s

❝♦♠♦ s✉ ❡s❡♥❝✐❛ Ee✳

✹✳ j : E → P (R) q✉❡ ❛s♦❝✐❛ ❛ ❝❛❞❛ ❡❧❡♠❡♥t♦ e s✉ ♣❡r✐♦❞♦ ❞❡ ❡①✐st❡♥❝✐❛ Ee ⊂ R✳

✺✳ ∀e ∈ E ② ∀P ∈ i(e) ❡①✐st❡ ✉♥ ú♥✐❝♦ V ′ ⊂ V t❛❧ q✉❡✿

V ′ 6= ∅✳

V ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ✈❛❧♦r❡s ❛s♦❝✐❛❞♦s ❛ P s✐ ❡s ❝✉❛♥t✐t❛t✐✈❛✳

V = {0, 1} s✐ P ❡s ❝✉❛❧✐t❛t✐✈❛✳

❆❧ q✉❡ ❧❧❛♠❛♠♦s ✓s✉❜❡s♣❛❝✐♦ ❞❡ ✈❛❧♦r❡s ❛❞♠✐s✐❜❧❡s✔✳

✻✳ k : E × R→ S t❛❧ q✉❡✿
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k(e, t) = et ❡stá ❡♥ ❡❧ ❝♦♥❥✉♥t♦ ❛s♦❝✐❛❞♦ ❛ ❝❛❞❛ ♣r♦♣✐❡❞❛❞ P ∈ i(e) s✐ t ∈ Ee

F (k(e, t), t) 6= ∅ ♣❛r❛ t♦❞❛ ❢✉♥❝✐ó♥ ❞❡ ❡st❛❞♦ ❞❡ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❝✉❛♥t✐t❛t✐✈❛ ❡♥

i(e) s✐ t ∈ Ee✳

F (k(e, t) ∈ V ′ ♣❛r❛ t♦❞❛ ❢✉♥❝✐ó♥ ❞❡ ❡st❛❞♦ ❞❡ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❡♥ i(e) ♣❛r❛ t♦❞♦

t ∈ Ee✳

k(e, t) = et = � s✐ t 6 inEe✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✸✼✳ ▲❛ ✐❞❡❛ q✉❡ ❡st❛❜❧❡❝❡♠♦s ❛q✉í ❛ñ❛❞✐❞❛ ❛ ❧❛ ❛♥t❡r✐♦r ❡s q✉❡ ❛❞❡♠ás ❞❡

q✉❡ s❡ ♣✉❡❞❛ ♣r❡❞✐❝❛r s♦❜r❡ ❡s❛ ♣r♦♣✐❡❞❛❞ s❡ ❞❡❜❡ ❝✉♠♣❧✐r q✉❡ t❡♥❣❛ ✉♥♦s ✈❛❧♦r❡s ❝♦♥❝r❡t♦s✳

❊♥ t♦❞♦ ♠♦♠❡♥t♦ ❞❛❞♦ ✉♥ s❡r ✈✐✈♦ t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ ❞❡ ❡st❛r ✈✐✈♦✳ ❙✐ ❧❛ ❡s❡♥❝✐❛ ❡s ❧♦

q✉❡ ♣❡r♠✐t❡ ✓❡❧❡❣✐r✔ ✉♥ ❡str♦♠❛ ✉ ♦tr♦ ❡s r❛③♦♥❛❜❧❡ ♣❡♥s❛r q✉❡ ♥♦ ❜❛st❛ ❝♦♥ q✉❡ t❡♥❣❛

✉♥❛ ❝♦♠♣♦s✐❝✐ó♥ ❞❡ ❧❛ q✉❡ ❝❛❜❡ ♣r❡❞✐❝❛r ❝✐❡rt❛s ♣r♦♣✐❡❞❛❞❡s✱ s✐♥♦ q✉❡ ❛❞❡♠ás t✐❡♥❡ ❡s❛s

♣r♦♣✐❡❞❛❞❡s ❝♦♥ ✉♥♦s ✓✈❛❧♦r❡s ❞❡t❡r♠✐♥❛❞♦s✔✳

❘❡❞❡✜♥✐❝✐ó♥ ✷✳✸✽ ✭❊str♦♠❛✮✳ ❉❛❞❛ ✉♥❛ ❡str♦♠❛❧♦❣í❛ ✉♥ ❡str♦♠❛ ❡s ✉♥ 4✲t✉♣❧❛ (e, i(e), j(e),K)

❞♦♥❞❡✿

✶✳ e ∈ E✳

✷✳ K = {(k(e, t), t)| t ∈ R}✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✸✾✳ ❊♥ ❣❡♥❡r❛❧ t♦♠❛r❡♠♦s ❝♦♠♦ ❡str♦♠❛ s✐♠♣❧❡♠❡♥t❡ ✉♥ ❡❧❡♠❡♥t♦ e ∈ E✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✹✵✳ ❊s ♥❡❝❡s❛r✐♦ r❡♠❛r❝❛r q✉❡ ❡♥ ❡st❡ t❡①t♦ ② ♥✉❡str❛ ❤❛❜❧❛ ❤❛❜✐t✉❛❧ ❤❛② ✉♥❛

❡s♣❡❝✐❡ ❞❡ ❞✉❛❧✐❞❛❞ ❡♥tr❡ ❡❧ á♠❜✐t♦ ❝♦♥❝❡♣t✉❛❧ ② ❡❧ á♠❜✐t♦ ❢á❝t✐❝♦ ♦ r❡❛❧✳ ❯♥ ❡str♦♠❛ ❛q✉í

♥♦ ❡s ♠ás q✉❡ ✉♥ ♦❜❥❡t♦ ❝♦♥❝❡♣t✉❛❧✱ ✉♥ ✓❡❧❡♠❡♥t♦✔ ❞❡ ✉♥ s✐st❡♠❛ ♦ ❡str✉❝t✉r❛ ❝♦♥❝❡♣t✉❛❧✿

❧❛ ❡str♦♠❛t♦❧♦❣í❛✳ ◆♦ ♦❜st❛♥t❡ ❛ ✈❡❝❡s ✉s❛r❡♠♦s ❡str♦♠❛ ♥♦ t❛♥t♦ ♣❛r❛ r❡❢❡r✐r♥♦s ❛ ❡s❡

♦❜❥❡t♦ ❝♦♥❝❡♣t✉❛❧ s✐♥♦ ♠ás ❜✐❡♥ ❛ ❧❛ r❡❛❧✐❞❛❞ q✉❡ ♣❡r♠✐t❡ r❡♣r❡s❡♥t❛r ♦ q✉❡ ✐♥t❡♥t❛ ❝❛♣t❛r✳

❉❡ ✐❣✉❛❧ ❢♦r♠❛ s✉❝❡❞❡ ❝♦♥ ❡❧ r❡st♦ ❞❡ ✐❞❡❛s q✉❡ ❛q✉í ❡①♣♦♥❡♠♦s✳ ❚❛♥t♦ ❧♦s t♦❞♦s✱ ❝♦♠♦

❧♦s ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s ❝♦♠♦ ❧❛s ✐❞❡❛s q✉❡ ❞❡✜♥✐r❡♠♦s ❡♥ ♣ró①✐♠♦s ❝❛♣ít✉❧♦s ♣r❡s❡♥t❛♥

❡st❛ ❞✉❛❧✐❞❛❞ ❡♥tr❡ ❡❧ ♦❜❥❡t♦ ❝♦♥❝❡♣t✉❛❧ ② ❧❛ r❡❛❧✐❞❛❞ q✉❡ ♣✉❡❞❡♥ ❝❛♣t✉r❛r✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✹✶✳ ❙❡ ♣♦❞rí❛ ✐♥t❡♥t❛r ❣❡♥❡r❛❧✐③❛r ❧❛ ♥♦❝✐ó♥ ❞❡ ❡str♦♠❛ ❡♠♣❧❡❛♥❞♦ q✉❡ ✉♥

❡str♦♠❛ ♣✉❡❞❡ t❡♥❡r ♠ás ❞❡ ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ ❡♥ ❝❛❞❛ ✐♥st❛♥t❡ ❞❡ t✐❡♠♣♦✱ ② ♥♦ s♦❧♦

❛♣❡❧❛♥❞♦ ❛ ❧❛ ❛❣r✉♣❛❝✐ó♥ ❞❡ ❞♦s ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s✳ ❚❛❧ ♥♦❝✐ó♥ ♣♦❞rí❛ r❡s✉❧t❛r út✐❧

♣❛r❛ ❝❛r❛❝t❡r✐③❛r ❧❛s ♣r♦♣✐❡❞❛❞❡s ♦ ✓✉♥✐✈❡rs❛❧❡s✔ ❡♥ ❣❡♥❡r❛❧✳ ❖tr❛ ❢♦r♠❛ ❞❡ ♣❡♥s❛r ❡♥ ❡st♦

s❡rí❛ s✐♠♣❧❡♠❡♥t❡ ❞♦t❛r ❛ ❧❛ ♠❡r❡♦❧♦❣í❛ ❞❡ ✉♥❛ ♥♦❝✐ó♥ ❞❡ ✓♥♦ ✐♥t❡rs❡❝❝✐ó♥✔ ♦ ✓❝♦♥❡①✐❞❛❞✔

♣❛r❛ ❤❛❜❧❛r ❛sí ❞❡ q✉❡ ❡❧ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ ♥♦ ❡s ❝♦♥❡①♦✳

❉❡✜♥✐❝✐ó♥ ✷✳✹✷ ✭❊str♦♠❛t♦❧♦❣í❛ ♥✐❤✐❧✐st❛✮✳ ❯♥❛ ❡str♦♠❛t♦❧♦❣í❛ ❡s ♥✐❤✐❧✐st❛ s✐ t✐❡♥❡

✉♥ ♦❜❥❡t♦ ω ∈ E t❛❧ q✉❡ j(ω) = ∅✳ ❊s ❞❡❝✐r✱ t✐❡♥❡ ✉♥ ❡str♦♠❛ q✉❡ ♥♦ ✓❡①✐st❡✔ ♥✉♥❝❛✳
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❉❡✜♥✐❝✐ó♥ ✷✳✹✸ ✭❊str♦♠❛t♦❧♦❣í❛ ♠ás ✜♥❛✮✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛ ❡str♦♠❛t♦❧♦❣í❛ T =

(X,E, , i, j, k) ❡s ♠ás ✜♥❛ q✉❡ ♦tr❛ ❡str♦♠❛t♦❧♦❣í❛ T ′ = (X ′, E′, i′, j′, k′) s✐ ② s♦❧♦ s✐ s❡

❝✉♠♣❧❡ q✉❡✿

✶✳ X ❡s ✉♥❛ s✉❜♠♦r❢♦❧♦❣í❛ ♥✐❤✐❧✐st❛ ❞❡ X ′ ❝♦♥ ❛♣❧✐❝❛❝✐♦♥❡s f : S → S′ ② g : P→ P′✳

✷✳ ❊①✐st❡ ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ ✐♥②❡❝t✐✈❛ h : E → E′✳

✸✳ ∀e ∈ E ② ∀t ∈ R s❡ t✐❡♥❡ q✉❡ h(e)t = f(et)✳ ❖ ❞❡ ❢♦r♠❛ ❡q✉✐✈❛❧❡♥t❡✿ f(k(e, t)) =

k′(h(e), t)✳

✹✳ j(e) = j′(h(e))✳

✷✳✷✳✶✳ ❘❡❧❛❝✐♦♥❡s ❡♥tr❡ ❡st♦♠❛s

❉❡✜♥✐❝✐ó♥ ✷✳✹✹ ✭❘❡❧❛❝✐ó♥ ❞❡ ♦r❞❡♥ ❡♥ ❧♦s ❡str♦♠❛s✮✳ ❯♥ ❡str♦♠❛ e′ ❡s ♣❛rt❡ ❞❡ ✉♥

❡str♦♠❛ e ② r❡♣r❡s❡♥t❛♠♦s ❝♦♠♦ e ≤ e s✐ ② s♦❧♦ s✐✿

Ee′ ⊂ Ee ❞♦♥❞❡ I
′ ② I s♦♥✱ r❡s♣❡❝t✐✈❛♠❡♥t❡✱ ❡❧ ♣❡r✐♦❞♦ ❞❡ ❡①✐st❡♥❝✐❛ ❞❡ e′ ② ❞❡ e✳

∀t ∈ Ee′ s❡ ❝✉♠♣❧❡ q✉❡ e′t ≤ et✳

❙✐ ✉♥ ❡str♦♠❛ ♥♦ ❡s ♣❛rt❡ ❞❡ ♥✐♥❣ú♥ ♦tr♦ ❞✐r❡♠♦s q✉❡ ❡s ✉♥ ❡str♦♠❛ ♠❛①✐♠❛❧✳

❊❥❡♠♣❧♦ ✷✳✹✺✳ ❙✐ ♣❡♥s❛♠♦s ❡♥ ✉♥ s❡r ✈✐✈♦ ❝♦♠♦ ✉♥ s❡r ❤✉♠❛♥♦ ♣♦❞❡♠♦s ❡♥t❡♥❞❡r q✉❡

❧❛ ♠❛♥♦ ❞❡ ❡st❡ ✈✐✈♦ ❡s ✉♥ ♣❛rt❡ ❞❡ ❞✐❝❤♦ s❡r ❤✉♠❛♥♦✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✹✻✳ ◆♦ ❤❛② ♥✐♥❣✉♥❛ ❝♦♥❞✐❝✐ó♥ ❡♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❧❛ r❡❧❛❝✐ó♥ ❞❡ ♣❛rt❡ q✉❡

✐♠♣❧✐q✉❡ ♣r♦♣✐❡❞❛❞❡s✳ ❊st♦ s❡ ❞❡❜❡ ❛ q✉❡ ❝r❡❡♠♦s q✉❡ t❛❧❡s ❝♦♥❞✐❝✐♦♥❡s s✉♣♦♥❞rí❛♥ ✉♥❛

r❡str✐❝❝✐ó♥ ♠✉② ❢✉❡rt❡✳ P♦❞❡♠♦s ♣❡♥s❛r q✉❡ ❧❛ ♠❛♥♦ ♣✉❡❞❡ t❡♥❡r ♣r♦♣✐❡❞❛❞❡s q✉❡ ♥♦ t✐❡♥❡

❡❧ ❝✉❡r♣♦✱ ♣♦r ❡❥❡♠♣❧♦ ❛ ♥✐✈❡❧ t♦♣♦❧ó❣✐❝♦ s✉ s✉♣❡r✜❝✐❡ ❡s ❝♦♥trá❝t✐❧✱ ♥♦ ❛sí ❡❧ ❝✉❡r♣♦ ❤✉♠❛♥♦

❡♥ s✉ t♦t❛❧✐❞❛❞✳

❉❡✜♥✐❝✐ó♥ ✷✳✹✼ ✭❘❡❧❛❝✐ó♥ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛ ❡♥tr❡ ❡str♦♠❛s✮✳ ❯♥ ❡str♦♠❛ e ❡s ❡q✉✐✲

✈❛❧❡♥t❡ ❛ e′ ② ❛❜r❡✈✐❛♠♦s ❝♦♠♦ e ≃ e′ s✐ ② s♦❧♦ s✐✿

Ee = Ee′ ✳

∀t ∈ Ee s❡ ❝✉♠♣❧❡ q✉❡ e′t = et✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✹✽✳ ❙♦♥ ❡q✉✐✈❛❧❡♥t❡s ❧❛s s✐❣✉✐❡♥t❡s ❞♦s ❛✜r♠❛❝✐♦♥❡s✿

✶✳ e′ ≤ e ② e ≤ e′✳

✷✳ e ≃ e′
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❉❡✜♥✐❝✐ó♥ ✷✳✹✾ ✭❊str♦♠❛t♦❧♦❣í❛ ♣r❡❝✐s❛✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ ❡str♦♠❛t♦❧♦❣í❛ ❡s ♣r❡❝✐s❛

❝✉❛♥❞♦ ♥♦ t✐❡♥❡ ❡str♦♠❛s ❡q✉✐✈❛❧❡♥t❡s✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✺✵✳ ▲❛ ❛♣❧✐❝❛❝✐ó♥ h ❞❡✜♥✐❞❛ ❡♥ ❧❛ ❉❡✜♥✐❝✐ó♥ ✷✳✹✸ ❝♦♥s❡r✈❛ ❡❧ ♦r❞❡♥ ② ❧❛

❡q✉✐✈❛❧❡♥❝✐❛ ❡♥tr❡ ❡str♦♠❛s✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✺✶✳ ❊♥ ❣❡♥❡r❛❧ ♣♦❞rí❛♠♦s ✐♥t❡♥t❛r ❣❡♥❡r❛❧✐③❛r ❧❛ ✐❞❡❛ ❛♥t❡r✐♦r ❞❡ ❡q✉✐✈❛✲

❧❡♥❝✐❛ ♠❡❞✐❛♥t❡ ❝✐❡rt♦s ❣r❛❞♦s ❞❡ ✐♠♣r❡❝✐s✐ó♥✳ P♦❞❡♠♦s✱ ♣♦r ❡❥❡♠♣❧♦✱ ♣❡♥s❛r q✉❡ ♥✉❡str♦

❝✉❡r♣♦ s✐❡♠♣r❡ t✐❡♥❡ ❛❧❣✉♥❛ ❝❧❛s❡ ❞❡ ❢r♦♥t❡r❛ ♦ ♣❛rtí❝✉❧❛s ❞✐❢✉s❛s q✉❡ ♣♦❞❡♠♦s ♦ ♥♦ ❝♦♥✲

s✐❞❡r❛r ♣❛rt❡s ❞❡ é❧✳ ❆sí ♣♦❞rí❛♠♦s ♣❡❞✐r ❝♦♥❞✐❝✐♦♥❡s ♠ás ❞é❜✐❧❡s s♦❜r❡ t❛❧ r❡❧❛❝✐ó♥ ❞❡

❡q✉✐✈❛❧❡♥❝✐❛✱ ②❛ s❡❛ ❡♥ ❧♦s ✐♥t❡r✈❛❧♦s ♦ ❡♥ ❧❛ ✐❣✉❛❧❞❛❞ ❞❡ ❧❛ ❝♦♠♣♦s✐❝✐ó♥ ❡♥ ✉♥ ❡st❛❞♦ ❞❛❞♦✳

❊♥ t❛❧ ❝❛s♦ ♣♦❞rí❛♠♦s ❞❡✜♥✐r ✉♥ ❡str♦♠❛ r❡✜♥❛❞♦ ❝♦♠♦ ❧❛ ❝❧❛s❡ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛ ❜❛❥♦ t❛❧

r❡❧❛❝✐ó♥ ♠❡♥♦s ❡str✐❝t❛ q✉❡ ❧❛ ❛q✉í ❞❡✜♥✐❞❛✳

❉❡✜♥✐❝✐ó♥ ✷✳✺✷ ✭■♥t❡rs❡❝❝✐ó♥ ❡♥tr❡ ❡str♦♠❛s✮✳ ❉❛❞♦s ❞♦s ❡str♦♠❛s e ② e′ ❞✐r❡♠♦s

q✉❡ t✐❡♥❡♥ ✐♥t❡rs❡❝❝✐ó♥ ② ❞❡♥♦t❛♠♦s ❝♦♠♦ e ◦ e′ s✐ ② s♦❧♦ s✐✿

∃I ∈ Ee ∩E
′
e′ ❞♦♥❞❡ Ee ② E

′
e′ s♦♥ ❧♦s ♣❡r✐♦❞♦s ❞❡ ❡①✐st❡♥❝✐❛ ❛s♦❝✐❛❞♦s ❛ e ② e′ ❡ I ❡s

✉♥ ✐♥t❡r✈❛❧♦ ♥♦ ❞❡❣❡♥❡r❛❞♦✳

∀t ∈ I s❡ ❝✉♠♣❧❡ q✉❡ ∃z ∈ S: z ≤ et ② z ≤ e′t✳

✷✳✷✳✷✳ ❚✐♣♦s ❞❡ ❡str♦♠❛s

❉❡✜♥✐❝✐ó♥ ✷✳✺✸ ✭❊str♦♠❛ ❝♦♥st❛♥t❡✮✳ ❯♥ ❡str♦♠❛ r❡♣r❡s❡♥t❛❜❧❡ s❡ ❞✐❝❡ ❝♦♥st❛♥t❡ s✐

∀t, t′ ∈ E s❡ ❝✉♠♣❧❡ et = et′ ✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✺✹✳ P♦r ❧♦ ❣❡♥❡r❛❧ ♥♦ ♥♦s ✈❛♥ ❛ ✐♥t❡r❡s❛r ❧♦s ❡str♦♠❛s ❝♦♥st❛♥t❡s ♣✉❡st♦ q✉❡

❡st❛♠♦s ✉s❛♥❞♦ ✉♥❛ ✐❞❡❛ ♠ás ♣♦t❡♥t❡ q✉❡ ❧❛ ❞❡ ♠❡r♦ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ ♣❛r❛ ❛❧❣♦ q✉❡

❡♥ ❡❧ ❢♦♥❞♦ ♥♦ ❡s ♠ás q✉❡ ❡s♦ s❛❧✈♦ q✉❡ ❝♦♥ ✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❛s♦❝✐❛❞❛s✳

❉❡✜♥✐❝✐ó♥ ✷✳✺✺ ✭❊str♦♠❛ ❡s❝❛❧♦♥❛❞♦✮✳ ❯♥ ❡str♦♠❛ r❡♣r❡s❡♥t❛❜❧❡ s❡ ❞✐❝❡ ❡s❝❛❧♦♥❛❞♦

s✐ ♣❛r❛ ❝❛❞❛ ✐♥t❡r✈❛❧♦ ♠❛①✐♠❛❧ ❞❡ ❡①✐st❡♥❝✐❛ I ② ∀t, t′ ∈ I s❡ s❛t✐s❢❛❝❡ et = et′ ✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✺✻✳ ❚♦❞♦ ❡str♦♠❛ ❝♦♥st❛♥t❡ ❡s ✉♥ ❡str♦♠❛ ❡s❝❛❧♦♥❛❞♦ ❛✉♥q✉❡ ❧❛ r❡❝í♣r♦❝❛

♥♦ ❡s ❝✐❡rt❛ ❡♥ ❣❡♥❡r❛❧✳

❉❡✜♥✐❝✐ó♥ ✷✳✺✼ ✭❊str♦♠❛s ♥❡❝❡s❛r✐♦s ② ❝♦♥t✐♥❣❡♥t❡s✮✳ ❯♥ ❡str♦♠❛ s❡ ❞✐❝❡ ♥❡❝❡s❛r✐♦

s✐ ❡❧ ♣❡r✐♦❞♦ ❞❡ ❡①✐st❡♥❝✐❛ ❡s ✐❣✉❛❧ ❛ R✳

❯♥ ❡str♦♠❛ s❡ ❞✐❝❡ ❝♦♥t✐♥❣❡♥t❡ s✐ ♥♦ ❡s ♥❡❝❡s❛r✐♦✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✺✽✳ P♦❞❡♠♦s ❞❡✜♥✐r ❞❡ ❢♦r♠❛ ❛❧t❡r♥❛t✐✈❛ ❧♦s ❡str♦♠❛s ❝♦♥t✐♥❣❡♥t❡s ✉s❛♥❞♦

�✱ ❛sí ❞✐rí❛♠♦s q✉❡ ✉♥ ❡str♦♠❛ e ❡s ❝♦♥t✐♥❣❡♥t❡ s✐ ❡①✐st❡ t ∈ R ❞❡ ❢♦r♠❛ t❛❧ q✉❡ et = �✿
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❊❥❡♠♣❧♦ ✷✳✺✾✳ ❊❥❡♠♣❧♦s ❞❡ ❡str♦♠❛s ❝♦♥t✐♥❣❡♥t❡s ♣♦❞❡♠♦s ❡♥❝♦♥tr❛r ❛ ♠♦♥t♦♥❡s ❡♥

♥✉❡str❛ ❡①♣❡r✐❡♥❝✐❛ ❝♦t✐❞✐❛♥❛✳ ❚♦❞♦s ❧♦s s❡r❡s ✈✐✈♦s s♦♥ ❡str♦♠❛s ❝♦♥t✐♥❣❡♥t❡s q✉❡ ❤❛♥

❡♠♣❡③❛❞♦ ❛ ❡①✐st✐r ❡♥ ❛❧❣ú♥ ♠♦♠❡♥t♦ ② ❞❡❥❛rá♥ ❞❡ ❤❛❝❡r❧♦ ❡♥ ♦tr♦✳ ❙♦❜r❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡

❡str♦♠❛s ♥❡❝❡s❛r✐♦s ♣♦❞❡♠♦s ❞❛r ❝♦♠♦ ❡❥❡♠♣❧♦ ❛❧❣ú♥ ❡str♦♠❛ q✉❡ t❡♥❣❛ ♣❛r❛ ❝❛❞❛ t ∈ R

❡❧ ♦❜❥❡t♦ M ✳ ❙✐ ❡①✐st❡♥ ♠ás ❡str♦♠❛s ✐♥t❡r❡s❛♥t❡s q✉❡ M ✱ ❡s ❞❡❝✐r ❛❧❣♦ q✉❡ ♠❛♥t❡♥❣❛ ✉♥❛s

♠✐s♠❛s ♣r♦♣✐❡❞❛❞❡s ❡♥ t♦❞♦ ♠♦♠❡♥t♦✱ ❡s ✉♥ ♣r♦❜❧❡♠❛ ❡♥ ❡❧ ❝✉❛❧ ♥♦ ✈❛♠♦s ❛ ❡♥tr❛r✳

❉❡✜♥✐❝✐ó♥ ✷✳✻✵ ✭Pr♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ ❛❝t✐✈❛ ❡♥ ✉♥ ❡str♦♠❛✮✳ ❉❛❞❛ ✉♥❛ ❡str♦♠❛✲

t♦❧♦❣í❛ ❞✐r❡♠♦s q✉❡✿

❯♥ ❡str♦♠❛ e t✐❡♥❡ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❝✉❛❧✐t❛t✐✈❛ ❡♠❡r❣❡♥t❡ ❛❝t✐✈❛ P ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦

I ⊂ R s✐ ② s♦❧♦ s✐ P ❡s ❡♠❡r❣❡♥t❡ ♣❛r❛ t♦❞♦ et ② P (et, t) ❡s ✈❡r❞❛❞❡r♦ ♣❛r❛ t♦❞♦ t ∈ I✳

❯♥ ❡str♦♠❛ e t✐❡♥❡ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❝✉❛♥t✐t❛t✐✈❛ ❡♠❡r❣❡♥t❡ ❛❝t✐✈❛ P ❞✉r❛♥t❡ ✉♥ ✐♥✲

t❡r✈❛❧♦ I ⊂ R s✐ ② s♦❧♦ s✐ P ❡s ❡♠❡r❣❡♥t❡ ♣❛r❛ t♦❞♦ et ② F (et, t) 6= ∅ ♣❛r❛ t♦❞♦

t ∈ I✳

❯♥ ❡str♦♠❛ e t✐❡♥❡ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ ❛❝t✐✈❛ ❞✉r❛♥t❡ P s✐ ❡stá ❡♥ ❛❧❣✉♥♦ ❞❡

❧♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✳

❉❡✜♥✐❝✐ó♥ ✷✳✻✶ ✭Pr♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ ✐♥❛❝t✐✈❛✮✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❛❣r✉♣❛❞♦r❛

♠✐①t❛ ❞✐r❡♠♦s q✉❡✿

❯♥ ❡str♦♠❛ e t✐❡♥❡ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❝✉❛❧✐t❛t✐✈❛ ❡♠❡r❣❡♥t❡ ✐♥❛❝t✐✈❛ P ❞✉r❛♥t❡ ✉♥ ✐♥✲

t❡r✈❛❧♦ I ⊂ R s✐ et /∈ S′ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ✐♥❞✐✈✐❞✉♦s ❛s♦❝✐❛❞♦s ❛ P ♦ F (et, t) ∈ {0, ∅}

♣❛r❛ t♦❞♦ t ∈ I✳

❯♥ ❡str♦♠❛ e t✐❡♥❡ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❝✉❛♥t✐t❛t✐✈❛ ❡♠❡r❣❡♥t❡ ✐♥❛❝t✐✈❛ P ❞✉r❛♥t❡ ✉♥

✐♥t❡r✈❛❧♦ I ⊂ R s✐ et /∈ S′ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ✐♥❞✐✈✐❞✉♦s ❛s♦❝✐❛❞♦s ❛ P ♦ F (et, t) = ∅ ♣❛r❛

t♦❞♦ t ∈ I✳

❯♥ ❡str♦♠❛ e t✐❡♥❡ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ ✐♥❛❝t✐✈❛ ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ s✐ ❡stá ❡♥

❛❧❣✉♥♦ ❞❡ ❧♦s ❝❛s♦s ❛♥t❡r✐♦r❡s✳

❉❡✜♥✐❝✐ó♥ ✷✳✻✷ ✭❊str♦♠❛ ❡♠❡r❣❡♥t❡✮✳ ❯♥ ❡str♦♠❛ ❡s ❡♠❡r❣❡♥t❡ s✐ ② s♦❧♦ s✐ ❡①✐st❡ ✉♥

✐♥t❡r✈❛❧♦ ❞❡ ❡①✐st❡♥❝✐❛ I ⊂ R ② ✉♥❛ ♣r♦♣✐❡❞❛❞ P ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ∀t ∈ I s❡ t❡♥❣❛ q✉❡ P

❡s ✉♥❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ ❞❡ et✳

❊❥❡♠♣❧♦ ✷✳✻✸✳ ▲♦s s❡r❡s ✈✐✈♦s t✐❡♥❡♥ ♣r♦♣✐❡❞❛❞❡s ❡♠❡r❣❡♥t❡s ❡♥ t♦❞♦ ♠♦♠❡♥t♦ ❞❡ s✉

❡①✐st❡♥❝✐❛✳
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✷✳✷✳✸✳ ❈❛♠❜✐♦s ② ❞❡str✉❝❝✐ó♥ ❞❡ ❡str♦♠❛s

❉❡✜♥✐❝✐ó♥ ✷✳✻✹ ✭❊str♦♠❛ ❝♦♥❡①♦ ② ♥♦ ❝♦♥❡①♦s✮✳ ❉✐r❡♠♦s q✉❡ ✉♥ ❡str♦♠❛ ❡s ❝♦♥❡①♦

s✐ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ✐♥t❡r✈❛❧♦s ❞❡ ❡①✐st❡♥❝✐❛ t✐❡♥❡ ✉♥ ♠á①✐♠♦✳ ❙✐ ♥♦ ❡①✐st❡ t❛❧ ✐♥t❡r✈❛❧♦ ❡❧

❡str♦♠❛ s❡ ❞✐❝❡ ♥♦ ❝♦♥❡①♦✳

❊❥❡♠♣❧♦ ✷✳✻✺✳ P♦❞❡♠♦s ❡♥t❡♥❞❡r q✉❡ s✐ ✉♥ r❡❧♦❥ ❡s ✉♥ ❡str♦♠❛ ❡♥tr❡ ❝✉②❛s ♣r♦♣✐❡❞❛❞❡s

❡stá ❡❧ ❞❛r ❧❛ ❤♦r❛✱ ❞✐❝❤♦ ❡str♦♠❛ ♣✉❡❞❡ ♥♦ s❡r ❝♦♥❡①♦✳ ❇❛st❛ ❝♦♥ q✉❡ ❡❧ r❡❧♦❥ s❡ ❡str♦♣❡❡

② ❧✉❡❣♦ ❧♦ ❛rr❡❣❧❡♠♦s✳ ❊♥ t❛❧ ❝❛s♦ ❡①✐st✐rá ✉♥ ✐♥t❡r✈❛❧♦ ♣❛r❛ ❡❧ ❝✉❛❧ ❡❧ ❡str♦♠❛ ♥♦ ❡①✐st❡

❡♥tr❡ q✉❡ s❡ ❡str♦♣❡ó ② s❡ ✈✉❡❧✈❡ ❛ ❛rr❡❣❧❛r✳

❉❡✜♥✐❝✐ó♥ ✷✳✻✻ ✭❈❛♠❜✐♦ ♠❛t❡r✐❛❧✮✳ ❉✐r❡♠♦s q✉❡ ✉♥ ❡str♦♠❛ e s✉❢r❡ ✉♥ ❝❛♠❜✐♦ ♠❛t❡r✐❛❧

❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I ⊂ R s✐ ② s♦❧♦ ❡①✐st❡♥ t1, t2 ∈ I t❛❧❡s q✉❡ ❡①✐st❡♥ ❡♥t♦r♥♦s It1 ❡ It2

❞❡ t1 ② t2 t❛❧❡s q✉❡ et 6= et′ ♣❛r❛ t♦❞♦ t ∈ It1 ② t′ ∈ It2 ✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✻✼✳ ❙✐ ✉♥ ❡str♦♠❛ s✉❢r❡ ✉♥ ❝❛♠❜✐♦ ♠❛t❡r✐❛❧ ❞✉r❛♥t❡ ❛❧❣ú♥ ✐♥t❡r✈❛❧♦ ❡♥✲

t♦♥❝❡s ♥♦ ❡s ❝♦♥st❛♥t❡✱ ❛✉♥q✉❡ sí ♣✉❡❞❡ s❡r ❡s❝❛❧♦♥❛❞♦✳

❉❡✜♥✐❝✐ó♥ ✷✳✻✽ ✭❈❛♠❜✐♦ ♠♦r❢♦❧ó❣✐❝♦ ❞❡ ✉♥ ❡str♦♠❛✮✳ ❉✐r❡♠♦s q✉❡ ✉♥ ❡str♦♠❛

r❡♣r❡s❡♥t❛❜❧❡ e s✉❢r❡ ✉♥ ❝❛♠❜✐♦ ♠♦r❢♦❧ó❣✐❝♦ ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I ⊂ R s✐ ② s♦❧♦✿

❊①✐st❡♥ t1, t2 ∈ I t❛❧❡s q✉❡ ∃P ∈ Pet ② P /∈ Pe′
t
✳

❊①✐st❡♥ t1, t2 ∈ I t❛❧❡s q✉❡ ∃P ∈ Pet ② P ∈ Pe′
t
✱ ♣❡r♦ ❡①✐st❡♥ ❡♥t♦r♥♦s It1 ❡ It2 ❞❡

❢♦r♠❛ t❛❧ q✉❡ F (et, t) 6= F (et′ , t
′) ♣❛r❛ t♦❞♦ t ∈ It1 ② t′ ∈ It2 ✳

❉✐r❡♠♦s q✉❡ ❡❧ ❝❛♠❜✐♦ ❡s ♣♦s✐t✐✈♦ s✐ t′ < t ② ♥❡❣❛t✐✈♦ s✐ t < t′✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✻✾✳ ❯♥ ❡str♦♠❛ ❝♦♥t✐♥❣❡♥t❡ ♥♦ tr✐✈✐❛❧ ♣r❡s❡♥t❛ s✐❡♠♣r❡ ✉♥ ❝❛♠❜✐♦ ♠♦r✲

❢♦❧ó❣✐❝♦ ♣♦s✐t✐✈♦ ♦ ♥❡❣❛t✐✈♦✳

❉❡♠♦str❛❝✐ó♥✳ ❙✐ ❡❧ ❡str♦♠❛ ❡s ❝♦♥t✐♥❣❡♥t❡ ❡①✐st❡ ✉♥ t ∈ R ❞❡ ❢♦r♠❛ t❛❧ q✉❡ st = �✳ ❈♦♠♦

❡❧ ❡str♦♠❛ ♥♦ ❡s tr✐✈✐❛❧ ❡①✐st❡ t′ ∈ R t❛❧ q✉❡ s′t 6= �✳ ❈❛❜❡♥ ❛❤♦r❛ ❞♦s ♣♦s✐❜✐❧✐❞❛❞❡s✿

✶✳ ❙✐ t < t′ ❡♥t♦♥❝❡s st = � ② s′t 6= �✳ P♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✶✳✽✽ s❛❜❡♠♦s q✉❡ ❡①✐st❡

P ∈ Ps′
t
t❛❧ q✉❡ P /∈ P�✳ ❆❤♦r❛ ❜❛st❛ t♦♠❛r ❝✉❛❧q✉✐❡r ✐♥t❡r✈❛❧♦ q✉❡ ❝♦♥t❡♥❣❛ ❛ [t, t′]

② t❡♥❞r❡♠♦s ✉♥ ❝❛♠❜✐♦ ♠♦r❢♦❧ó❣✐❝♦✱ ❡♥ ❡st❡ ❝❛s♦ ✉♥ ❝❛♠❜✐♦ ♠♦r❢♦❧ó❣✐❝♦ ♣♦s✐t✐✈♦✳

✷✳ ❙✐ t′ < t ❡♥t♦♥❝❡s st = � ② s′t 6= �✳ P♦r ❧❛ Pr♦♣♦s✐❝✐ó♥ ✶✳✽✽ s❛❜❡♠♦s q✉❡ ❡①✐st❡

P ∈ Ps′
t
t❛❧ q✉❡ P /∈ P�✳ ❆❤♦r❛ ❜❛st❛ t♦♠❛r ❝✉❛❧q✉✐❡r ✐♥t❡r✈❛❧♦ q✉❡ ❝♦♥t❡♥❣❛ ❛ [t′, t]

② t❡♥❞r❡♠♦s ✉♥ ❝❛♠❜✐♦ ♠♦r❢♦❧ó❣✐❝♦✱ ❡♥ ❡st❡ ❝❛s♦ ✉♥ ❝❛♠❜✐♦ ♠♦r❢♦❧ó❣✐❝♦ ♥❡❣❛t✐✈♦✳
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❉❡✜♥✐❝✐ó♥ ✷✳✼✵ ✭❈❛♠❜✐♦ ❡♠❡r❣❡♥t❡s✮✳ ❉✐r❡♠♦s q✉❡ ✉♥ ❡str♦♠❛ r❡♣r❡s❡♥t❛❜❧❡ e s✉❢r❡

✉♥ ❝❛♠❜✐♦ ❞❡ s✉❜❡♠❡r❣❡♥❝✐❛ ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I ⊂ R s✐ ② s♦❧♦ ❡①✐st❡♥ t1, t2 ∈ I t❛❧❡s

q✉❡ t1 < t2 ② ∃P ∈ Pet1
✉♥❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ ❛❝t✐✈❛ ❞✉r❛♥t❡ ✉♥ ❡♥t♦r♥♦ ❞❡ t1 ② P ♥♦

❛❝t✐✈❛ ❞✉r❛♥t❡ ✉♥ ❡♥t♦r♥♦ ❞❡ t2✳

❉✐r❡♠♦s q✉❡ ✉♥ ❡str♦♠❛ r❡♣r❡s❡♥t❛❜❧❡ e s✉❢r❡ ✉♥ ❝❛♠❜✐♦ ❞❡ ❡♠❡r❣❡♥❝✐❛ ❞✉r❛♥t❡ ✉♥

✐♥t❡r✈❛❧♦ I ⊂ R s✐ ② s♦❧♦ ❡①✐st❡♥ t1, t2 ∈ I t❛❧❡s q✉❡ t1 < t2 ② ∃P ∈ Pet2
✉♥❛ ♣r♦♣✐❡❞❛❞

❡♠❡r❣❡♥t❡ ❛❝t✐✈❛ ❞✉r❛♥t❡ ✉♥ ❡♥t♦r♥♦ ❞❡ t2 ② P ♥♦ ❛❝t✐✈❛ ❞✉r❛♥t❡ ✉♥ ❡♥t♦r♥♦ ❞❡ t2✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✼✶✳ ❙✐ ✉♥ ❡str♦♠❛ t✐❡♥❡ ✉♥ ❝❛♠❜✐♦ ❞❡ ❡♠❡r❣❡♥❝✐❛ ♦ ❞❡ s✉❜❡♠❡r❣❡♥❝✐❛

❡♥t♦♥❝❡s ❡s ✉♥ ❡str♦♠❛ ❡♠❡r❣❡♥t❡✳

❉❡✜♥✐❝✐ó♥ ✷✳✼✷ ✭❈❛♠❜✐♦ ❡♥ ✉♥ ❡str♦♠❛✮✳ ❉✐r❡♠♦s q✉❡ ✉♥ ❡str♦♠❛ s✉❢r❡ ✉♥ ❝❛♠❜✐♦

❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I ⊂ R s✐ s✉❢r❡ ✉♥ ❝❛♠❜✐♦ ❡♥ ❛❧❣✉♥♦ ❞❡ ❧♦s s❡♥t✐❞♦s ❛♥t❡r✐♦r❡s✳

❉❡✜♥✐❝✐ó♥ ✷✳✼✸ ✭Pr♦❞✉❝❝✐ó♥ ② ❞❡str✉❝❝✐ó♥ ❞❡ ❡str♦♠❛s✮✳ ❉✐r❡♠♦s q✉❡ ✉♥ ❡str♦♠❛

r❡♣r❡s❡♥t❛❜❧❡ ❡s ♣r♦❞✉❝✐❞♦ ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I s✐ ② s♦❧♦ s✐ ❡①✐st❡ t1, t2 ∈ I t❛❧❡s q✉❡

t1 < t2 ② et = � ② et′ 6= � ♣❛r❛ t♦❞♦ t ❡♥ ✉♥ ❡♥t♦r♥♦ ❞❡ t1 ② t′ ❡♥ ✉♥ ❡♥t♦r♥♦ ❞❡ t2✳

❉✐r❡♠♦s q✉❡ ✉♥ ❡str♦♠❛ r❡♣r❡s❡♥t❛❜❧❡ ❡s ♣r♦❞✉❝✐❞♦ ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I s✐ ② s♦❧♦ s✐

❡①✐st❡ t1, t2 ∈ I t❛❧❡s q✉❡ t1 < t2 ② et 6= � ② et′ = � ♣❛r❛ t♦❞♦ t ❡♥ ✉♥ ❡♥t♦r♥♦ ❞❡ t1 ② t′

❡♥ ✉♥ ❡♥t♦r♥♦ ❞❡ t2✳

Pr♦♣♦s✐❝✐ó♥ ✷✳✼✹✳ ❙✐ ✉♥ ❡str♦♠❛ ❡s ❝♦♥t✐♥❣❡♥t❡ ❡♥t♦♥❝❡s ❡s ❞❡str✉✐❞♦ ♦ ♣r♦❞✉❝✐❞♦✳



❆♣♣❡♥❞✐①

✷✳❆✳ ❯♥ ♠✉♥❞♦ s♦❧♦ ❞❡ ❡str♦♠❛s

❍❛st❛ ❛❤♦r❛ ❤❡♠♦s ♣❛rt✐❞♦ ❞❡ ❧♦s ❡str♦♠❛s ❝♦♠♦ ❡♥t✐❞❛❞❡s ❝♦♥str✉✐❞❛s ❛ tr❛✈és ❞❡

❧♦s ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s✳ ❚❛❧ ✐❞❡❛ t✐❡♥❡ s✉s ✈❡♥t❛❥❛s✱ ♣❡r♦ ♣✉❡❞❡ q✉✐③á ❡❧✐♠✐♥❛rs❡ ♣♦r

✉♥ ❡♥❢♦q✉❡ ❡♥ q✉❡ ❧❛ ❡str♦♠❛t♦❧♦❣í❛ ❥✉❡❣✉❡ ✉♥ ♣❛♣❡❧ ♠ás ❢✉♥❞❛♠❡♥t❛❧✳ ❆q✉í ♥♦ ✈❛♠♦s ❛

❡①♣❧✐❝✐t❛r ❞❡♠❛s✐❛❞♦ ❝ó♠♦ s❡ ❞❡❜❡rí❛ ❤❛❝❡r✱ ♣❡r♦ ♣r♦♣♦♥❞r❡♠♦s ❧❛s ❜❛s❡s ♠í♥✐♠❛s ♣❛r❛

❢♦r♠✉❧❛r t❛❧ ♣r♦♣✉❡st❛✳

❈♦♠♦ ②❛ ✈✐♠♦s ❛ ❧♦ ❧❛r❣♦ ❞❡❧ ❝❛♣ít✉❧♦ ♣❛r❛ ❤❛❜❧❛r ❞❡ ❡str♦♠❛s ♥❡❝❡s✐t❛♠♦s ❛s♦❝✐❛r❧❡ ❛

❡st♦s ✉♥❛ ❝♦♠♣♦s✐❝✐ó♥ ❡♥ ❝❛❞❛ ✐♥st❛♥t❡ q✉❡ ❛❞❡♠ás ❝✉♠♣❧❡ ✉♥❛ s❡r✐❡ ❞❡ ♣r♦♣✐❡❞❛❞❡s q✉❡

❧❧❛♠❛rí❛♠♦s ❡s❡♥❝✐❛❧❡s✳ ▲❛ ❝✉❡st✐ó♥ q✉❡ ❛q✉í ♥♦s s❛❧❡ ❛❧ ♣❛s♦ ❡s ➽❝ó♠♦ ♣♦❞❡♠♦s✱ ❡♥t♦♥❝❡s✱

❞❡✜♥✐r ❧♦s ❡str♦♠❛s s✐♥ ❛♣❡❧❛r ❛ ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s ♣r❡✈✐♦s q✉❡ s❡❛♥ s✉ ❝♦♠♣♦s✐❝✐ó♥❄

▲❛ s♦❧✉❝✐ó♥ ❡s r❡❧❛t✐✈❛♠❡♥t❡ s❡♥❝✐❧❧❛✿ ❧❡ ❛s♦❝✐❛♠♦s ♦tr♦s ❡str♦♠❛s ♣❡r♦ ❞❡ ✓✉♥ ♥✐✈❡❧ ♠ás

❜❛❥♦✔✳

P❡♥s❡♠♦s✱ ❡♥t♦♥❝❡s✱ ❡♥ ❡❧ ❡❥❡♠♣❧♦ q✉❡ ②❛ ❤❡♠♦s tr❛t❛❞♦ ❞❡ ✉♥ s❡r ❤✉♠❛♥♦✳ ❊♥ ❝❛❞❛

✐♥st❛♥t❡ ❡stá ❢♦r♠❛❞♦ ♣♦r ♠✉❧t✐t✉❞ ❞❡ ❝é❧✉❧❛s✳ ❙✐ ♥♦s ✈❛♠♦s ❛ ✉♥❛ ✓♣❛rt✐❝✐ó♥ ♠ás ✜♥❛✔ ②❛

❤❛❜❧❛rí❛♠♦s ❞❡ ♠♦❧é❝✉❧❛s ❡ ✐♥❝❧✉s♦ ❡♥ ❡❧ ❧í♠✐t❡ t❡♥❞rí❛♠♦s ❧♦s át♦♠♦s✳ ▲❛ ❝✉❡st✐ó♥ ❡s q✉❡

❡♥ t♦❞♦s ❡st♦s ♥✐✈❡❧❡s ❧♦ q✉❡ t❡♥❞rí❛♠♦s ❡s ♠ás ❜✐❡♥ ❡str♦♠❛s✱ ② ♥♦ ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s

q✉❡ ❡①✐st❛♥ ❞❡s❞❡ ❡❧ ❝♦♠✐❡♥③♦ ❞❡❧ t✐❡♠♣♦ ② ♥♦ s❡ ❞❡str✉②❡♥ ❞❡ ♥✐♥❣✉♥❛ ❢♦r♠❛✳

Pr♦♣♦♥❡♠♦s ❛q✉í ❧❛ s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥ t❡♥t❛t✐✈❛✿

◆♦t❛❝✐ó♥ ✷✳✼✺✳ ❉❡♥♦t❛♠♦s ♣♦r N∗ ❛❧ ❝♦♥❥✉♥t♦ N \ {0}✳

❉❛❞♦ ✉♥ ♥ú♠❡r♦ ♥❛t✉r❛❧ n ∈ N∗ ❞❡♥♦t❛♠♦s ♣♦r [n] ❛❧ ❝♦♥❥✉♥t♦ {0, 1 · · · , n− 1}✳

❉❡♥♦t❛♠♦s ♣♦r [∞] ❛❧ ❝♦♥❥✉♥t♦ N✳

❉❡✜♥✐❝✐ó♥ ✷✳✼✻ ✭❊str♦♠❛t♦❧♦❣í❛ ♣✉r❛✮✳ ❯♥❛ ❡str♦♠❛t♦❧♦❣í❛ ♣✉r❛ ❡s ✉♥❛ 8✲t✉♣❧❛

(N, {En}n∈[N ],P, {≤n}n∈[N ], {
⊕

n

}n∈[N ], {in}n∈[N−1], {jn}n∈[N−1], {k
m
n }

m∈N|m>n

n∈[N−1] )

❞♦♥❞❡✿

✶✳ N ∈ N ∗ ∪{∞} ❡s ❧❛ ❝❛♥t✐❞❛❞ ❞❡ ✓♥✐✈❡❧❡s ❞❡ ❡str♦♠❛s✔✳

✸✾
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✷✳ {En}n∈[N ] ❡s ✉♥❛ s✉❝❡s✐ó♥ ❞❡ N ❡❧❡♠❡♥t♦s ❝✉②♦s ♠✐❡♠❜r♦s s♦♥ ❧♦s ❝♦♥❥✉♥t♦ ❞❡ ❡s✲

tr♦♠❛s ❞❡ ♥✐✈❡❧ n ② q✉❡ ❛❞❡♠ás ❝✉♠♣❧❡♥ q✉❡ ∀n ∈ [N ] ∃�n ∈ En✱ ❡s ❞❡❝✐r ❡①✐st❡ ❧❛

✓♥❛❞❛ ❞❡ ♥✐✈❡❧ n✔✳

✸✳ P ❡s ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♣r♦♣✐❡❞❛❞❡s✳

✹✳ ❊①✐st❡ ♣❛r❛ ❝❛❞❛ ♥✐✈❡❧ n ✉♥❛ r❡❧❛❝✐ó♥ ❞❡ ♦r❞❡♥ ❡♥tr❡ ❧♦s ❡str♦♠❛s✳

✺✳ P❛r❛ ❝✉❛❧q✉✐❡r X ⊂ En ❡①✐st❡ ✉♥ ú♥✐❝♦ ♦❜❥❡t♦ q✉❡ ❡s ❧❛ ✉♥✐ó♥ ❞❡ ❡st♦s
⊕

nX q✉❡

✓s❡ ❝♦♠♣♦rt❛ ❜✐❡♥ ❝♦♥ ❧❛ r❡❧❛❝✐ó♥ ❞❡ ♦r❞❡♥✔✳

✻✳ in : En → P (P) ✉♥❛ ❢✉♥❝✐ó♥ q✉❡ ❛s♦❝✐❛ ❛ ❝❛❞❛ ❡str♦♠❛ ❞❡ ✉♥ ♥✐✈❡❧ n s✉ ❡s❡♥❝✐❛ Ee✳

✼✳ jn : En → P (R) ✉♥❛ ❢✉♥❝✐ó♥ q✉❡ ❛s♦❝✐❛ ❛ ❝❛❞❛ ❡str♦♠❛ e ❞❡ ✉♥ ♥✐✈❡❧ n s✉ ♣❡r✐♦❞♦

❞❡ ❡①✐st❡♥❝✐❛ Ee✳

✽✳ kmn : En × R → Em ❡s ❧❛ ❢✉♥❝✐ó♥ q✉❡ ❛s♦❝✐❛ ❛ ❝❛❞❛ ♥✐✈❡❧ En s✉ ❝♦♠♣♦s✐❝✐ó♥ ❡♥ ❧♦s

♥✐✈❡❧❡s ✓✐♥❢❡r✐♦r❡s✔✳ ❆❞❡♠ás ❡st❛ ❢✉♥❝✐ó♥ ❞❡❜❡ s❛t✐s❢❛❝❡r ❧❛s s✐❣✉✐❡♥t❡s ♣r♦♣✐❡❞❛❞❡s✿

❉❛❞♦ e ∈ En kmn (e, t) ❝✉♠♣❧❡ t♦❞❛s ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ Ee ♣❛r❛ t♦❞♦ t ∈ R✳

kmn (e, t) = �m s✐ t /∈ R✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✼✼✳ ❖❜s❡r✈❡♠♦s q✉❡ ❡❧ ♦r❞❡♥ ❞❡ ❧♦s ♥✐✈❡❧❡s s✐❣✉❡ ❡❧ ✐♥✈❡rs♦ ❛❧ ❞❡ ❧♦s ♥ú♠❡r♦s

♥❛t✉r❛❧❡s✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✼✽✳ ▲❛ ❞❡✜♥✐❝✐ó♥ ❛♥t❡r✐♦r ❡s t❡♥t❛t✐✈❛ ② r❡q✉✐❡r❡ ❞❡ ❡s♣❡❝✐✜❝❛r ♠❡❥♦r ❧❛s

♣r♦♣✐❡❞❛❞❡s ❞❡ ❧♦s En✱ ❧❛ ❝❛♣❛❝✐❞❛❞ ❞❡ ❞✐❢❡r❡♥❝✐❛r ♦❜❥❡t♦s ❡♥ ❡st❛s ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s

P✱ ❝❛r❛❝t❡r✐③❛r ❞❡ ❢♦r♠❛ s❛t✐s❢❛❝t♦r✐❛
⊕

n ② ♣♦s✐❜❧❡♠❡♥t❡ ♦tr♦s ❞❡❢❡❝t♦s✳ ◆♦ ♦❜st❛♥t❡ ❧❛

❞❡❥❛♠♦s ❝♦♠♦ ✉♥ ♠❡r♦ ✐♥t❡♥t♦ ❞❡ ✈❡r ❝ó♠♦ s❡ ♣♦❞rí❛♥ ❡♥t❡♥❞❡r ❡st❛s ✐❞❡❛s✳

❖❜s❡r✈❛❝✐ó♥ ✷✳✼✾✳ ▲❛ ❞❡✜♥✐❝✐ó♥ ❛♥t❡r✐♦r ♣♦❞rí❛ ❝♦♠♣❧❡❥✐③❛rs❡ ✉♥ ♣♦❝♦ ♠ás ❡♠♣❧❡❛♥❞♦

♥✐✈❡❧❡s t❛♠❜✐é♥ ♣❛r❛ ❧❛s ♣r♦♣✐❡❞❛❞❡s✳

▲❛ ✐❞❡❛✱ ♣♦r t❛♥t♦✱ s❡rí❛ ❡♥t❡♥❞❡r q✉❡ ❡♥ t♦❞♦ ♠♦♠❡♥t♦ s✐❡♠♣r❡ ❡st❛♠♦s ❛♥t❡ ❡str♦♠❛s

q✉❡ s❡ ❢♦r♠❛♥ ❝♦♥ ❡str♦♠❛s ❞❡ ✉♥ ♥✐✈❡❧ ♠ás ❜❛❥♦✳ P❡r♦✳✳✳ ➽t✐❡♥❡ q✉❡ ❤❛❜❡r ❛❧❣ú♥ ♥✐✈❡❧

ú❧t✐♠♦ ❞❡ ❡str♦♠❛s❄ ❚❛❧ ② ❝♦♠♦ ❧♦ ❤❡♠♦s ❢♦r♠❛❧✐③❛❞♦ ❡s❡ ♥♦ ♣❛r❡❝❡ s❡r ❡❧ ❝❛s♦✱ ♣✉❡st♦ q✉❡

❛❞♠✐t✐♠♦s q✉❡ N = ℵ0✳ ❆❤♦r❛ ❜✐❡♥✱ ➽q✉é ♣❛s❛rí❛ s✐ ❤✉❜✐❡r❛ ✉♥ ♥✐✈❡❧ ú❧t✐♠♦❄ ❊♥ ✈❡r❞❛❞

❡s❡ ♥✐✈❡❧ ❢✉♥❝✐♦♥❛rí❛ ❞❡ ♠❛♥❡r❛ ❛♥á❧♦❣❛ ❛ ❝ó♠♦ ❢✉♥❝✐♦♥❛♥ ❧♦s ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s ②

s♦❧♦ ❤❛❜rí❛♠♦s ❢♦r♠❛❧✐③❛❞♦ ❧❛ ✐❞❡❛ ❞❡ ❡str♦♠❛s ❢♦r♠❛❞♦s s♦❜r❡ ❡str♦♠❛s✳ ❨ ❛ ♣❡s❛r ❞❡

q✉❡ ♣♦❞❛♠♦s ✈❡r ❝♦♥ ❜✉❡♥♦s ♦❥♦s t❛❧ ❢♦r♠❛❧✐③❛❝✐ó♥ ❧♦s r❡s✉❧t❛❞♦s q✉❡ ♦❢r❡❝❡♥ s♦♥ ♠❡♥♦✲

r❡s ❛❧ ✐♥t❡rés q✉❡ ♣✉❡❞❡ ♦❢r❡❝❡r♥♦s ❧❛ ❤✐♣ót❡s✐s ❞❡ q✉❡ ❤❛② ✐♥✜♥✐t♦s ♥✐✈❡❧❡s ❞❡ ❡str♦♠❛s✳

❉❡❞✐❝❛r❡♠♦s ❧♦ q✉❡ q✉❡❞❛ ❞❡ ❡st❛ s❡❝❝✐ó♥ ❛ ❛❜♦r❞❛r t❛❧ ♣r♦❜❧❡♠❛✳
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❙✐ ✐♥t❡r♣r❡t❛♠♦s ❡st❛ ❤✐♣ót❡s✐s ❞❡ ✐♥✜♥✐t♦s ♥✐✈❡❧❡s ❡♥ ❡❧ s❡♥t✐❞♦ ♠ás ♣r♦♣✐♦ ❞❡ ✉♥❛

❡s♣❡❝✐❡ ❞❡ ✈✐s✐ó♥ ❛ ♣r✐♦r✐ ❞❡ ❧❛ ♦♥t♦❧♦❣í❛ q✉❡ s❡ ❞❡❞✐q✉❡ s♦❧♦ ❛ ✓❥✉❣❛r ❝♦♥ ❧❛s ✐❞❡❛s✔ q✉❡ s❡

❤❛♥ ❢♦r♠✉❧❛❞♦✱ ♣✉❡s ❧❛ r❡s♣✉❡st❛ ❛ ♥✉❡str♦ ❥✉✐❝✐♦ ❡s q✉❡ sí ❝❛❜❡ t❛❧ ❝♦s❛✳ P♦❞rí❛♠♦s ♣❡♥s❛r

q✉❡ ❧♦s ❡str♦♠❛s s❡ ❢✉♥❞❛♥ ❡♥ ♦tr♦s ❡str♦♠❛s ❞❡ ❢♦r♠❛ q✉❡ ♣❛r❛ ❝❛❞❛ ♥✐✈❡❧ ❡①✐st❡ ✉♥ ♥✐✈❡❧

✐♥❢❡r✐♦r ② ❛sí ❤❛st❛ t❛♥t❛s ✈❡❝❡s ❝♦♠♦ q✉❡r❛♠♦s✳ ❊❧ ♣r♦❜❧❡♠❛ q✉❡ ♣♦❞rí❛♠♦s ♦❢r❡❝❡r ❞❡ ❡st❛

✐❞❡❛ ❡♥ ✉♥ ♥✐✈❡❧ ♠ás ♦ ♠❡♥♦s s♦❧♦ ♦♥t♦❧ó❣✐❝♦ ❡s ❞♦❜❧❡✳ P♦r ✉♥ ❧❛❞♦ t❡♥❡♠♦s q✉❡ ❡st❛rí❛♠♦s

❛✜r♠❛♥❞♦ ❛❧❣♦ ❛sí ❝♦♠♦ ❡❧ ✐♥✜♥✐t♦ ❡♥ ❛❝t♦ ❞❡ ♥✐✈❡❧❡s ❞❡ ❡str♦♠❛s✳ ◆♦ ♦❜st❛♥t❡ ❡st♦ q✉✐③á

♥♦ ❞❡❜✐❡r❛ s✉♣♦♥❡r♥♦s ❛❧❣ú♥ ♣r♦❜❧❡♠❛ ♣✉❡s ❧❛s ♠❛t❡♠át✐❝❛s ❤❛♥ ❝♦♥s❡❣✉✐❞♦ ❤❛❝❡r♥♦s

♦❧✈✐❞❛r ❜❛st❛♥t❡ ❡❧ ♠✐❡❞♦ ❛❧ ✐♥✜♥✐t♦ ❡♥ ❛❝t♦✳ ❆ ❞í❛ ❞❡ ❤♦② ❧❛ ♠❛②♦r ♣❛rt❡ ❞❡ ❢ís✐❝♦s ❡♠♣❧❡❛

♠ét♦❞♦s q✉❡ ❞❡ ❛❧❣✉♥❛ ❢♦r♠❛ t✐❡♥❡♥ ♣♦r ♣r❡s✉♣✉❡st♦ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✐♥✜♥✐t♦s ❡♥ ❛❝t♦✱

❛❧ ♠❡♥♦s ❛❧ ♥✐✈❡❧ ❞❡ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ❞❡❧ ❡s♣❛❝✐♦ ❝♦♥ ❡❧ q✉❡ s❡ tr❛❜❛❥❛✳ ❊s♦ sí✱ t❛❧❡s ✐❞❡❛s

② ♣r❡s✉♣✉❡st❛s ♥♦ ❤❛♥ s✐❞♦ ❛❝❡♣t❛❞♦s ❝♦♥ ✉♥❛♥✐♠✐❞❛❞ ② s✐♥ r❡❝❤❛③♦✳ ❨❛ ❡♥ ❡❧ t❡rr❡♥♦

♠❛t❡♠át✐❝♦ ❧❛ ❝♦♥❝❡♣❝✐ó♥ ✐♥t✉✐❝✐♦♥✐st❛ ❤❛ ♣r♦t❡st❛❞♦ ❝♦♥tr❛ ❧❛ ✐❞❡❛ ❞❡ q✉❡ ❝❛❜❡ ♣❡♥s❛r ✉♥

✐♥✜♥✐t♦ ❡♥ ❛❝t♦✳ ❆❞❡♠ás ❡♥ ❡❧ á♠❜✐t♦ ♣rá❝t✐❝♦ ②❛ ❲❤✐t❡❤❡❛❞ s❡ q✉❡❥❛❜❛ ❞❡ ❧♦s ✐♥t❡♥t♦s ❞❡

❝♦♥❝❡♣t✉❛❧✐③❛r ❡❧ ❡s♣❛❝✐♦ ❝♦♠♦ ❝♦♥st✐t✉✐❞♦ ♣♦r ♣✉♥t♦s s✐♥ ❞✐♠❡♥s✐ó♥✳ ❊st❛s ✐❞❡❛s s❡ ❤❛♥

❞❡s❛rr♦❧❧❛❞♦ ❝♦♥ t♦❞♦s ❧♦s ♣❧❛♥t❡❛♠✐❡♥t♦s q✉❡ ❤❛♥ ♣r♦❝✉r❛♥❞♦ ♠ás ❜✐❡♥ ✉s❛r t♦♣♦❧♦❣í❛s

q✉❡ ♥♦ ❡♠♣❧❡❡♥ ♣✉♥t♦✳

P♦r ♦tr♦ ❧❛❞♦ ❡st❛ ✈✐s✐ó♥ ♣❡r♠✐t❡ ✉♥❛ ♣♦s✐❜✐❧✐❞❛❞ q✉❡ ♣✉❡❞❡ r❡s✉❧t❛r ✐♥❛❝❡♣t❛❜❧❡✿ ❧❛

♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❧❛ ❛♥✐q✉✐❧❛❝✐ó♥ ❞❡❧ ♠✉♥❞♦✳ ❨ ❡s q✉❡ s✐ t♦❞♦ ❡stá ❢♦r♠❛❞♦ ♣♦r ❡str♦♠❛s q✉❡✱ ❞❡

❛❧❣✉♥❛ ❢♦r♠❛✱ ❡①✐st❡♥ ❣r❛❝✐❛s ❛ s✉ ❝♦♠♣♦s✐❝✐ó♥ t♦❞♦s ❡st♦s ❡str♦♠❛s ♣♦❞rí❛♥ ✓r♦♠♣❡rs❡✔ ②

♣❡r❡❝❡r ❞❡ ❢♦r♠❛ q✉❡ ♥♦ q✉❡❞❛s❡ ♥❛❞❛✳ ❊st♦ s♦❧♦ t❡♥❞rí❛ s❡♥t✐❞♦ s✐ ♣❡r♠✐t✐ér❛♠♦s t❛♠❜✐é♥

✉♥❛ r✉♣t✉r❛ ❞❡ ✐♥✜♥✐t♦s ❡str♦♠❛s ❡♥ ✉♥ t✐❡♠♣♦ ✜♥✐t♦✱ ♣❡r♦ ❝r❡❡♠♦s q✉❡ ♥♦ s✉♣♦♥❞rí❛

t❛♠♣♦❝♦ ✉♥ ✓✐♠♣♦s✐❜❧❡✔ ❝♦♥❝❡♣t✉❛❧✳

❆❤♦r❛ s✐ ♣❡♥s❛♠♦s ❡st❛ ✐❞❡❛ ❡♠♣❧❡❛♥❞♦ ♠ás ❜✐❡♥ ❧❛s ✐❞❡❛s ♣r♦♣✐❛s ❞❡ ❧❛s ❝✐❡♥❝✐❛s

♥♦s ❡♥❝♦♥tr❛rí❛♠♦s ❝♦♥ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ q✉❡ s✐ t♦❞♦ ❢✉❡s❡ ✉♥ ❡str♦♠❛ ❡s q✉❡ t❡♥❞rí❛♠♦s

q✉❡ ♣❡♥s❛r q✉❡ ♥♦ ❝❛❜❡ ❤❛❜❧❛r ❞❡ ❧♦s ❝♦♥st✐t✉②❡♥t❡s ú❧t✐♠♦s ❞❡ ❧♦ ❡①✐st❡♥t❡✳ ❊s ❞❡❝✐r✱

❞❡❜❡rí❛♠♦s s♦st❡♥❡r q✉❡ t❛♥t♦ s✐ ❡♥t❡♥❞❡♠♦s q✉❡ ❧♦ ❢✉♥❞❛♠❡♥t❛❧ s♦♥ ❧♦s ❧❡♣t♦♥❡s✱ ❢❡r♠✐♦♥❡s

② ❜♦s♦♥❡s✱ ❝❛♠♣♦s ❝✉á♥t✐❝♦s ♦ ❧♦ q✉❡ ♣❡♥s❡♠♦s✱ t❛❧❡s r❡❛❧✐❞❛❞❡s s♦♥ s♦❧♦ r❡s✉❧t❛❞♦s ❞❡

♦tr❛s ♠ás ❢✉♥❞❛♠❡♥t❛❧❡s ② ú❧t✐♠❛s ❞❡ ❧❛s q✉❡ ❞❡♣❡♥❞❡♥ ② ❞❡ ❧❛s q✉❡ s♦❧♦ r❡s✉❧t❛♥ s❡r

♠❡r♦s ♣❛tr♦♥❡s✳

✷✳❇✳ ▲♦s ❡str♦♠❛s ❤❛❝✐❛ ❛rr✐❜❛

❖tr❛ ✐❞❡❛ ✐♠♣♦rt❛♥t❡ s❡rí❛ ❡♥❢r❡♥t❛r ❧❛ ✈✐s✐ó♥ ❞❡ ❧♦s ❡str♦♠❛s ♥♦ s♦❧♦ ♣♦r s✉s ❝♦♥s❡✲

❝✉❡♥❝✐❛s s♦❜r❡ ❧♦s ✓❝♦♥st✐t✉②❡♥t❡s✔ ❞❡ ❧❛ ♠❛t❡r✐❛ ❝♦♠♦ ❡♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r✱ s✐♥♦ ♠ás

❜✐❡♥ ❡♥ ❧❛s ✓♣♦s✐❜✐❧✐❞❛❞❡s q✉❡ ❛❜r❡♥✔✳ ❊s ❞❡❝✐r✱ ♥♦ s♦❧♦ ✐♥t❡♥t❛r ❝♦♠♣r❡♥❞❡r q✉é ❝♦♥s❡✲
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❝✉❡♥❝✐❛s t✐❡♥❡♥ ❧♦s ❡str♦♠❛s ② ❡♥ ♣❛rt✐❝✉❧❛r t♦♠❛r ✉♥ ♠♦❞❡❧♦ ❞❡ ❡str♦♠❛s s✐♥ ✐♥❞✐✈✐❞✉♦s

s✉st❛♥❝✐❛❧❡s ♣❛r❛ ❧❛ ❝♦♥st✐t✉❝✐ó♥ ❞❡❧ ♠✉♥❞♦✱ s✐♥♦ ♣❛r❛ ❞❡t❡r♠✐♥❛r ✓❝✉á♥t❛s ❝♦s❛s ❡①✐st❡♥✔✳

▲❛ ✐❞❡❛ q✉❡ ❛q✉í ♣r♦♣♦♥❡♠♦s ❡s q✉❡ s✐ ❧♦ q✉❡ ❡①✐st❡♥ s♦♥ s♦❧♦ ❡str♦♠❛s ❝❛❜❡ ♣❡♥s❛r

q✉❡ ❡①✐st❡♥ ❡str♦♠❛s ❞❡ ♠ás ♥✐✈❡❧ q✉❡ ❧♦s q✉❡ ♥♦s ❡♥❝♦♥tr❛♠♦s ❡♥ ♥✉❡str❛ ✈✐❞❛ ♦r❞✐♥❛r✐❛✳

❊st♦ ❡s✱ ❝❛❜rí❛♥ ❡str♦♠❛s ❞❡ ♥✐✈❡❧❡s s✉♣❡r✐♦r❡s q✉❡ ❞❡ ❛❧❣✉♥❛ ❢♦r♠❛ ♣♦❞❡♠♦s ❞❡❝✐r q✉❡ ✓s❡

❝♦♠♣♦♥❡♥ ❞❡ ❧♦s ❡str♦♠❛s ♦r❞✐♥❛r✐♦s✔✳ ❚❛❧❡s ❡str♦♠❛s ♥♦ ❞❡❜❡rí❛♠♦s ❡♥t❡♥❞❡r❧♦s ♠❡❞✐❛♥t❡

❤✐♣ót❡s✐s s♦❜r❡♥❛t✉r❛❧❡s ♥✐ ❛❧❡❣❛❧✐st❛s✱ s✐♥♦ ♠ás ❜✐❡♥ ❝♦♠♦ ✉♥❛ s✉❡rt❡ ❞❡ ❡❧✐♠✐♥❛❝✐ó♥ ❞❡ ❧❛

✐❞❡❛ ❞❡ q✉❡ ♣♦❞❡♠♦s t❡♥❡r ✉♥ ❝♦♥♦❝✐♠✐❡♥t♦ t♦t❛❧ ② ❛❜❛r❝❛❞♦r ❞❡❧ ♠✉♥❞♦ ❡♥ ❧❛ ♠❡❞✐❞❛ ❡♥

q✉❡ q✉❡♣❛s ❝♦♥✜❣✉r❛❝✐♦♥❡s ② ♣❛tr♦♥❡s ❛ ♥✐✈❡❧❡s ♠✉❝❤♦ ♠ás ❣❡♥❡r❛❧❡s ❞❡ ❧♦s q✉❡ ♣♦❞❡♠♦s

❝♦♠♣r❡♥❞❡r ♥♦s♦tr♦s✳

P♦r t❛♥t♦✱ ❛❤♦r❛ ❡♥ ✈❡③ ❞❡ tr❛t❛r s♦❧♦ ❝♦♥ ❧❛ ❤✐♣ót❡s✐s ❞❡ ✉♥❛ ✓✐♥✜♥✐❞❛❞ ❞❡ ♥✐✈❡❧❡s ♣❛r❛

❛❜❛❥♦✔ ❞❡❜❡♠♦s ❛❞❡♠ás ♣❡r♠✐t✐r ✓✐♥✜♥✐❞❛❞ ❞❡ ♥✐✈❡❧❡s ❤❛❝✐❛ ❛rr✐❜❛✔✳ Pr♦♣♦♥❡♠♦s ♣❛r❛

❡❧❧♦ ❧❛ s✐❣✉✐❡♥t❡ ❢♦r♠❛❧✐③❛❝✐ó♥✿

◆♦t❛❝✐ó♥ ✷✳✽✵✳ ❉❛❞♦s a, b ∈ Z ∪ {∞} ∪ {−∞} t❛❧❡s q✉❡ a < b ❞❡♥♦t❛♠♦s ♣♦r [a, b] ❛❧

❝♦♥❥✉♥t♦ {z ∈ Z| a ≤ z ≤ b}✳

❆❤♦r❛ ❜❛st❛rí❛ ❝♦♥ s✉❜st✐t✉✐r ❡♥ ❧❛ ❉❡✜♥✐❝✐ó♥ ✷✳✼✻ N ♣♦r a, b ∈ Z ∪ {∞} ∪ {−∞} ②

❧❛s ❛♣❛r✐❝✐♦♥❡s ❞❡❧ ❝♦♥❥✉♥t♦ [N ] ♣♦r ❡❧ ❝♦♥❥✉♥t♦ [a, b]✳ ▲❛ s✐t✉❛❝✐ó♥ q✉❡ t❡♥❞rí❛♠♦s s❡rí❛

❡q✉✐✈❛❧❡♥t❡ ❛ ✉♥❛ ❞❡ ❧❛s ❛♥t❡r✐♦r❡s s❛❧✈♦ ♣❛r❛ ❡❧ ❝❛s♦ ❡♥ q✉❡ a = −∞ ❡♥ ❡❧ ❝✉❛❧ t❡♥❞rí❛♠♦s

♠♦❞❡❧♦s ✓♥♦✈❡❞♦s♦s✔✳

✷✳❈✳ ❊❧ ❝❛♠❜✐♦ ② ❧❛ ❝♦♠♣♦s✐❝✐ó♥

❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❛ s❡❝❝✐ó♥ ❡s ❞❡♠♦str❛r ❡❧ s✐❣✉✐❡♥t❡ t❡♦r❡♠❛✿

❚❡♦r❡♠❛ ✷✳✽✶✳ ❉❛❞❛ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❛❣r✉♣❛❞♦r❛✱✉♥ ♦❜❥❡t♦ ❝♦♠♣✉❡st♦ ② ❝❛♠❜✐❛♥t❡ x q✉❡

♥♦ s❡❛ ✉♥ ❢❛❧s♦ t♦❞♦✱ ❡♥t♦♥❝❡s ♣❛r❛ ❝✉❛❧q✉✐❡r ♣❛rt✐❝✐ó♥ {xi}i∈I ❞❡ x ❡①✐st❡ xi t❛❧ q✉❡ ❡s

❝❛♠❜✐❛♥t❡✳

❉❡♠♦str❛❝✐ó♥✳ ❖❜s❡r✈❡♠♦s ♣r✐♠❡r♦ q✉❡ ❡♥ ♣r✐♥❝✐♣✐♦ ♣♦❞rí❛ s✉❝❡❞❡r s✐ ♥♦ t✉✈✐ér❛♠♦s ❧❛

❝♦♥❞✐❝✐ó♥ ❞❡ ❡st❛r ❛♥t❡ ✉♥ t♦❞♦ ❢❛❧s♦✳ ❊st♦ s❡ ❞❡❜❡ ❛ q✉❡ q✉❡ ✉♥ ♦❜❥❡t♦ ❝♦♠♣✉❡st♦ ♣✉❡❞❡

t❡♥❡r ♣r♦♣✐❡❞❛❞❡s ❡♠❡r❣❡♥t❡s✱ ♣♦r t❛♥t♦ ♣♦❞rí❛ s✉❝❡❞❡r q✉❡ ❤✉❜✐❡r❛ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r✲

❣❡♥t❡ ❝❛♠❜✐❛♥t❡ q✉❡ ♥♦ t✉✈✐❡r❛ ♥✐♥❣✉♥❛ ❞❡ ❧❛s ♣❛rt❡s ❞❡ ❝✉❛❧q✉✐❡r ♣❛rt✐❝✐ó♥✳ P❛r❛ ❞❡❝✐r❧♦

❞❡ ♦tr❛ ❢♦r♠❛✱ ❡❧ ❝❛♠❜✐♦ ❞❡❧ t♦❞♦ ♥♦ ✐♠♣❧✐❝❛ ❡❧ ❝❛♠❜✐♦ ❞❡ ❧❛s ♣❛rt❡s✳ ❙✐♥ ❡♠❜❛r❣♦✱ sí s❡

♣✉❡❞❡ ❡♥❝♦♥tr❛r ✉♥❛ ❝♦♥tr❛❞✐❝❝✐ó♥ ❛❧ ✐♥tr♦❞✉❝✐r ❧❛ ❤✐♣ót❡s✐s ❞❡ ❡st❛r ❛♥t❡ ✉♥❛ ♠♦r❢♦❧♦❣í❛

❛❣r✉♣❛❞♦r❛ ❡str✐❝t❛✳ ❊♥ ❡❢❡❝t♦✱ s✉♣♦♥❣❛♠♦s q✉❡ t❡♥❡♠♦s ✉♥❛ ♣❛rt✐❝✐ó♥ ❢♦r♠❛❞❛ ♣♦r ♣❛rt❡s

❞❡ x q✉❡ ♥♦ ❝❛♠❜✐❛♥✱ ❡♥t♦♥❝❡s t✐❡♥❡♥ s✐❡♠♣r❡ ❧❛s ♠✐s♠❛s ♣r♦♣✐❡❞❛❞❡s✱ ♣❡r♦ ❡s♦ q✉✐❡r❡



✷✳❈✳ ❊▲ ❈❆▼❇■❖ ❨ ▲❆ ❈❖▼P❖❙■❈■Ó◆ ✹✸

❞❡❝✐r q✉❡ ❡❧ ♣♦st✉❧❛❞♦ ✷✳✷✸ ❡s ❢❛❧s♦✱ ♣✉❡s ❡s ✐♠♣♦s✐❜❧❡ q✉❡ t❡♥❣❛♠♦s t❛❧ ❤✐♣ót❡s✐s ② s❡❛♥

❝✐❡rt♦s ❛ ❧❛ ✈❡③ ❞✐❝❤♦ ♣♦st✉❧❛❞♦ ② ❡❧ ❝❛rá❝t❡r ❞❡ ♥♦ s❡r ✉♥ t♦❞♦ ❢❛❧s♦ ❞❡❧ ♦❜❥❡t♦ x✳

❆sí ❡s✱ s✐ ❡st❛♠♦s ❛♥t❡ ✉♥ t♦❞♦ ♥♦ ❢❛❧s♦ ❡♥t♦♥❝❡s s❛❜❡♠♦s q✉❡ ❡①✐st❡ ✉♥❛ ♣r♦♣✐❡❞❛❞

❡♠❡r❣❡♥t❡ ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ♥♦ s❡ ❝✉♠♣❧❡ ❡♥ t♦❞❛ ♦❝❛s✐ó♥✱ ❡s ❞❡❝✐r ❡①✐st❡ ✉♥ ✐♥st❛♥t❡ t ❡♥ ❡❧

q✉❡ ♥♦ t✐❡♥❡ ❧✉❣❛r✳ ❆❤♦r❛ ❜✐❡♥✱ ♥♦ ♣✉❡❞❡ s❡r q✉❡ ❡♥t♦♥❝❡s ❧❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ ❡①✐st❛✱

♣✉❡st♦ q✉❡ ❡♥ ❝❛s♦ ❞❡ ❝✉♠♣❧✐rs❡ ♣❛r❛ ✉♥ ✐♥st❛♥t❡ s❡ t❡♥❞rí❛ q✉❡ ❛✉♥q✉❡ ❧❛s ♣❛rt❡s t✐❡♥❡♥

❧❛s ♠✐s♠❛s ♣r♦♣✐❡❞❛❞❡s ❡♥ ✉♥ ❝❛s♦ ❤❛② ❡♠❡r❣❡♥❝✐❛ ② ❡♥ ♦tr♦ ♥♦✱ ✈✐♦❧❛♥❞♦ ❡❧ ♣♦st✉❧❛❞♦ ❞❡

❝♦♥t✐♥✉✐❞❛❞ ❞❡ ❧❛ ❡♠❡r❣❡♥❝✐❛✳

❊♥ ❝❛s♦ ❞❡ ❡st❛r ❛♥t❡ ✉♥❛ s✐t✉❛❝✐ó♥ ❡♥ ❧❛ ❝✉❛❧ s❡ ❝✉♠♣❧❡ ❡❧ ♣♦st✉❧❛❞♦ ❞❡ ❧❛ ❝♦♥t✐♥✉✐❞❛❞

❞❡ ❧❛ ❡♠❡r❣❡♥❝✐❛✱ ❝♦♠♦ ❧❛ ♣r♦♣✐❡❞❛❞ ❡s ❡♠❡r❣❡♥t❡ t✐❡♥❡ q✉❡ ❡st❛r ❛❝t✐✈❛ ❡♥ ❛❧❣ú♥ ✐♥st❛♥t❡

t ∈ R✱ ♣❡r♦ ❡♥t♦♥❝❡s ♣♦r ❝♦♥t✐♥✉✐❞❛❞ ❞❡ ❧❛ ❡♠❡r❣❡♥❝✐❛ ② ❡❧ ❝❛rá❝t❡r ♥♦ ❝❛♠❜✐❛♥t❡ ❞❡ ❧❛s

♣❛rt❡s✱ ❧❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ t❡♥❞rí❛ q✉❡ s❡r ❝✐❡rt❛ s✐❡♠♣r❡✱ ✈✐♦❧❛♥❞♦ ❛sí ❡❧ ❝❛rá❝t❡r ❞❡

♥♦ s❡r ✉♥ t♦❞♦ ❢❛❧s♦✳

❊❧ t❡♦r❡♠❛ ❛♥t❡r✐♦r ❡s ❜❛st❛♥t❡ ♣♦t❡♥t❡ ♣❡r♦ ♠✉❝❤♦ ♠❡♥♦s ❞❡ ❧♦ q✉❡ ❛ ❧♦ ♠❡❥♦r ♣♦❞rí❛✲

♠♦s ❡s♣❡r❛r✳ ❨ ❡s q✉❡ t❛❧ t❡♦r❡♠❛ ♥♦ ♣❡r♠✐t❡ ❛✜r♠❛r q✉❡ t♦❞❛s ❧❛s ♣❛rt❡s s❡❛♥ ❝❛♠❜✐❛♥t❡s✱

s♦❧♦ ♥♦s ♣❡r♠✐t❡ ♥❡❣❛r q✉❡ q✉❡♣❛ ♣❡♥s❛r q✉❡ t♦❞❛s s❡❛♥ ♦❜❥❡t♦s ❝♦♥st❛♥t❡s✳ ❯♥ s✐st❡♠❛

♠❛t❡r✐❛❧✐st❛ q✉❡ s❡ ♣r❡❝✐❡ ❞❡❜❡rí❛ s❡♥t✐r ✉♥❛ ❝✐❡rt❛ ❝♦♥st❡r♥❛❝✐ó♥ ❛♥t❡ ❡st♦ ♣✉❡st♦ q✉❡ ❡s✲

t❛rí❛♠♦s ❛✜r♠❛♥❞♦ q✉❡ ❝❛❜❡ ♣❡♥s❛r ✉♥ ♠✉♥❞♦ ❡♥ ❡❧ q✉❡ ♣✉❡❞❡ ❤❛❜❡r s✉st❛♥❝✐❛s q✉❡ ♥♦

❝❛♠❜✐❛♥✳ P❛r❛ ♣♦❞❡r ❧❧❡❣❛r ❛ ❥✉st✐✜❝❛r t❛❧ ♣♦st✉❧❛❞♦ ♥❡❝❡s✐t❛r❡♠♦s ❡st✉❞✐❛r ❡❧ ❝❛♠❜✐♦ ❡♥

r❡❧❛❝✐ó♥ ❛ ♦tr♦s ✐❞❡❛s✳
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❈❛♣ít✉❧♦ ✸

▲❛ ✐❞❡❛ ❞❡ ♠❛t❡r✐❛ ② ❧❛ ❢♦r♠❛

■t ❢r❛♠❡s ❛ ♣♦ss✐❜❧❡ t❡♠♣❧❛t❡ ❢♦r ❛♥②

♠❛t❤❡♠❛t✐❝❛❧ t❤❡♦r②✿ t❤❡ t❤❡♦r②

s❤♦✉❧❞ ❤❛✈❡ ♥♦✉♥s ❛♥❞ ✈❡r❜s✱ ✐✳❡✳✱

♦❜❥❡❝ts✱ ❛♥❞ ♠♦r♣❤✐s♠s✱ ❛♥❞ t❤❡r❡

s❤♦✉❧❞ ❜❡ ❛♥ ❡①♣❧✐❝✐t ♥♦t✐♦♥ ♦❢

❝♦♠♣♦s✐t✐♦♥ r❡❧❛t❡❞ t♦ t❤❡ ♠♦r♣❤✐s♠s❀

t❤❡ t❤❡♦r② s❤♦✉❧❞✱ ✐♥ ❜r✐❡❢✱ ❜❡

♣❛❝❦❛❣❡❞ ❜② ❛ ❝❛t❡❣♦r②✳

❲❤❡♥ ✐s ♦♥❡ t❤✐♥❣ ❡q✉❛❧ t♦ s♦♠❡ ♦t❤❡r

t❤✐♥❣❄

❇❛rr② ▼❛③✉r

❙✐ r❡❝♦r❞❛♠♦s ❧❛s ♣r✐♠❡r❛s ✐❞❡❛s ❞❡ ❡st❡ tr❛❜❛❥♦ ❡①♣✉❡st❛s ❡♥ ❡❧ ❝❛♣ít✉❧♦ ❞♦s ♥♦s ❡♥✲

❝♦♥tr❛♠♦s ❝♦♥ ❧❛ ✈✐s✐ó♥ ❤✐❧❡♠♦r✜st❛ ❞❡❧ ❝❛♠❜✐♦✳ ❆❧ ❛t❡♥❞❡r ❛ ❡st❛ ❝♦♥❝❡♣❝✐ó♥ ♥♦s ✜❥❛♠♦s

❡♥ q✉❡ ♣❛r❛ ❡①♣❧✐❝❛r ❡❧ ❝❛♠❜✐♦ ❤❛❜í❛ ❞♦s ✐❞❡❛s ✐♠♣♦rt❛♥t❡s✱ ♣♦r ✉♥ ❧❛❞♦ ❧❛ ♠❛t❡r✐❛ ② ♣♦r

♦tr♦ ❧❛ ❢♦r♠❛✳ ❆❧❣✉♥♦ ♣♦❞rí❛ ♣❡♥s❛r q✉❡ t❛❧ ❡♥❢♦q✉❡ ❡stá ♠ás ♦ ♠❡♥♦s r❡♣r♦❞✉❝✐❞♦ ❡♥

♥✉❡str❛ ✈✐s✐ó♥ ❣r❛❝✐❛s ❛❧ ❤❡❝❤♦ ❞❡ q✉❡ t❡♥❡♠♦s ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s ② ♣r♦♣✐❡❞❛❞❡s✱ ♣❡r♦

❡s❡ ♥♦ ❡s ❡❧ ❝❛s♦✳

▲❛ ♠❛t❡r✐❛ ❡♥ ❡❧ s❡♥t✐❞♦ ❡s❝♦❧ást✐❝♦ t✐❡♥❡ ❛s♦❝✐❛❞❛ ❧❛ ✐❞❡❛ ❞❡ s❡r ❛q✉❡❧❧♦ q✉❡ ♦❢r❡❝❡

❧❛ ✓♣♦t❡♥❝✐❛❧✐❞❛❞✔ ♠✐❡♥tr❛s q✉❡ ❧❛ ❢♦r♠❛ ❡s ✉♥ ❛❝t♦✳ ▲❛s ♣r♦♣✐❡❞❛❞❡s ♥♦ s♦♥ ❛❝t♦s ② ❧♦s

✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s t❛♠♣♦❝♦ s♦♥ ♣♦t❡♥❝✐❛s✳ ❙✐ q✉❡r❡♠♦s ♦❜t❡♥❡r ❛❧❣♦ ❛♥á❧♦❣♦ ❛ ❡st♦s

♥❡❝❡s✐t❛r❡♠♦s ♦❢r❡❝❡r ✉♥❛s ❝✉❛♥t❛s ✐❞❡❛s ♥✉❡✈❛s q✉❡ sí ♣♦❞❡♠♦s ❝♦♥str✉✐r ❛ ♣❛rt✐r ❞❡ ❧❛s

❞❡ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ ② ♣r♦♣✐❡❞❛❞✳ ❊s ♠ás✱ ❡♥ ✉♥ ❛♣é♥❞✐❝❡ ❞❡♠♦str❛r❡♠♦s q✉❡ ❡s ♣♦s✐❜❧❡

r❡❛❧✐③❛r ❧❛ ♦♣❡r❛❝✐ó♥ ✐♥✈❡rs❛ ② r❡❝♦♥str✉✐r ❛ ♣❛rt✐r ❞❡ ❡st❛s ✐❞❡❛s ♥✉❡✈❛s ❧❛s ♣r♦♣✐❡❞❛❞❡s ②

❧♦s ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s✳

❊♥ ❝♦♥❝r❡t♦ t❛❧❡s ✐❞❡❛s s❡rá♥ ✉♥❛s ❝♦♦r❞✐♥❛❜❧❡s ❝♦♥ ❧❛ ✈✐s✐ó♥ ❡s❝♦❧ást✐❝❛ ❞❡ ❧❛ ✐❞❡❛s ❞❡

✹✺



✹✻ ❈❆P❮❚❯▲❖ ✸✳ ▲❆ ■❉❊❆ ❉❊ ▼❆❚❊❘■❆ ❨ ▲❆ ❋❖❘▼❆

♠❛t❡r✐❛ ② ❢♦r♠❛✳

✸✳✶✳ ❊st❛❞♦s✱ ❡✈❡♥t♦s ② ♣r♦❝❡s♦s

✸✳✶✳✶✳ P♦t❡♥❝✐❛

P❛r❛ r❡❝♦♥str✉✐r ❧❛ ✐❞❡❛ ❞❡ ♠❛t❡r✐❛ ♥❡❝❡s✐t❛♠♦s ❛❧❣♦ q✉❡ ♥♦s ♣❡r♠✐t❛ ❛❜♦r❞❛r ❛q✉❡❧❧♦

q✉❡ ✓❡stá ❡♥ ♣♦t❡♥❝✐❛✔✱ ❛q✉❡❧❧♦ ❛ ❧♦ q✉❡ ✉♥❛ ❝♦s❛ ♣✉❡❞❡ ❛❝❝❡❞❡r✳ ▲❛ ✐❞❡❛ ♣❛r❛ ❡st♦ ✈❛ ❛

s❡r s✐♠♣❧❡♠❡♥t❡ ❤❛❜❧❛r ❞❡❧ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ❛s♦❝✐❛❞♦ ❛ ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ ❞❛❞❛ ✉♥❛

♠♦r❢♦❧♦❣í❛ ♠✐①t❛✳

P❧❛♥t❡❛♠♦s ❧❛s s✐❣✉✐❡♥t❡s ❞❡✜♥✐❝✐♦♥❡s ♣❛r❛ ❞❛r ✉♥❛ ❢♦r♠❛❧✐③❛❝✐ó♥ ❞❡ ❧❛ ✐❞❡❛ ✐♥t✉✐t✐✈❛

❞❡ ✓❡s♣❛❝✐♦s ❞❡ ❡st❛❞♦s ♣♦t❡♥❝✐❛❧❡s✔✳

❉❡✜♥✐❝✐ó♥ ✸✳✶ ✭❊s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ♣♦s✐❜❧❡s ❝✉❛♥t✐t❛t✐✈♦s✮✳ ▲❧❛♠❛♠♦s ❡s♣❛❝✐♦ ❞❡

❡st❛❞♦s ♣♦s✐❜❧❡s ❝✉❛♥t✐t❛t✐✈♦s ❞❡ x ∈ S ❛❧ ❝♦♥❥✉♥t♦ ECn =×P∈Px
VP ∪ {∅}✱ ❞♦♥❞❡ VP ❡s

❡❧ ❡s♣❛❝✐♦ ❞❡ ✈❛❧♦r❡s ❛s♦❝✐❛❞♦s ❛ ❧❛ ♣r♦♣✐❡❞❛❞ P ✳

❊♥ ❡st❡ ❝❛s♦ ❛❧ tr❛t❛r ❝♦♥ ♣❛rt❡ ❝✉❛❧✐t❛t✐✈❛ ❞❡ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❧♦ q✉❡ ❜✉s❝❛♠♦s ❡s ❛❧❣♦

r❡❧❛t✐✈❛♠❡♥t❡ s❡♥❝✐❧❧♦✱ ♣✉❡st♦ q✉❡ ❛q✉❡❧❧♦ ❝♦♥ ❧♦ q✉❡ ♥♦s ❡♥❢r❡♥t❛♠♦s s♦♥ ❝♦♥ ♠✉❧t✐t✉❞ ❞❡

♣r♦♣✐❡❞❛❞❡s q✉❡ t♦♠❛♥ ✈❛❧♦r❡s ❡♥ ❞✐✈❡rs♦s ❡st❛❞♦s✳ P♦r t❛♥t♦ ❡❧ ♦❜❥❡t♦ q✉❡ r❡♣r❡s❡♥t❛ ✉♥

❡st❛❞♦ ♥♦ ❡s ♠ás q✉❡ ❡❧ ❡s♣❛❝✐♦ ❝✉②♦s ❡❧❡♠❡♥t♦s s❡❛♥ ✓✈❡❝t♦r❡s✔ ❝✉②❛s ❡♥tr❛❞❛s s❡❛♥ ❧♦s

✈❛❧♦r❡s q✉❡ ♣✉❡❞❡♥ t♦♠❛r ❧❛s ♣r♦♣✐❡❞❛❞❡s ❡♥ ❝✉❡st✐ó♥✳

❉❡✜♥✐❝✐ó♥ ✸✳✷ ✭❊s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ♣♦s✐❜❧❡s ❝✉❛❧✐t❛t✐✈♦s✮✳ ▲❧❛♠❛♠♦s ❡s♣❛❝✐♦ ❞❡

❡st❛❞♦s ♣♦s✐❜❧❡s ❝✉❛❧✐t❛t✐✈♦s ❞❡ x ∈ S ❛❧ ❝♦♥❥✉♥t♦ ECl = {0, 1}|Px|✳

▲♦ q✉❡ ❡st❛♠♦s ♣✐❞✐❡♥❞♦ ❡s q✉❡ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s s❡❛ ❡❧ ❝♦♥❥✉♥t♦ ❞❡ ♦♣❝✐♦♥❡s ❜✐♥❛r✐❛s

❡♥ ❧❛s q✉❡ s❡ ❛s♦❝✐❛ ✉♥ 0 ❝♦♥ ♥♦ t❡♥❡r ❧❛ ♣r♦♣✐❡❞❛❞ ② ✉♥ 1 ❝♦♥ t❡♥❡r❧❛✳ ❊s ❞❡❝✐r✱ ❛q✉❡❧❧♦ q✉❡

r❡♣r❡s❡♥t❛ t♦❞♦ ❧♦ q✉❡ ♣✉❡❞❡ ❧❧❡❣❛r ❛ s❡r ❝✉❛❧q✉✐❡r ♦❜❥❡t♦ ❝❛r❛❝t❡r✐③❛❞♦ ❝♦♥ ♣r♦♣✐❡❞❛❞❡s

❜✐♥❛r✐❛s ♥♦ ❡s ♠ás q✉❡ ❡❧ ❡s♣❛❝✐♦ ❞❡ t♦❞❛s ❧❛s ♣♦s✐❜❧❡s ❝♦♠❜✐♥❛❝✐♦♥❡s ♣♦s✐❜❧❡s ❞❡ t❡♥❡r ♦

♥♦ t❡♥❡r ❡st❛s✳

❉❡✜♥✐❝✐ó♥ ✸✳✸ ✭❊s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ♣♦s✐❜❧❡s✮✳ ▲❧❛♠❛♠♦s ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ♣♦s✐❜❧❡s

❞❡ x ∈ S ❛❧ ❝♦♥❥✉♥t♦ E = ECn × ECl = [×P∈PCn
x

VP ∪ {∅}] × [{0, 1}|P
Cl
x |]✱ ❞♦♥❞❡ VP ❡s ❡❧

❡s♣❛❝✐♦ ❞❡ ✈❛❧♦r❡s ❛s♦❝✐❛❞♦s ❛ ❧❛ ♣r♦♣✐❡❞❛❞ P ✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✹✳ ❈♦♠♦ ❡♥ ✈❡r❞❛❞ ❡❧ ♦r❞❡♥ ♥♦ ❞❡❜❡ ✐♠♣♦rt❛r♥♦s ♣♦❞❡♠♦s ♣❡♥s❛r q✉❡ t❛❧❡s

❡s♣❛❝✐♦s s♦♥ ❡q✉✐✈❛❧❡♥t❡s ❜❛❥♦ ✓♣❡r♠✉t❛❝✐♦♥❡s✔✱ ❡s ❞❡❝✐r ❞❛ ✐❣✉❛❧ ❧❛ ❢♦r♠❛ q✉❡ t❡♥❣❛♠♦s

❞❡ t♦♠❛r ❧❛s ♣r♦♣✐❡❞❛❞❡s✳

❆❞❡♠ás ♣♦❞❡♠♦s ♦❢r❡❝❡r ❡❧ s✐❣✉✐❡♥t❡ r❡s✉❧t❛❞♦ q✉❡ ❝❛r❛❝t❡r✐③❛ ❧♦s ♦❜❥❡t♦s q✉❡ ❝❛♠❜✐❛♥✳



✸✳✶✳ ❊❙❚❆❉❖❙✱ ❊❱❊◆❚❖❙ ❨ P❘❖❈❊❙❖❙ ✹✼

Pr♦♣♦s✐❝✐ó♥ ✸✳✺✳ ❊♥ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ♠✐①t❛ ♣r❡❝✐s❛ s✐ ✉♥ ♦❜❥❡t♦ x ❝❛♠❜✐❛ ❞❡ ❢♦r♠❛ ♥♦ ♥❡✲

❣❛t✐✈❛ ❡♥t♦♥❝❡s ♦ ❜✐❡♥ ❤❛② ♠ás ❞❡ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❝✉❛❧✐t❛t✐✈❛ ♦ ❜✐❡♥ ❡①✐st❡ ❛❧❣✉♥❛ ♣r♦♣✐❡❞❛❞

❝✉❛♥t✐t❛t✐✈❛ P t❛❧ q✉❡ VP t✐❡♥❡ ♠ás ❞❡ ✉♥ s♦❧♦ ❡❧❡♠❡♥t♦✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✻✳ ❊♥ ❣❡♥❡r❛❧ t❛♠❜✐é♥ ♣♦❞rí❛♠♦s ❤❛❜❧❛r ❞❡ ♣♦t❡♥❝✐❛❧✐❞❛❞❡s r❡str✐♥❣✐❞❛s

s✐ ❡❧✐♠✐♥ár❛♠♦s ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s✳ ◆♦ ♦❜st❛♥t❡ ♥♦ ✈❛♠♦s ❛ ❞❡✜♥✐r ❞❡ ♠❛♥❡r❛ ❢♦r♠❛❧

t❛❧❡s s✐t✉❛❝✐♦♥❡s ♣✉❡st♦ q✉❡ ❜❛st❛ ❝♦♥ t♦♠❛r ✉♥❛ ♠❡r❡♦❧♦❣í❛ ♠❡♥♦s ✜♥❛ ❡♥ ❝✉❛♥t♦ ❛ ❧❛s

♣r♦♣✐❡❞❛❞❡s✳

❆❤♦r❛ ❜✐❡♥✱ t♦❞♦s ❡st♦s ❡s♣❛❝✐♦s ❞❡ ❡st❛❞♦s t✐❡♥❡♥ ✉♥ ♣r♦❜❧❡♠❛ s✐ q✉✐❡r❡♥ r❡♣r❡s❡♥t❛r

❝♦s❛s q✉❡ ❝❛♠❜✐❛♥ ② ❡st❛❞♦s r❡❛❧❡s✳ ❚❛❧ ♣r♦❜❧❡♠❛ ❡str✐❜❛ ❡♥ q✉❡ ❡♥ ❡❧❧♦s ♥♦ ❛♣❛r❡❝❡ ❡❧

t✐❡♠♣♦✳ P♦❞❡♠♦s ✓♠❡❥♦r❛r✔ ❡st❡ ❡s♣❛❝✐♦ ❝♦♥ ❧❛s s✐❣✉✐❡♥t❡s ❞❡✜♥✐❝✐♦♥❡s✿

❉❡✜♥✐❝✐ó♥ ✸✳✼ ✭❊s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ♣♦s✐❜❧❡s t❡♠♣♦r❛❧❡s✮✳ ▲❧❛♠❛♠♦s ❡s♣❛❝✐♦ ❞❡

❡st❛❞♦s ♣♦s✐❜❧❡s ❝✉❛♥t✐t❛t✐✈♦s t❡♠♣♦r❛❧❡s ❞❡ x ∈ S ❛❧ ❝♦♥❥✉♥t♦ T ECn = ECn × R✳

▲❧❛♠❛♠♦s ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ♣♦s✐❜❧❡s ❝✉❛❧✐t❛t✐✈♦s t❡♠♣♦r❛❧❡s ❞❡ x ∈ S ❛❧ ❝♦♥❥✉♥t♦

T ECl = ECl × R✳

▲❧❛♠❛♠♦s ❡s♣❛❝✐♦s ❞❡ ❡st❛❞♦s ♣♦s✐❜❧❡s t❡♠♣♦r❛❧❡s ❞❡ x ∈ S ❛❧ ❝♦♥❥✉♥t♦ T E = E ×R✳

✸✳✶✳✷✳ ❆❝t♦

❈♦♥ ❡st♦ ❤❡♠♦s ♦❢r❡❝✐❞♦ ②❛ ❛❧❣♦ q✉❡ ♣✉❡❞❡ ❥✉❣❛r ❡❧ ♣❛♣❡❧ ❞❡ ❧❛ ♠❛t❡r✐❛✱ ♣❡r♦ ♥♦s q✉❡❞❛

❧❛ ❢♦r♠❛✳ ❆❤♦r❛ ❧♦ q✉❡ ❜✉s❝❛♠♦s ❡s ❛❧❣♦ q✉❡ ♣❡r♠✐t❛ r❡♣r❡s❡♥t❛r ♥♦ ❛q✉❡❧❧♦ q✉❡ ♣✉❡❞❡ ❡♥

♣♦t❡♥❝✐❛ s❡r✱ s✐♥♦ ✉♥ ❛❝t♦ ❝♦♥❝r❡t♦✳ ▲❛ ♣r✐♠❡r❛ ❛♣r♦①✐♠❛❝✐ó♥ ❛ ❡st❛ ✐❞❡❛ ② q✉❡ ♦❢r❡❝❡♠♦s

❛ ❝♦♥t✐♥✉❛❝✐ó♥ s❡ ❜❛s❛ ❡♥ ❧❛ ✐❞❡❛ ❛♥t❡r✐♦r ② ♥♦ ❡s ♥❛❞❛ ♠ás q✉❡ ❧♦s ❡❧❡♠❡♥t♦s ❞❡ ❞✐❝❤♦s

❡s♣❛❝✐♦s✳

❉❡✜♥✐❝✐ó♥ ✸✳✽ ✭❊st❛❞♦ ❝✉❛♥t✐t❛t✐✈♦ ♣♦s✐❜❧❡✮✳ ❯♥ ❡st❛❞♦ ♣♦s✐❜❧❡ ❝✉❛♥t✐t❛t✐✈♦ ❞❡ x ∈ S

❡s ✉♥ ❝♦♥❥✉♥t♦ {vP }P∈Px
❞♦♥❞❡ vP ∈ VP ∪ ∅✳

❉❡✜♥✐❝✐ó♥ ✸✳✾ ✭❊st❛❞♦ ❝✉❛❧✐t❛t✐✈♦ ♣♦s✐❜❧❡✮✳ ❯♥ ❡st❛❞♦ ♣♦s✐❜❧❡ ❝✉❛❧✐t❛t✐✈♦ ❞❡ x ∈ S

❡s ✉♥ ❝♦♥❥✉♥t♦ {bP }P∈Px
❞♦♥❞❡ bP ∈ {0, 1}✳

❉❡✜♥✐❝✐ó♥ ✸✳✶✵ ✭❊st❛❞♦ ♣♦s✐❜❧❡✮✳ ❯♥ ❡st❛❞♦ ♣♦s✐❜❧❡ ❞❡ x ∈ S ❡s ✉♥ ❝♦♥❥✉♥t♦ {xP }P∈Px

❞❡ ❢♦r♠❛ t❛❧ q✉❡ xP ∈ VP ∪ ∅ s✐ P ∈ PCn
x ② xP ∈ {0, 1} s✐ P ∈ PCl

x ✳

❉❡✜♥✐❝✐ó♥ ✸✳✶✶ ✭❍❡❝❤♦ ♣♦s✐❜❧❡✮✳ ❉❛❞♦ x ∈ S ② ❝✉❛❧q✉✐❡r s✉❜❝♦♥❥✉♥t♦ Px ⊂ Px ✉♥

❝♦♥❥✉♥t♦ {xP }P∈Px
❝♦♥ xP ∈ VP ∪ ∅ s✐ P ∈ PCn

x ② xP ∈ {0, 1} s✐ P ∈ PCl
x s❡ ❞✐❝❡ ❤❡❝❤♦

♣♦s✐❜❧❡✳



✹✽ ❈❆P❮❚❯▲❖ ✸✳ ▲❆ ■❉❊❆ ❉❊ ▼❆❚❊❘■❆ ❨ ▲❆ ❋❖❘▼❆

❖❜s❡r✈❛❝✐ó♥ ✸✳✶✷✳ ◆♦ t♦♠❛♠♦s ❧❛ ✐❞❡❛ ❞❡ ✉♥ ❡❧❡♠❡♥t♦ ♣♦rq✉❡ ❡♥ ❞✐❝❤♦s ❡❧❡♠❡♥t♦s ✐♠✲

♣♦rt❛ ❡❧ ♦r❞❡♥✳ ❆q✉í t♦♠❛♠♦s ♠ás ❜✐❡♥ ❧❛ ❞❡ ✐❞❡❛ ❞❡ ✉♥ ❝♦♥❥✉♥t♦ ❞❡ ❡s♦s ❡❧❡♠❡♥t♦s q✉❡

❛✉♥q✉❡ ✐♥❞❡①❛❞♦s ♣♦r ✉♥ ❝♦♥❥✉♥t♦ ♣❡♥s❛r❡♠♦s q✉❡ ❡❧ ♦r❞❡♥ ♥♦ ❥✉❡❣❛ ♥✐♥❣ú♥ ♣❛♣❡❧ ❡♥ s✉

✓✐❞❡♥t✐❞❛❞✔✳

❆❤♦r❛ ❜✐❡♥✱ t❡♥❡♠♦s q✉❡ t❡♥❡r ❡♥ ❝✉❡♥t❛ q✉❡ ❛ ❧❛ ❞❡✜♥✐❝✐ó♥ ❛♥t❡r✐♦r ❧❡ ❢❛❧t❛ ✉♥❛ ✐❞❡❛

❝❧❛✈❡ ② ❡s q✉❡ ✉♥❛ ❝♦s❛ ❡♥ ❛❝t♦ s✐❡♠♣r❡ ❡stá ❡♥ ❛❝t♦ ❡♥ ❛❧❣ú♥ ♠♦♠❡♥t♦✳ ❊st❛♠♦s ❡♥ ✉♥❛

s✐t✉❛❝✐ó♥ ❛♥á❧♦❣❛ ❛ ❝✉❛♥❞♦ t✉✈✐♠♦s q✉❡ ❝❛♠❜✐❛r ❧❛s ♥♦❝✐♦♥❡s ❞❡ ♣r♦♣✐❡❞❛❞ ❝✉❛❧✐t❛t✐✈❛ ②

❝✉❛♥t✐t❛t✐✈❛ ♣❛r❛ q✉❡ ✐♥❝♦r♣♦r❛r❛♥ ❡❧ t✐❡♠♣♦✳ ◆♦ ❝❛❜❡ ♣❡♥s❛r ❡♥ ✉♥❛ ❝♦s❛ ❡♥ ✉♥ ✓❡st❛❞♦

❡t❡r♥♦✔✱ ❧❛s ❝♦s❛s ❡stá♥ ❡♥ ✉♥ ❡st❛❞♦ ❡♥ ✉♥ ♠♦♠❡♥t♦ ❞❛❞♦✱ ♥✉♥❝❛ s♦❧♦ ❡♥ ❧❛ ♥❛❞❛ ♦ ❡♥

❛❜str❛❝t♦✳ ❈♦♠♦ ♠✉❝❤♦ ♣♦❞r❡♠♦s ♣❡♥s❛r q✉❡ ❝❛❜❡ ❡♥t❡♥❞❡r q✉❡ ❤❛② ✉♥ ❡st❛❞♦ ❡t❡r♥♦s

❝✉❛♥❞♦ s❡ ❝✉♠♣❧❡♥ s✐❡♠♣r❡✱ ♣❡r♦ ❝♦♠♦ ✉♥ ❝❛s♦ ♣❛rt✐❝✉❧❛r✳ ◆♦ ♦❜st❛♥t❡ ♣♦❞❡♠♦s t❛♠❜✐é♥

❡♥t❡♥❞❡r ❧❛ ✐❞❡❛ ❞❡ ✉♥ ❡st❛❞♦ ❝♦♠♦ ✉♥❛ ❡s♣❡❝✐❡ ❞❡ ❡♥t❡ q✉❡ ♥♦ t✐❡♥❡ ✉♥ t✐❡♠♣♦ ❞❛❞♦✱

s✐♥♦ q✉❡ ♣✉❡❞❡ r❡❛❧✐③❛rs❡ ♦ ♥♦ ❝♦♠♦ s❡ ❡①♣❧♦r❛rá ❡♥ ❡❧ ♣r✐♠❡r ❛♣é♥❞✐❝❡ ❞❡ ❡st❡ ❝❛♣ít✉❧♦✳

P♦r ❛❤♦r❛ ♥♦s ❧✐♠✐t❛♠♦s ❛ ♦❢r❡❝❡r ❡st❛ r❡❞❡✜♥✐❝✐ó♥ q✉❡ s✐♥t❡t✐❝❡ ❡❧ r❡q✉✐s✐t♦ q✉❡ ❤❡♠♦s

❡①♣✉❡st♦✿

❉❡✜♥✐❝✐ó♥ ✸✳✶✸ ✭❊st❛❞♦ ♣♦s✐❜❧❡ t❡♠♣♦r❛❧✮✳ ❯♥ ❡st❛❞♦ ♣♦s✐❜❧❡ ❝✉❛♥t✐t❛t✐✈♦ t❡♠✲

♣♦r❛❧ s ❞❡ x ∈ S ❡s ✉♥ ♣❛r ({vP }P∈Px
, t) ❞♦♥❞❡ vP ∈ VP ② t ∈ R✳

❯♥ ❡st❛❞♦ ♣♦s✐❜❧❡ ❝✉❛❧✐t❛t✐✈♦ t❡♠♣♦r❛❧ ❞❡ x ∈ S ❡s ✉♥ ♣❛r ({bP }P∈Px
, t) ❞♦♥❞❡

bP ∈ {0, 1}✱ t ∈ R

❯♥ ❡st❛❞♦ ♣♦s✐❜❧❡ t❡♠♣♦r❛❧ s ❞❡ x ∈ S ❡s ✉♥ ♣❛r ({xP }P∈Px
, t) ❞♦♥❞❡ xP ∈ VP ♦

{0, 1} ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✐ P ❡s ❝✉❛♥t✐t❛t✐✈❛ ♦ ❝✉❛❧✐t❛t✐✈❛ ② t ∈ R✳

❉❡✜♥✐❝✐ó♥ ✸✳✶✹ ✭❍❡❝❤♦ ♣♦s✐❜❧❡ t❡♠♣♦r❛❧✮✳ ❉❛❞♦ x ∈ S ② ❝✉❛❧q✉✐❡r s✉❜❝♦♥❥✉♥t♦

Px ⊂ Px ✉♥ ❝♦♥❥✉♥t♦ ({xP }P∈Px
, t) ❝♦♥ xP ∈ VP ∪ ∅ s✐ P ∈ PCn

x ② xP ∈ {0, 1} s✐ P ∈ PCl
x

s❡ ❞✐❝❡ ❤❡❝❤♦ ♣♦s✐❜❧❡ t❡♠♣♦r❛❧✳

❆❤♦r❛ s✐ ❛❞❡♠ás ❡st❛♠♦s ❡♥ ✉♥ ❝❛s♦ ❡♥ ❡❧ ❝✉❛❧ t❡♥❡♠♦s ❛❧❣✉♥❛ ❢♦r♠❛ ❞❡ ♥♦ s♦❧♦ ❤❛❜❧❛r

❞❡ ❡st❛❞♦s✱ s✐♥♦ ❞❡ ✓❡st❛❞♦ r❡❛❧✔ ♦ ❞❡ ✉♥ ❤❡❝❤♦✳

❉❡✜♥✐❝✐ó♥ ✸✳✶✺ ✭❊st❛❞♦ r❡❛❧✮✳ ❯♥ ❡st❛❞♦ ❝✉❛❧✐t❛t✐✈♦ r❡❛❧ s ❞❡ x ∈ S ❡s ✉♥ ♣❛r

({bP }P∈Px
, t) ❞♦♥❞❡ bP ∈ {0, 1}✱ t ∈ R ② bP = 1 s✐ ② s♦❧♦ s✐ P (x, t) ❡s ✈❡r❞❛❞❡r♦ ②

bP = 0 ❡♥ ♦tr♦ ❝❛s♦✳

❯♥ ❡st❛❞♦ ❝✉❛♥t✐t❛t✐✈♦ r❡❛❧ s ❞❡ x ∈ S ❡s ✉♥ ♣❛r ({vP }P∈Px
, t) ❞♦♥❞❡ vP ∈ VP ✱ t ∈ R

② vP = FP (x, t)✳

❯♥ ❡st❛❞♦ r❡❛❧ s ❞❡ x ∈ S ❡s ✉♥ ♣❛r ({xP }P∈Px
, t) ❞♦♥❞❡ xP ∈ VP ✱ t ∈ R ② xP =

FP (x, t) s✐ P ❡s ❝✉❛❧✐t❛t✐✈❛ ② s✐ P ❡s ❝✉❛❧✐t❛t✐✈♦ xP = 1 s✐ ② s♦❧♦ s✐ P (x, t) ❡s ✈❡r❞❛❞❡r♦✳



✸✳✶✳ ❊❙❚❆❉❖❙✱ ❊❱❊◆❚❖❙ ❨ P❘❖❈❊❙❖❙ ✹✾

❉❡✜♥✐❝✐ó♥ ✸✳✶✻ ✭❍❡❝❤♦ r❡❛❧✮✳ ❉❛❞♦ x ∈ S ② ❝✉❛❧q✉✐❡r s✉❜❝♦♥❥✉♥t♦ Px ⊂ Px ✉♥ ❝♦♥❥✉♥t♦

({xP }P∈Px
, t) ❝♦♥ xP = FP (x, t) ∈ VP ∪∅ s✐ P ∈ PCn

x ② xP ∈ {0, 1} s✐ P ∈ PCl
x ❝♦♥ xP = 1

ss✐ P (x, t)esverdadero✱ ❡♥ t❛❧ ❝❛s♦ s❡ ❞✐❝❡ ❤❡❝❤♦ r❡❛❧✳

✸✳✶✳✸✳ ❊✈❡♥t♦s✱ ♣r♦❝❡s♦s ❡ ❤✐st♦r✐❛s

❈♦♥ ❡st♦ ♣♦❞❡♠♦s ❛❞❡♠ás ❢♦r♠❛r ❧❛s s✐❣✉✐❡♥t❡s ❞♦s ♥♦❝✐♦♥❡s✿

❉❡✜♥✐❝✐ó♥ ✸✳✶✼ ✭❊✈❡♥t♦ ♣♦s✐❜❧❡✮✳ ❯♥ ❡✈❡♥t♦ ♣♦s✐❜❧❡ ❝✉❛♥t✐t❛t✐✈♦ v ❞❡ x ∈ S ❡s

✉♥ ♣❛r (s1, s2) ❝♦♥ s1 ② s2 ❡st❛❞♦s ❝✉❛♥t✐t❛t✐✈♦s ♣♦s✐❜❧❡s ❞❡ x✳

❯♥ ❡✈❡♥t♦ ♣♦s✐❜❧❡ v ❞❡ x ∈ S ❡s ✉♥ ♣❛r (s1, s2) ❝♦♥ s1 ② s2 ❡st❛❞♦s ❝✉❛❧✐t❛t✐✈♦s

♣♦s✐❜❧❡s ❞❡ x✳

❯♥ ❡✈❡♥t♦ ♣♦s✐❜❧❡ v ❞❡ x ∈ S ❡s ✉♥ ♣❛r (s1, s2) ❝♦♥ s1 ② s2 ❡st❛❞♦s ♣♦s✐❜❧❡s ❞❡ x✳

❉❡✜♥✐❝✐ó♥ ✸✳✶✽ ✭❊✈❡♥t♦ ♣♦s✐❜❧❡ t❡♠♣♦r❛❧✮✳ ❯♥ ❡✈❡♥t♦ ♣♦s✐❜❧❡ ❝✉❛♥t✐t❛t✐✈♦ v

❞❡ x ∈ S ❡s ✉♥ ♣❛r (s1, s2) ❝♦♥ s1 ② s2 ❡st❛❞♦s ❝✉❛♥t✐t❛t✐✈♦s ♣♦s✐❜❧❡s t❡♠♣♦r❛❧❡s

❞❡ x ② t1 ≤ t2 ❞♦♥❞❡ t1 ❡s ❡❧ t✐❡♠♣♦ ❛s♦❝✐❛❞♦ ❛ s1 ② t2 ❡s ❡❧ t✐❡♠♣♦ ❛s♦❝✐❛❞♦ ❛ s2✳

❯♥ ❡✈❡♥t♦ ♣♦s✐❜❧❡ v ❞❡ x ∈ S ❡s ✉♥ ♣❛r (s1, s2) ❝♦♥ s1 ② s2 ❡st❛❞♦s ❝✉❛❧✐t❛t✐✈♦s

♣♦s✐❜❧❡s t❡♠♣♦r❛❧❡s ❞❡ x ② t1 ≤ t2 ❞♦♥❞❡ t1 ❡s ❡❧ t✐❡♠♣♦ ❛s♦❝✐❛❞♦ ❛ s1 ② t2 ❡s ❡❧

t✐❡♠♣♦ ❛s♦❝✐❛❞♦ ❛ s2✳

❯♥ ❡✈❡♥t♦ ♣♦s✐❜❧❡ v ❞❡ x ∈ S ❡s ✉♥ ♣❛r (s1, s2) ❝♦♥ s1 ② s2 ❡st❛❞♦s ♣♦s✐❜❧❡s t❡♠♣♦r❛❧❡s

❞❡ x ② t1 ≤ t2 ❞♦♥❞❡ t1 ❡s ❡❧ t✐❡♠♣♦ ❛s♦❝✐❛❞♦ ❛ s1 ② t2 ❡s ❡❧ t✐❡♠♣♦ ❛s♦❝✐❛❞♦ ❛ s2✳

❉❡✜♥✐❝✐ó♥ ✸✳✶✾ ✭❊✈❡♥t♦ r❡❛❧✮✳ ❯♥ ❡✈❡♥t♦ ❝✉❛♥t✐t❛t✐✈♦ r❡❛❧ v ❞❡ x ∈ S ❡s ✉♥ ♣❛r

(s1, s2) ❝♦♥ s1 ② s2 ❡st❛❞♦s ❝✉❛♥t✐t❛t✐✈♦s r❡❛❧❡s ❞❡ x ② t1 ≤ t2 ❞♦♥❞❡ t1 ❡s ❡❧ t✐❡♠♣♦

❛s♦❝✐❛❞♦ ❛ s1 ② t2 ❡s ❡❧ t✐❡♠♣♦ ❛s♦❝✐❛❞♦ ❛ s2✳

❯♥ ❡✈❡♥t♦ ❝✉❛❧✐t❛t✐✈♦ r❡❛❧ v ❞❡ x ∈ S ❡s ✉♥ ♣❛r (s1, s2) ❝♦♥ s1 ② s2 ❡st❛❞♦s ❝✉❛❧✐t❛t✐✈♦s

r❡❛❧❡s ❞❡ x ② t1 ≤ t2 ❞♦♥❞❡ t1 ❡s ❡❧ t✐❡♠♣♦ ❛s♦❝✐❛❞♦ ❛ s1 ② t2 ❡s ❡❧ t✐❡♠♣♦ ❛s♦❝✐❛❞♦

❛ s2✳

❯♥ ❡✈❡♥t♦ r❡❛❧ v ❞❡ x ∈ S ❡s ✉♥ ♣❛r (s1, s2) ❝♦♥ s1 ② s2 ❡st❛❞♦s r❡❛❧❡s ❞❡ x ② t1 ≤ t2

❞♦♥❞❡ t1 ❡s ❡❧ t✐❡♠♣♦ ❛s♦❝✐❛❞♦ ❛ s1 ② t2 ❡s ❡❧ t✐❡♠♣♦ ❛s♦❝✐❛❞♦ ❛ s2✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✷✵✳ ❊♥ ❧❛s ❞♦s ❞❡✜♥✐❝✐♦♥❡s s✐❣✉✐❡♥t❡s ❡♥t❡♥❞❡r❡♠♦s q✉❡ ❡❧ tér♠✐♥♦ ✓❡✈❡♥t♦s✔

s❡ ♣✉❡❞❡ ✉s❛r ❡♥ ❝✉❛❧q✉✐❡r❛ ❞❡ ❧❛s ❛❝❡♣❝✐♦♥❡s ❛♥t❡r✐♦r❡s✳

❉❡✜♥✐❝✐ó♥ ✸✳✷✶ ✭❊✈❡♥t♦s ❝♦♠♣♦♥✐❜❧❡s✮✳ ❉✐r❡♠♦s q✉❡ ❞♦s ❡✈❡♥t♦s v1 = (s1, s2) ②

v2 = (s3, s4) s♦♥ ❝♦♠♣♦♥✐❜❧❡s s✐ s2 = s3✳
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❉❡✜♥✐❝✐ó♥ ✸✳✷✷ ✭Pr♦❝❡s♦✮✳ ❯♥ ♣r♦❝❡s♦ ❝✉❛❧✐t❛t✐✈♦ p ❞❡ ✉♥ ♦❜❥❡t♦ x ❞❡ t❛♠❛ñ♦ n ∈ N

❝♦♥ n ≥ 2 ❡s ✉♥❛ s✉❝❡s✐ó♥ {v1, v2, · · · , vn} ❞❡ ❡✈❡♥t♦s ❝♦♠♣♦♥✐❜❧❡s✳

❉❡✜♥✐❝✐ó♥ ✸✳✷✸ ✭❍✐st♦r✐❛ ❝✉❛❧✐t❛t✐✈❛✮✳ ❯♥❛ ❤✐st♦r✐❛ ❝✉❛❧✐t❛t✐✈❛ ❞❡ ✉♥ ✐♥❞✐✈✐❞✉♦ s✉s✲

t❛♥❝✐❛❧ x ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ α : I → ECl ❞♦♥❞❡ I ❡s ✉♥ ✐♥t❡r✈❛❧♦ r❡❛❧✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✷✹✳ ❈♦♠♦ ❧♦s ✐♥t❡r✈❛❧♦s r❡❛❧❡s t✐❡♥❡♥ ✉♥❛ t♦♣♦❧♦❣í❛ ❛s♦❝✐❛❞❛ ♣♦❞❡♠♦s ♣❡♥s❛r

❡♥ q✉❡ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ♣✉❡❞❛♥ s❡r ❝♦♥t✐♥✉❛s ❞♦t❛♥❞♦ ❞❡ ❛❧❣✉♥❛ t♦♣♦❧♦❣í❛ ❛❧ ❝♦♥❥✉♥t♦ ECl✳

❆ ♥✉❡str♦ ❥✉✐❝✐♦ s♦❧♦ ❝❛❜❡♥ ❞♦s t♦♣♦❧♦❣í❛s r❛③♦♥❛❜❧❡s ❧❛ t♦♣♦❧♦❣í❛ tr✐✈✐❛❧ ② ❧❛ t♦♣♦❧♦❣í❛

❞✐s❝r❡t❛✳ ❊♥ ❡❧ ♣r✐♠❡r ❝❛s♦ ❝✉❛❧q✉✐❡r ❤✐st♦r✐❛ s❡rí❛ ❝♦♥t✐♥✉❛✱ ❡♥ ❡❧ s❡❣✉♥❞♦ ❝✉❛❧q✉✐❡r ❤✐st♦r✐❛

s❡rí❛ ♥♦ ❝♦♥t✐♥✉❛ ❛ ♥♦ s❡r q✉❡ ❢✉❡r❛ ❝♦♥st❛♥t❡✳

❉❡✜♥✐❝✐ó♥ ✸✳✷✺ ✭❍✐st♦r✐❛ ❝✉❛♥t✐t❛t✐✈❛✮✳ ❯♥❛ ❤✐st♦r✐❛ ❝✉❛❧✐t❛t✐✈❛ ❞❡ ✉♥ ✐♥❞✐✈✐❞✉♦ s✉s✲

t❛♥❝✐❛❧ x ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ α : I → ECn✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✷✻✳ ❆❧ ✐❣✉❛❧ q✉❡ ❡♥ ❧❛ s✐t✉❛❝✐ó♥ ❛♥t❡r✐♦r ♣♦❞❡♠♦s ❤❛❜❧❛r ❞❡ ❝♦♥t✐♥✉✐❞❛❞ ❞❡

❧❛ ❢✉♥❝✐ó♥ ❡♥ ❧❛ ♠❡❞✐❞❛ q✉❡ ♣♦❞❛♠♦s ❞♦t❛r ❞❡ ✉♥❛ t♦♣♦❧♦❣í❛ ❛❧ ❡s♣❛❝✐♦ ECn✳ ❈♦♠♦ ❤❡♠♦s

s✉♣✉❡st♦ q✉❡ ❧♦s ❡s♣❛❝✐♦s s♦♥ ❝♦♥str✉✐❞♦s ❛ ♣❛rt✐r ❞❡ R ♣♦❞❡♠♦s s✉♣♦♥❡r q✉❡ s✐ ♣♦❞❡♠♦s

❤❛❜❧❛r ❞❡ ❝♦♥t✐♥✉✐❞❛❞ ♥♦ ❡st❛♠♦s ❛♥t❡ ✉♥❛ s✐t✉❛❝✐ó♥ ♠✉② ❡①tr❛ñ❛✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✷✼✳ ❈♦♠♦ ❧♦s ❡s♣❛❝✐♦s ❞❡ ✈❛❧♦r❡s ♣✉❡❞❡♥ t♦♠❛r ❡❧ ✈❛❧♦r ∅ ❞❡❜❡♠♦s ❤❛❜❧❛r

❞❡ ❝ó♠♦ ❡s ❧❛ t♦♣♦❧♦❣í❛ ❞❡ ✉♥ ❡s♣❛❝✐♦ V ∪ {∅} q✉❡ t♦♠❛r❡♠♦s ❝♦♥ ❧❛ t♦♣♦❧♦❣í❛ ❢r✉t♦ ❞❡

❧❛ ✉♥✐ó♥ ❞✐s❥✉♥t❛✳ P♦r t❛♥t♦ s✐ ❡♥ ✉♥❛ ❤✐st♦r✐❛ ♥♦ ❝♦♥st❛♥t❡ t♦♠❛ ❡❧ ✈❛❧♦r ∅ ❧❛ ❤✐st♦r✐❛ ♥♦

s❡rá ❝♦♥t✐♥✉❛✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✷✽✳ ▲❛ t♦♣♦❧♦❣í❛ q✉❡ t✐❡♥❡ ❡❧ ❡s♣❛❝✐♦ E ❡s ❧❛ t♦♣♦❧♦❣í❛ ♣r♦❞✉❝t♦✳

❉❡✜♥✐❝✐ó♥ ✸✳✷✾ ✭❍✐st♦r✐❛✮✳ ❯♥❛ ❤✐st♦r✐❛ ❞❡ ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ x ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥

α : I → E ✳

❉❡✜♥✐❝✐ó♥ ✸✳✸✵ ✭❍✐st♦r✐❛ ✈❛❝í❛✮✳ ❙✐ I = ∅ ❡♥t♦♥❝❡s ❞✐r❡♠♦s q✉❡ ❧❛ ❤✐st♦r✐❛ ❡s ✈❛❝í❛✳

❉❡✜♥✐❝✐ó♥ ✸✳✸✶ ✭❍✐st♦r✐❛ ✐♥st❛♥tá♥❡❛✮✳ ❙✐ I = {a} ❞✐r❡♠♦s q✉❡ ❧❛ ❤✐st♦r✐❛ ❡s ✉♥❛

❤✐st♦r✐❛ ✐♥st❛♥tá♥❡❛✳

❉❡✜♥✐❝✐ó♥ ✸✳✸✷ ✭❍✐st♦r✐❛ ❝♦♠♣❧❡t❛✮✳ ❙✐ I = R ❞✐r❡♠♦s q✉❡ ❧❛ ❤✐st♦r✐❛ ❡s ❝♦♠♣❧❡t❛✳

❚❛♠❜✐é♥ ♣♦❞❡♠♦s ❝❡♥tr❛r♥♦s ❡♥ ❤✐st♦r✐❛s ❝♦♥ r❡s♣❡❝t♦ ❛❧ ❡s♣❛❝✐♦ ❞❡ ❡s♣❛❝✐♦s ♣♦s✐❜❧❡s

t❡♠♣♦r❛❧❡s✳

❉❡✜♥✐❝✐ó♥ ✸✳✸✸✳ ❯♥❛ ❤✐st♦r✐❛ ❝✉❛❧✐t❛t✐✈❛ ❞❡ ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ x ❡s ✉♥❛ ❛♣❧✐✲

❝❛❝✐ó♥ α : I → T ECn ❞❡ ❢♦r♠❛ t❛❧ q✉❡ α(t) = (α1(t), t)✳
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❯♥❛ ❤✐st♦r✐❛ ❝✉❛❧✐t❛t✐✈❛ ❞❡ ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ x ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ α : I → T ECl

❞❡ ❢♦r♠❛ t❛❧ q✉❡ α(t) = (α1(t), t)✳

❯♥❛ ❤✐st♦r✐❛ ❝✉❛❧✐t❛t✐✈❛ ❞❡ ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ x ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ α : I → T E

❞❡ ❢♦r♠❛ t❛❧ q✉❡ α(t) = (α1(t), t)✳

✸✳✷✳ ▼❛t❡r✐❛ ② ❢♦r♠❛ ❡♥ ❡str♦♠❛s

❍❛st❛ ❛❤♦r❛ ♥♦s ❤❡♠♦s ♣r♦❝✉r❛❞♦ ❡♥t❡♥❞❡r ❧❛s ✐❞❡❛s ❞❡ ♠❛t❡r✐❛ ② ❢♦r♠❛ ❡♥ ❡❧ ❝♦♥t❡①t♦

❞❡ ❧♦s ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s ② ❧❛s ♣r♦♣✐❡❞❛❞❡s✱ ❡s ❞❡❝✐r ❡♥ ❧❛s ♠♦r❢♦❧♦❣í❛s✳ P❡r♦ ♥❡❝❡s✐t❛✲

♠♦s ❛✈❛♥③❛r ♣❛r❛ ❝❛♣t✉r❛r t❛♠❜✐é♥ q✉é s✉❝❡❞❡ ❝♦♥ ❧♦s ❡str♦♠❛s✱ ❛✉♥q✉❡✱ ❝♦♠♦ ✈❡r❡♠♦s✱

❡st♦s ♣r❡s❡♥t❛♥ ✉♥ ❣r❛✈❡ ♣r♦❜❧❡♠❛✳

❉✐❝❤♦ ♣r♦❜❧❡♠❛ ❡str✐❜❛ ❡♥ q✉❡ ❡❧ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ♥♦ ♣✉❡❞❡ ❞❛rs❡ ❡♥ ❛❜str❛❝t♦ ② ❝♦♥

✐♥❞❡♣❡♥❞❡♥❝✐❛ ❞❡❧ t✐❡♠♣♦✳ ❘❡q✉❡r✐♠♦s ♣✉❡s ❤❛❝❡r ✉♥❛s ♠♦❞✐✜❝❛❝✐♦♥❡s✳ ❉❡✜♥✐♠♦s ♣✉❡s

❡s♦s ❡s♣❛❝✐♦s ❞❡ ❧❛ ❢♦r♠❛ s✐❣✉✐❡♥t❡✿

❉❡✜♥✐❝✐ó♥ ✸✳✸✹ ✭❊s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ❝✉❛♥t✐t❛t✐✈♦s ❞❡ ✉♥ ❡str♦♠❛✮✳ ❉❛❞❛ ✉♥ ❡s✲

tr♦♠❛ e ∈ E ❧❧❛♠❛♠♦s ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ❝✉❛♥t✐t❛t✐✈♦s ② ❞❡♥♦t❛♠♦s ❝♦♠♦ E ❛❧ ❝♦♥❥✉♥t♦

{(st, t)| st ∈ E
Cn
t ② t ∈ R} ❞♦♥❞❡ Et ❡s ❡❧ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ❝✉❛♥t✐t❛t✐✈♦s ♣♦s✐❜❧❡s ❞❡ et✳

❉❡✜♥✐❝✐ó♥ ✸✳✸✺ ✭❊s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ❝✉❛❧✐t❛t✐✈♦s ❞❡ ✉♥ ❡str♦♠❛✮✳ ❉❛❞❛ ✉♥ ❡s✲

tr♦♠❛ e ∈ E ❧❧❛♠❛♠♦s ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ❝✉❛❧✐t❛t✐✈♦s ② ❞❡♥♦t❛♠♦s ❝♦♠♦ E ❛❧ ❝♦♥❥✉♥t♦

{(st, t)| st ∈ E
Cl
t ② t ∈ R} ❞♦♥❞❡ Et ❡s ❡❧ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ❝✉❛❧✐t❛t✐✈♦s ♣♦s✐❜❧❡s ❞❡ et✳

❉❡✜♥✐❝✐ó♥ ✸✳✸✻ ✭❊s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ❞❡ ✉♥ ❡str♦♠❛✮✳ ❉❛❞❛ ✉♥ ❡str♦♠❛ e ∈ E

❧❧❛♠❛♠♦s ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ② ❞❡♥♦t❛♠♦s ❝♦♠♦ E ❛❧ ❝♦♥❥✉♥t♦ {(st, t)| st ∈ Et ② t ∈ R}

❞♦♥❞❡ Et ❡s ❡❧ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ♣♦s✐❜❧❡s ❞❡ et✳

❉❡✜♥✐❝✐ó♥ ✸✳✸✼ ✭❊st❛❞♦ ❞❡ ✉♥ ❡str♦♠❛✮✳ ❯♥ ❡st❛❞♦ ❝✉❛❧✐t❛t✐✈♦ s ❞❡ ✉♥ ❡str♦♠❛ e ❡s

✉♥ ♣❛r (st, t) ❞♦♥❞❡ st ∈ Et ② t ∈ R✳

❈♦♥ ❡st♦ ♣♦❞❡♠♦s ❛❞❡♠ás ❢♦r♠❛r ❧❛s s✐❣✉✐❡♥t❡s ❞♦s ♥♦❝✐♦♥❡s✿

❉❡✜♥✐❝✐ó♥ ✸✳✸✽ ✭❊✈❡♥t♦ ❞❡ ✉♥ ❡str♦♠❛✮✳ ❯♥ ❡✈❡♥t♦ v ❞❡ ✉♥ ❡str♦♠❛ e ❡s ✉♥ ♣❛r

(s1, s2) ❝♦♥ s1 ② s2 s♦♥ ❡st❛❞♦s ❝✉❛❧✐t❛t✐✈♦s ❞❡ e ② t1 ≤ t2 ❞♦♥❞❡ t1 ❡s ❡❧ t✐❡♠♣♦ ❛s♦❝✐❛❞♦

❛ s1 ② t2 ❡s ❡❧ t✐❡♠♣♦ ❛s♦❝✐❛❞♦ ❛ s2✳

❉❡✜♥✐❝✐ó♥ ✸✳✸✾✳ ❉✐r❡♠♦s q✉❡ ❞♦s ❡✈❡♥t♦s v1 = (s1, s2) ② v2 = (s3, s4) s♦♥ ❝♦♠♣♦♥✐❜❧❡s

s✐ s2 = s3✳

❉❡✜♥✐❝✐ó♥ ✸✳✹✵ ✭Pr♦❝❡s♦ ❞❡ ✉♥ ❡str♦♠❛✮✳ ❯♥ ♣r♦❝❡s♦ ❝✉❛❧✐t❛t✐✈♦ p ❞❡ ✉♥ ♦❜❥❡t♦ x ❞❡

t❛♠❛ñ♦ n ∈ N ❝♦♥ n ≥ 2 ❡s ✉♥❛ s✉❝❡s✐ó♥ {v1, v2, · · · , vn} ❞❡ ❡✈❡♥t♦s ❝♦♠♣♦♥✐❜❧❡s✳
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❖❜s❡r✈❛❝✐ó♥ ✸✳✹✶✳ ❊♥ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ❛♥t❡r✐♦r❡s ❡♥t❡♥❞❡♠♦s q✉❡ ❧♦s ❡st❛❞♦s✱ ❡✈❡♥t♦s ②

♣r♦❝❡s♦s ♣✉❡❞❡♥ s❡r ❝✉❛♥t✐t❛t✐✈♦ ✭r❡❛❧✮✱ ❝✉❛❧✐t❛t✐✈♦ ✭r❡❛❧✮ ② r❡❛❧✳

❉❡✜♥✐❝✐ó♥ ✸✳✹✷ ✭❍✐st♦r✐❛ ❝✉❛❧✐t❛t✐✈❛ ❞❡ ✉♥ ❡str♦♠❛✮✳ ❯♥❛ ❤✐st♦r✐❛ ❝✉❛❧✐t❛t✐✈❛ ❞❡ ✉♥

✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ e ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ α : I → ECl ❞♦♥❞❡ I ❡s ✉♥ ✐♥t❡r✈❛❧♦ r❡❛❧ ❞❡ ❢♦r♠❛

t❛❧ q✉❡ ∀t ∈ :α(t) = (α1(t), t) ❞♦♥❞❡ α1(t) ∈ E
Cl
t ✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✹✸✳ ❈♦♠♦ ❧♦s ✐♥t❡r✈❛❧♦s r❡❛❧❡s t✐❡♥❡♥ ✉♥❛ t♦♣♦❧♦❣í❛ ❛s♦❝✐❛❞❛ ♣♦❞❡♠♦s ♣❡♥s❛r

❡♥ q✉❡ ❧❛s ❛♣❧✐❝❛❝✐♦♥❡s ♣✉❡❞❛♥ s❡r ❝♦♥t✐♥✉❛s ❞♦t❛♥❞♦ ❞❡ ❛❧❣✉♥❛ t♦♣♦❧♦❣í❛ ❛❧ ❝♦♥❥✉♥t♦ ECl✳

❆ ♥✉❡str♦ ❥✉✐❝✐♦ s♦❧♦ ❝❛❜❡♥ ❞♦s t♦♣♦❧♦❣í❛s r❛③♦♥❛❜❧❡s ❧❛ t♦♣♦❧♦❣í❛ tr✐✈✐❛❧ ② ❧❛ t♦♣♦❧♦❣í❛

❞✐s❝r❡t❛✳ ❊♥ ❡❧ ♣r✐♠❡r ❝❛s♦ ❝✉❛❧q✉✐❡r ❤✐st♦r✐❛ s❡rí❛ ❝♦♥t✐♥✉❛✱ ❡♥ ❡❧ s❡❣✉♥❞♦ ❝✉❛❧q✉✐❡r ❤✐st♦r✐❛

s❡rí❛ ♥♦ ❝♦♥t✐♥✉❛ ❛ ♥♦ s❡r q✉❡ ❢✉❡r❛ ❝♦♥st❛♥t❡✳

❉❡✜♥✐❝✐ó♥ ✸✳✹✹ ✭❍✐st♦r✐❛ ❝✉❛♥t✐t❛t✐✈❛ ❞❡ ✉♥ ❡str♦♠❛✮✳ ❯♥❛ ❤✐st♦r✐❛ ❝✉❛♥t✐t❛t✐✈❛ ❞❡

✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ e ❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ α : I → ECn ❞♦♥❞❡ I ❡s ✉♥ ✐♥t❡r✈❛❧♦ r❡❛❧ ❞❡

❢♦r♠❛ t❛❧ q✉❡ ∀t ∈ :α(t) = (α1(t), t) ❞♦♥❞❡ α1(t) ∈ E
Cn
t ✳

❉❡✜♥✐❝✐ó♥ ✸✳✹✺ ✭❍✐st♦r✐❛ ❞❡ ✉♥ ❡str♦♠❛✮✳ ❯♥❛ ❤✐st♦r✐❛ ❞❡ ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ e

❡s ✉♥❛ ❛♣❧✐❝❛❝✐ó♥ α : I → E ❞♦♥❞❡ I ❡s ✉♥ ✐♥t❡r✈❛❧♦ r❡❛❧ ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ∀t ∈ :α(t) =

(α1(t), t) ❞♦♥❞❡ α1(t) ∈ Et✳



❆♣♣❡♥❞✐①

✸✳❆✳ ❘❡❝♦♥str✉❝❝✐ó♥ ❝♦♥ ❝❛t❡❣♦rí❛s ② ❣r✉♣♦✐❞❡s

❈♦♠♦ ♣r♦♠❡t✐♠♦s ❛❧ ❝♦♠✐❡♥③♦ ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ♣♦❞❡♠♦s r❡❝♦♥str✉✐r ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❛

♣❛rt✐r ❞❡ ❧❛s ♥♦❝✐♦♥❡s ❞❡ ♠❛t❡r✐❛ ② ❢♦r♠❛✳ P❛r❛ ❡❧❧♦ ♥❡❝❡s✐t❛r❡♠♦s ✈❡r ✉♥❛ r❡♣r❡s❡♥t❛❝✐ó♥

❞❡ ❧♦s ❡st❛❞♦s ♠ás ❞❡s❛rr♦❧❧❛❞❛✳ ❊♥ ❝♦♥❝r❡t♦ ❡st✉❞✐❛r❡♠♦s ❡st♦s ✉s❛♥❞♦ ♣❛r❛ t❛❧ ✜♥ ❧❛

t❡♦rí❛ ❞❡ ❝❛t❡❣♦rí❛s ② ❣r✉♣♦✐❞❡s✳

❊♠♣❡③❛♠♦s ♣r✐♠❡r♦ ❝♦♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ❝❛t❡❣♦rí❛ q✉❡ ❡s❝r✐❜✐♠♦s ❜❛sá♥❞♦♥♦s ❡♥ ❬✷✶❪✳

❉❡✜♥✐❝✐ó♥ ✸✳✹✻ ✭❈❛t❡❣♦rí❛✮✳ ❯♥❛ ❝❛t❡❣♦rí❛ C ❝♦♥s✐st❡ ❡♥✿

❯♥❛ ❝♦❧❡❝❝✐ó♥ ❞❡ ♦❜❥❡t♦s X✱ Y ✱ ✳✳✳

❯♥❛ ❝♦❧❡❝❝✐ó♥ ❞❡ ♠♦r✜s♠♦s ❡♥tr❡ ♦❜❥❡t♦s f ✱ g✱ ✳✳✳

❆❝♦♠♣❛ñ❛❞♦s ❞❡ ❧❛s s✐❣✉✐❡♥t❡s r❡❣❧❛s✿

❚♦❞♦ ♠♦r✜s♠♦ f t✐❡♥❡ ✉♥ ❞♦♠✐♥✐♦ X ② ✉♥ ❝♦❞♦♠✐♥✐♦ Y ✱ s✐❡♥❞♦ X ❡ Y ♦❜❥❡t♦s ❞❡ ❧❛

❝❛t❡❣♦rí❛✳ ❉❡ ❢♦r♠❛ q✉❡ ♣❛r❛ ♠❡♥❝✐♦♥❛r ❛ ❧♦s tr❡s ✉s❛r❡♠♦s

f : X → Y.

P❛r❛ t♦❞♦ ♦❜❥❡t♦ X ❡①✐st❡ ✉♥ ♠♦r✜s♠♦ ❧❧❛♠❛❞♦ ✐❞❡♥t✐❞❛❞ q✉❡ ❞❡♥♦t❛r❡♠♦s ❝♦♠♦

idX : X → X.

❙✉❥❡t❛s ❛ ❧❛s s✐❣✉✐❡♥t❡s ❝♦♥❞✐❝✐♦♥❡s ✓❛❧❣❡❜r❛✐❝❛s✔✿

▲♦s ♠♦r✜s♠♦s ♣✉❡❞❡♥ ❝♦♠♣♦♥❡rs❡✱ ❡s ❞❡❝✐r s✐ f ② g s♦♥ ❞♦s ♠♦r✜s♠♦s t❛❧❡s q✉❡ ❡❧

❝♦❞♦♠✐♥✐♦ ❞❡ f ❡s ❡❧ ♠✐s♠♦ q✉❡ ❡❧ ❞♦♠✐♥✐♦ ❞❡ g ❡♥t♦♥❝❡s ❡①✐st❡ g ◦ f ❝♦♥ ❡❧ ❞♦♠✐♥✐♦

❞❡ f ② ❡❧ ❝♦❞♦♠✐♥✐♦ ❞❡ g✳ ❊♥ ❞✐❛❣r❛♠❛s ❞✐rí❛♠♦s q✉❡ s✐

f : X → Y, g : Y → Z

❡♥t♦♥❝❡s ❡①✐st❡

g ◦ f : X → Z.

✺✸



✺✹ ❈❆P❮❚❯▲❖ ✸✳ ▲❆ ■❉❊❆ ❉❊ ▼❆❚❊❘■❆ ❨ ▲❆ ❋❖❘▼❆

❊❧ ♠♦r✜s♠♦ ✐❞❡♥t✐❞❛❞ ♥♦ ❤❛❝❡ ♥❛❞❛✱ ❡st♦ ❡s✱ s✐ f : X → Y ❧♦ ❝♦♠♣♦♥❡♠♦s ❝♦♥ idX

❛ ❧❛ ❞❡r❡❝❤❛ ♦ ❝♦♥ idY ❛ ❧❛ ✐③q✉✐❡r❞❛ ❡♥t♦♥❝❡s ❡❧ r❡s✉❧t❛❞♦ s✐❣✉❡ s✐❡♥❞♦ ❡❧ ♠✐s♠♦ ②

♣♦r t❛♥t♦

idY ◦ f = f

②

f ◦ idX = f.

❙❡ ❝✉♠♣❧❡ ❧❛ ♣r♦♣✐❡❞❛❞ ❛s♦❝✐❛t✐✈❛✱ ♣♦r t❛♥t♦ ❞❛❞♦s f ✱ g ② h tr❡s ♠♦r✜s♠♦s ❞❡ ❢♦r♠❛

t❛❧ q✉❡ f : X → Y ✱ g : Y → V ② h : V →W ❡s ❧♦ ♠✐s♠♦ ❤❛❝❡r ♣r✐♠❡r♦ g ◦ f ② ❧✉❡❣♦

❛♣❧✐❝❛r ♣♦r ❧❛ ✐③q✉✐❡r❞❛ h q✉❡ ❤❛❝❡r h ◦ g ② ❧✉❡❣♦ ❛♣❧✐❝❛r❧♦ ♣♦r ❧❛ ❞❡r❡❝❤❛ ❛ f ✳ ❊s

❞❡❝✐r s❡ ❝✉♠♣❧❡ ❧❛ s✐❣✉✐❡♥t❡ ✐❞❡♥t✐❞❛❞✿

h ◦ (g ◦ f) = (h ◦ g) ◦ f.

❉❡✜♥✐❝✐ó♥ ✸✳✹✼ ✭❈❛t❡❣♦rí❛ ♣❡q✉❡ñ❛✮✳ ❯♥❛ ❝❛t❡❣♦rí❛ s❡ ❞✐❝❡ ♣❡q✉❡ñ❛ s✐ ❧♦s ♠♦r✜s♠♦s

❢♦r♠❛♥ ✉♥ ❝♦♥❥✉♥t♦✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✹✽✳ ▲❛ ❞❡✜♥✐❝✐ó♥ ❛♥t❡r✐♦r t✐❡♥❡ ♣♦r ♦❜❥❡t✐✈♦ r❡str✐♥❣✐r ❡st❡ tr❛❜❛❥♦ ❛❧ ♠✉♥❞♦

❞❡ ❧♦s ❝♦♥❥✉♥t♦s✳ ❈r❡❡♠♦s q✉❡ ♥♦ ❤❛② r❛③♦♥❡s ♣❛r❛ s✉♣♦♥❡r q✉❡ ❝❛❜❡ ❤❛❜❧❛r ❞❡ ♠❡r❡♦❧♦❣í❛s

q✉❡ ♥♦ ♣✉❡❞❡♥ r❡♣r❡s❡♥t❛rs❡ ❝♦♥ ✉♥ ❝♦♥❥✉♥t♦✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✹✾✳ ❙✐ ❧♦s ♠♦r✜s♠♦s ❢♦r♠❛♥ ✉♥ ❝♦♥❥✉♥t♦ t❛♠❜✐é♥ ❧♦ ❢♦r♠❛rá♥ ❧♦s ♦❜❥❡t♦s

♣✉❡st♦ q✉❡ ❤❛② ✉♥❛ ✓✐♥❝❧✉s✐ó♥ ♥❛t✉r❛❧✔ ❞❡ ❧♦s ♦❜❥❡t♦s ❡♥ ❧♦s ♠♦r✜s♠♦s q✉❡ ❛s♦❝✐❛ ❛ ❝❛❞❛

♦❜❥❡t♦ s✉ ♠♦r✜s♠♦ ✐❞❡♥t✐❞❛❞✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✺✵✳ ▲❛ ✐❞❡❛ ❛♥t❡r✐♦r ❛♣❧✐❝❛❞❛ ❛ ❧❛s ❝❛t❡❣♦rí❛s ❝♦♠♦ t❛❧❡s ♥♦s ♦❢r❡❝❡ ✉♥❛

t❡s✐s ❞❡ s✉♠♦ ✐♥t❡rés✿ ❡♥ ❧❛s ❝❛t❡❣♦rí❛s ❧♦ ✐♠♣♦rt❛♥t❡ s♦♥ ❧♦s ♠♦r✜s♠♦s✳ P♦❞rí❛♠♦s ♥♦

t❡♥❡r ♥✐♥❣ú♥ ♦❜❥❡t♦✱ s♦❧♦ ♠♦r✜s♠♦s ② ♥♦ ❤❛❜rí❛ ♥✐♥❣ú♥ ✐♥❝♦♥✈❡♥✐❡♥t❡ ♣✉❡st♦ q✉❡ ❜❛st❛rí❛

t♦♠❛r ❧♦s ♠♦r✜s♠♦s ✐❞❡♥t✐❞❛❞ ♣❛r❛ r❡❝✉♣❡r❛r ❧♦s ♦❜❥❡t♦s✳

❉❡✜♥✐❝✐ó♥ ✸✳✺✶ ✭■s♦♠♦r✜s♠♦ ❡ ✐♥✈❡rs♦✮✳ ❉❛❞❛ ✉♥❛ ❝❛t❡❣♦rí❛ C ❞✐r❡♠♦s q✉❡ ✉♥ ♠♦r✲

✜s♠♦ f : X → Y ❡s ✉♥ ✐s♦♠♦r✜s♠♦ s✐ ❡①✐st❡ ✉♥ ♠♦r✜s♠♦ g : Y → X ❞❡ ❢♦r♠❛ t❛❧ q✉❡

g ◦ f = idX ② f ◦ g = idY ✳ ❊♥ t❛❧ ❝❛s♦ ❞✐r❡♠♦s q✉❡ g ❡s ✉♥ ✐♥✈❡rs♦ ❞❡ f ✳

❉❡✜♥✐❝✐ó♥ ✸✳✺✷ ✭●r✉♣♦✐❞❡✮✳ ▲❧❛♠❛♠♦s ❣r✉♣♦✐❞❡ ❛ ✉♥❛ ❝❛t❡❣♦rí❛ ♣❡q✉❡ñ❛ ❡♥ ❧❛ q✉❡

t♦❞♦ ♠♦r✜s♠♦ t✐❡♥❡ ✉♥ ✐♥✈❡rs♦✱ ❡s ❞❡❝✐r t♦❞♦ ♠♦r✜s♠♦ ❡s ✉♥ ✐s♦♠♦r✜s♠♦✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✺✸✳ ❆❧ ✐❣✉❛❧ q✉❡ ❛♥t❡s t♦♠❛♠♦s ❡✈❡♥t♦s ② ❡st❛❞♦s ❡♥ ❡❧ s❡♥t✐❞♦ ♠ás ❣❡♥❡r❛❧✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✺✹ ✭❈❛t❡❣♦rí❛ ❞❡ ❡st❛❞♦s ② ❡✈❡♥t♦s✮✳ ▲♦s ❡st❛❞♦s ② ❧♦s ❡✈❡♥t♦s ❞❡ ✉♥

✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ ❢♦r♠❛♥ ✉♥❛ ❝❛t❡❣♦rí❛ Cx✳



✸✳❆✳ ❘❊❈❖◆❙❚❘❯❈❈■Ó◆ ❈❖◆ ❈❆❚❊●❖❘❮❆❙ ❨ ●❘❯P❖■❉❊❙ ✺✺

❉❡♠♦str❛❝✐ó♥✳ ❚♦♠❛♠♦s ♣♦r ♦❜❥❡t♦s ❧♦s ❡st❛❞♦s✳

❉❛❞♦s ❞♦s ❡st❛❞♦s s✉❝❡s✐✈♦s ✐♥t❡r♣r❡t❛♠♦s ❝❛❞❛ ❡✈❡♥t♦ v = (s1, s2) ❝♦♠♦ ✉♥ ♠♦r✜s♠♦

v : s1 → s2✳

P❛r❛ t♦❞♦ ♦❜❥❡t♦ s ❡stá ❝❧❛r♦ q✉❡ ❡①✐st❡ ✉♥ ú♥✐❝♦ ❡✈❡♥t♦ ✐❞❡♥t✐❞❛❞ (s, s) q✉❡ ❞❡♥♦t❛✲

r❡♠♦s ❝♦♠♦

ids : s→ s.

❆❞❡♠ás ♣♦❞❡♠♦s ♣❡❞✐r q✉❡ s❡ ❝✉♠♣❧❛♥ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❛❧❣❡❜r❛✐❝❛s✱ ♣✉❡st♦ q✉❡

▲♦s ❡✈❡♥t♦s ♣✉❡❞❡♥ ❝♦♠♣♦♥❡rs❡ t♦♠❛♥❞♦ ❞♦s ❡✈❡♥t♦s ❝♦♠♣♦♥✐❜❧❡sv1 : s1 → s2 ②

v2 : s2 → s3 ❡①✐st❡ ❡❧ ❡✈❡♥t♦ v2 ◦ v1 : s1 → s3✳

❊❧ ❡✈❡♥t♦ ✐❞❡♥t✐❞❛❞ ✓♥♦ ❤❛❝❡ ♥❛❞❛✔ ❛❧ ❝♦♠♣♦♥❡r✳

❙❡ ❝✉♠♣❧❡ ❧❛ ♣r♦♣✐❡❞❛❞ ❛s♦❝✐❛t✐✈❛✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✺✺ ✭●r✉♣♦✐❞❡ ❡st❛❞♦s ② ❡✈❡♥t♦s ♣♦s✐❜❧❡s✮✳ ▲❛ ❝❛t❡❣♦rí❛ ❢♦r♠❛❞❛ ♣♦r

❧♦s ❡st❛❞♦s ♣♦s✐❜❧❡s ② ❡✈❡♥t♦s ♣♦s✐❜❧❡s ❡s ✉♥ ❣r✉♣♦✐❞❡✳

❉❡♠♦str❛❝✐ó♥✳ ❙❡❛ v = (s1, s2) ❡stá ❝❧❛r♦ q✉❡ ❡①✐st❡ ❡❧ ❡✈❡♥t♦ w = (s2, s1) ❞❡ ❢♦r♠❛ t❛❧

q✉❡ w ◦ v = (s1, s1) = ids1 ② v ◦ w = (s2, s2) = ids2 ✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✺✻✳ P♦r ❧♦ ✈✐st♦ ❡♥ ❧❛ ❖❜s❡r✈❛❝✐ó♥ ✸✳✺✵ ♣♦❞❡♠♦s ❞❡❝✐r q✉❡ ❧♦s ❡✈❡♥t♦s s♦♥✱

❡♥ ❝✐❡rt♦ ♠♦❞♦✱ ♠ás ❢✉♥❞❛♠❡♥t❛❧❡s q✉❡ ❧♦s ❡st❛❞♦s✳ ❊st♦ ❧♦ ♣♦❞❡♠♦s ❡♥t❡♥❞❡r ❝♦♠♦ ✉♥❛

✓❞❡♠♦str❛❝✐ó♥✔ ♠ás ❞❡ ❧❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡❧ ❞✐♥❛♠✐s♠♦ ② ❡❧ ❝❛♠❜✐♦ ② ❧❛ ✐❞❡❛ ❞❡ q✉❡ ❧♦s

✐♥st❛♥t❡s s♦♥✱ ❝♦♠♦ t❛❧❡s✱ ♠ás ❜✐❡♥ ✜❝❝✐♦♥❡s út✐❧❡s✳

❆❤♦r❛ q✉❡ ❤❡♠♦s ❞❡♠♦str❛❞♦ q✉❡ ♣♦❞❡♠♦s ✈❡r ❧♦s ❡st❛❞♦s ② ❡✈❡♥t♦s ❞❡ ✉♥ ✐♥❞✐✈✐❞✉♦

s✉st❛♥❝✐❛❧ ❝♦♠♦ ✉♥❛ ❝❛t❡❣♦rí❛ ♣♦❞❡♠♦s ❝♦♥str✉✐r ✉♥❛ ❝❛t❡❣♦rí❛ ♠ás ❣❡♥❡r❛❧✳

❉❡✜♥✐❝✐ó♥ ✸✳✺✼✳ ❚♦♠❛♠♦s ❧❛ ❝❛t❡❣♦rí❛ C ❝✉②♦s ♦❜❥❡t♦s s♦♥ ❧♦s ❡st❛❞♦s ❞❡ ❝✉❛❧q✉✐❡r ❝♦s❛

② ❧♦s ❡✈❡♥t♦s s♦♥ ❧♦s ♣❛r❡s ❞❡ ❞♦s ❝♦s❛s✳

❉❡✜♥✐❝✐ó♥ ✸✳✺✽ ✭❈❛t❡❣♦rí❛ ✐♥t❡r✈❛❧♦✮✳ ❉❡✜♥✐♠♦s ❧❛ ❝❛t❡❣♦rí❛ ✐♥t❡r✈❛❧♦ I ❝♦♠♦ ❧❛ ❝❛✲

t❡❣♦rí❛ ❝♦♥ ♦❜❥❡t♦s Z ② ❝♦♥ ♠♦r✜s♠♦s ♥♦ tr✐✈✐❛❧❡s✱ ❡s ❞❡❝✐r ❞✐st✐♥t♦s ❛ ❧♦s ♠♦r✜s♠♦s

✐❞❡♥t✐❞❛❞✱ sn : n → n+ 1 s✐ n ❡s ♣❛r ② ❝♦♥ sn : n+ 1 → n s✐ n ❡s ✐♠♣❛r✳ ❚❛❧ ❝❛t❡❣♦rí❛ s❡

♣✉❡❞❡ ❡♥t❡♥❞❡r ❝♦♠♦ ❧❛ ❣❡♥❡r❛❞❛ ♣♦r ❡❧ s✐❣✉✐❡♥t❡ ❞✐❛❣r❛♠❛✿

...− 2→ −1← 0→ 1← 2...
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❉❡✜♥✐❝✐ó♥ ✸✳✺✾ ✭❋✉♥t♦r✮✳ ❉❛❞❛s ❞♦s ❝❛t❡❣♦rí❛s C ② D ❞✐r❡♠♦s q✉❡ F ❡s ✉♥ ❢✉♥t♦r ❡♥tr❡

C ② D ② r❡♣r❡s❡♥t❛r❡♠♦s ❝♦♠♦ F : C→ D s✐ s❡ ❝✉♠♣❧❡ q✉❡

P❛r❛ t♦❞♦ ♦❜❥❡t♦ X ❞❡ C ❡①✐st❡ ✉♥ ú♥✐❝♦ ♦❜❥❡t♦ ❡♥ D q✉❡ ❞❡♥♦t❛r❡♠♦s ❝♦♠♦ F (X)✳

P❛r❛ ❝❛❞❛ ♠♦r✜s♠♦ f : X → Y ❡♥ C ❡①✐st❡ ✉♥ ú♥✐❝♦ ♠♦r✜s♠♦ F (f) : F (X)→ F (Y )

❡♥ D✳

❆❤♦r❛ ❞❡❜❡♠♦s ♣❡❞✐r ♦tr❛ ✈❡③ ❝♦♥❞✐❝✐♦♥❡s ❞❡ t✐♣♦ ❛❧❣❡❜r❛✐❝♦ ❛ ❧❛s q✉❡ t❛♠❜✐é♥ s❡ ❝♦♥♦❝❡♥

❝♦♠♦ ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❢✉♥t♦r✐❛❧✐❞❛❞✿

F (f ◦ g) = F (f) ◦ F (g).

F (idX) = idF (X).

❉❡✜♥✐❝✐ó♥ ✸✳✻✵ ✭❈❛♠✐♥♦✮✳ ❙❡❛ C ✉♥❛ ❝❛t❡❣♦rí❛ ♣❡q✉❡ñ❛✳ ❯♥ ❝❛♠✐♥♦ ❡s ✉♥ ❢✉♥t♦r F :

I→ C t❛❧ q✉❡ ❡①✐st❡♥ ♥ú♠❡r♦s m,n ∈ Z t❛❧❡s q✉❡ m ≤ n ② ❛❞❡♠ás✿

F ❡s ❝♦♥st❛♥t❡ ❛♥t❡s ❞❡ m✱ ❡s ❞❡❝✐r ♣❛r❛ t♦❞♦ l ∈ Z t❛❧ q✉❡ l ≤ m s❡ t✐❡♥❡ q✉❡

F (l) = F (m) ② ♣❛r❛ t♦❞♦ ♠♦r✜s♠♦ f ❡♥ q✉❡ ❛♣❛r❡③❝❛ l s❡ t✐❡♥❡ q✉❡ F (f) = idF (l)✳

F ❡s ❝♦♥st❛♥t❡ ❞❡s♣✉és ❞❡ n✱ ❡s ❞❡❝✐r ♣❛r❛ t♦❞♦ k ∈ Z t❛❧ q✉❡ k ≥ n s❡ t✐❡♥❡ q✉❡

F (k) = F (n) ② ♣❛r❛ t♦❞♦ ♠♦r✜s♠♦ f ❡♥ q✉❡ ❛♣❛r❡③❝❛ k s❡ t✐❡♥❡ q✉❡ F (f) = idF (n)✳

▲❧❛♠❛r❡♠♦s ♦❜❥❡t♦ ❞❡ s❛❧✐❞❛✱ ♥ú♠❡r♦ ✐♥✐❝✐❛❧✱ ♦❜❥❡t♦ ❞❡ ❧❧❡❣❛❞❛ ② ♥ú♠❡r♦ ✜♥❛❧ ❛ F (m)✱ m✱

F (n) ② n r❡s♣❡❝t✐✈❛♠❡♥t❡ ② ❛❧ ♣❛r [m,n] ❡❧ s♦♣♦rt❡ ❞❡❧ ❝❛♠✐♥♦✳ ❉✐r❡♠♦s✱ t❛♠❜✐é♥✱ q✉❡ ❡❧

♥ú♠❡r♦ n −m ❡s ❧❛ ❧♦♥❣✐t✉❞ ❞❡❧ ❝❛♠✐♥♦✳ ❆❞❡♠ás ❞❛❞♦s F (m) = X ❡ F (n) = Y ❞✐r❡♠♦s

q✉❡ F ❡s ✉♥ ❝❛♠✐♥♦ ❞❡ X ❛ Y ✳

❉❡✜♥✐❝✐ó♥ ✸✳✻✶ ✭❈❛t❡❣♦rí❛ ❝♦♥❡①❛✮✳ ❙❡❛ C ✉♥❛ ❝❛t❡❣♦rí❛ ♣❡q✉❡ñ❛✳ ❉✐r❡♠♦s q✉❡ ❡s

❝♦♥❡①❛ ❝✉❛♥❞♦ ❞❛❞♦s ❞♦s ♦❜❥❡t♦s ❝✉❛❧❡sq✉✐❡r❛ X ❡ Y ❞❡ C ❡①✐st❡ ✉♥ ❝❛♠✐♥♦ t❛❧ q✉❡ s✉

♦❜❥❡t♦ ❞❡ s❛❧✐❞❛ ❡s X ② s✉ ♦❜❥❡t♦ ❞❡ ❧❧❡❣❛❞❛ ❡s Y ✳

❉❡✜♥✐❝✐ó♥ ✸✳✻✷ ✭❈♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛✮✳ ❙❡❛ C ✉♥❛ ❝❛t❡❣♦rí❛ ♣❡q✉❡ñ❛✳ ❉✐r❡♠♦s q✉❡

✉♥❛ s✉❜❝❛t❡❣♦rí❛ U ❡s ✉♥❛ ❝♦♠♣♦♥❡♥t❡ ❝♦♥❡①❛ ❞❡ C s✐ ❝✉♠♣❧❡ q✉❡✿

✶✳ U ❡s ❝♦♥❡①❛✳

✷✳ ❊s ♠❛①✐♠❛❧✱ ❡s ❞❡❝✐r ♥♦ ❡①✐st❡ ♥✐♥❣✉♥❛ ♦tr❛ s✉❜❝❛t❡❣♦rí❛ ❝♦♥❡①❛ V ❞❡ C t❛❧ q✉❡ U

s❡❛ ✉♥❛ s✉❜❝❛t❡❣♦rí❛ ♣r♦♣✐❛ ❞❡ V✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✻✸ ✭❉❡s❝♦♠♣♦s✐❝✐ó♥ ❡♥ ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s✮✳ ❙❡❛ C ✉♥❛ ❝❛t❡❣♦rí❛

♣❡q✉❡ñ❛ ② {Ui}i∈I ❧❛ ❝♦❧❡❝❝✐ó♥ ❞❡ s✉s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s✱ ❡♥t♦♥❝❡s ❞✐❝❤❛ ❝♦❧❡❝❝✐ó♥ ❡s

❞✐s❥✉♥t❛ ② ❛❞❡♠ás C = ⊔i∈IUi✳
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❆❤♦r❛ ❡♥ ❧♦ q✉❡ t❡♥❡♠♦s q✉❡ ✜❥❛r♥♦s ❡s ❡♥ ❡❧ ❤❡❝❤♦ ❞❡ q✉❡ ❛ ♣❛rt✐r ❞❡ ❧❛ ❝❛t❡❣♦rí❛ C ♥♦

❡s ♠ás q✉❡ ❧❛ ❝❛t❡❣♦rí❛ ⊔x∈SCx✳ ❊s ❞❡❝✐r✱ ❡s ❧❛ ❝❛t❡❣♦rí❛ ✉♥✐ó♥ ❞✐s❥✉♥t❛ ❞❡ ❝❛t❡❣♦rí❛s ♠ás

♣❡q✉❡ñ❛s ② ♣♦r t❛♥t♦ ♥♦ ❡s ✉♥❛ ❝❛t❡❣♦rí❛ ❝♦♥❡①❛✳ ❆❞❡♠ás ❣r❛❝✐❛s ❛ ❡st❡ ❤❡❝❤♦ ♣♦❞❡♠♦s

r❡❛❧✐③❛r ❧❛ ✓❢✉♥❞❛♠❡♥t❛❝✐ó♥✔ ✐♥✈❡rs❛✳ ❊s ❞❡❝✐r✱ ❞❛❞❛ ✉♥❛ ❝❛t❡❣♦rí❛ ✓❛❞❡❝✉❛❞❛✔ ♣♦❞❡♠♦s

♦❜t❡♥❡r ❛ ♣❛rt✐r ❞❡ ❡❧❧❛ ❧♦s ♦❜❥❡t♦s t♦♠❛♥❞♦ ♥❛❞❛ ♠ás q✉❡ ❧❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❡

✐❞❡♥t✐✜❝❛♥❞♦ ❝❛❞❛ ✉♥❛ ❞❡ ❡❧❧❛s ❝♦♥ ✉♥ ♦❜❥❡t♦✳

❆❤♦r❛ ❜✐❡♥✱ ❡st❡ ♣r♦❝❡❞✐♠✐❡♥t♦ t✐❡♥❡ ❞♦s ♣r♦❜❧❡♠❛s✳ P♦r ✉♥ ❧❛❞♦ ❞❡❜❡♠♦s ❞❛r ❛❧❣✉♥❛s

❝❛r❛❝t❡ríst✐❝❛s q✉❡ ♣❡rt❡♥❡③❝❛♥ ❛ ❡s❛s ✓❝❛t❡❣♦rí❛s ❛❞❡❝✉❛❞❛s✔ ② ❞❡❜❡♠♦s✱ ❛❞❡♠ás✱ ♦❢r❡❝❡r

❛❧❣✉♥❛ ❢♦r♠❛ ❞❡ r❡❝✉♣❡r❛r ♥♦ s♦❧♦ ❧♦s ♦❜❥❡t♦s s✐♥♦ ❧❛ ❡str✉❝t✉r❛ ♠❡r❡♦❧ó❣✐❝❛✱ ❡s ❞❡❝✐r ❡❧

♦r❞❡♥✳

❊♠♣❡❝❡♠♦s ❝♦♥ ❡❧ ú❧t✐♠♦ ❞❡ ❧♦s ♣r♦❜❧❡♠❛s✱ ❡s ❞❡❝✐r ❝ó♠♦ ❡♥t❡♥❞❡r ❡❧ ♦r❞❡♥ ❡♥tr❡

♦❜❥❡t♦s✳ P❛r❛ ❡❧❧♦ ✈❡❛♠♦s ❝♦♠♦ ❛ ♣❛rt✐r ❞❡ ✉♥ ♠♦❞❡❧♦ ♠ás ♦ ♠❡♥♦s s❡♥❝✐❧❧♦ t❛❧ ✐♥❢♦r♠❛❝✐ó♥

❡stá ♣❡r❞✐❞❛✳

❊❥❡♠♣❧♦ ✸✳✻✹✳ ❙✉♣♦♥❣❛♠♦s q✉❡ t❡♥❡♠♦s ❧❛ ♠♦r❢♦❧♦❣í❛ ❞❛❞❛ ♣♦r ❧♦s ♦❜❥❡t♦s {C,M} q✉❡

r❡♣r❡s❡♥t❛♥ r❡s♣❡❝t✐✈❛♠❡♥t❡ ❡❧ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ q✉❡ ❡s ♠✐ ❝✉❡r♣♦ ❡♥ ❡st❡ ✐♥st❛♥t❡ ② ❡❧

♠á①✐♠♦✳ ❆❞❡♠ás t❡♥❡♠♦s ✉♥❛ ♣r♦♣✐❡❞❛❞ G ❝✉❛❧✐t❛t✐✈❛ ✓s❡r ❝♦❣♥♦s❝❡♥t❡s✔ q✉❡ ♣♦❞❡♠♦s

❛♣❧✐❝❛r t❛♥t♦ ❛❧ ♠✉♥❞♦ ❝♦♠♦ ❛ ♠✐ ❝✉❡r♣♦✳

❊stá ❝❧❛r♦ q✉❡ ❡❧ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ t❡♥❞rá ❡s❛ ♣r♦♣✐❡❞❛❞ ♣❛r❛ ✉♥ ✐♥t❡r✈❛❧♦ ❞❡ t✐❡♠♣♦

[t1, t2] ② q✉❡ ♣❛r❛ t♦❞♦ ✐♥st❛♥t❡ t ∈ R s❡ ❝✉♠♣❧❡ q✉❡ G(M, t) ❡s ❢❛❧s♦✳ ❆ ♣❛rt✐r ❞❡ ❡st♦

♣♦❞❡♠♦s ❝♦♠♣r♦❜❛r q✉❡ ❡❧ s✐st❡♠❛ ❡s ❝♦♠♣❧❡t♦✳ ❆❞❡♠ás ❡❧ ❡s♣❛❝✐♦ ❞❡ ♣r♦♣✐❡❞❛❞❡s ❡s ❡❧

♠✐s♠♦ ♣❛r❛ ❛♠❜♦s ✐♥❞✐✈✐❞✉♦s 0, 1✳ P♦❞❡♠♦s r❡♣r❡s❡♥t❛r ❧❛ ❝❛t❡❣♦rí❛ CC ② ❧❛ ❝❛t❡❣♦rí❛ CM

♠❡❞✐❛♥t❡ ❧♦s s✐❣✉✐❡♥t❡s ❞✐❛❣r❛♠❛s✿

(0, t3)

(1, t2) (0, t)

(0, t1)

❊❧ ❞✐❛❣r❛♠❛ ❞❡ ❧❛ ❞❡r❡❝❤❛ r❡♣r❡s❡♥t❛ ❧❛ ❤✐st♦r✐❛ ❞❡ CC ✓❝♦❧❛♣s❛♥❞♦✔ ❧♦s ✐♥t❡r✈❛❧♦s ❡♥ ❧♦s

❝✉❛❧❡s r❡s♣❡❝t✐✈❛♠❡♥t❡ ♥✉♥❝❛ ❤❛ t❡♥✐❞♦ ❧❛ ♣r♦♣✐❡❞❛❞ G✱ t✐❡♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ G ② ❤❛ t❡♥✐❞♦

❧❛ ♣r♦♣✐❡❞❛❞ G✳ ❊♥ ❝❛♠❜✐♦✱ ❡❧ ❞✐❛❣r❛♠❛ ❞❡ ❧❛ ✐③q✉✐❡r❞❛ r❡♣r❡s❡♥t❛ q✉❡ ❧❛ ❝❛t❡❣♦rí❛ CM ❡s

♣rá❝t✐❝❛♠❡♥t❡ tr✐✈✐❛❧✳

▲❛ s♦❧✉❝✐ó♥ q✉❡ ♦❢r❡❝❡♠♦s ❛❧ ♣r♦❜❧❡♠❛ ❡s ✐♥t❡♥t❛r ❞❛r ❛ ❧❛ ❡str✉❝t✉r❛ ❛❧❣♦ q✉❡ ♣❡r♠✐t❛

❡s♣❡✜❝✐❛r ❧❛s r❡❧❛❝✐♦♥❡s ❞❡ ♦r❞❡♥✳ P❛r❛ ❡❧❧♦ ❧♦ q✉❡ ❤❛❝❡♠♦s ❡s ❛s✉♠✐r ❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ q✉❡

❞❛❞♦s ❞♦s ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s x ❡ y t❛❧❡s x ≤ y ♣❛r❛ ❝❛❞❛ ♣r♦♣✐❡❞❛❞ ❞❡ x ✈❛ ❛ ❡①✐st✐r

✉♥❛ ♣r♦♣✐❡❞❛❞ ❞❡ y q✉❡ r❡✢❡❥❡ t❛❧ ♣r♦♣✐❡❞❛❞ ② ❡❧ ❡st❛❞♦ ❞❡ x✳



✺✽ ❈❆P❮❚❯▲❖ ✸✳ ▲❆ ■❉❊❆ ❉❊ ▼❆❚❊❘■❆ ❨ ▲❆ ❋❖❘▼❆

❱❡❛♠♦s ❝♦♠♦ ❢✉♥❝✐♦♥❛ ❡♥ ❡❧ ❡❥❡♠♣❧♦ ❞❡ ❛♥t❡s✳

❊❥❡♠♣❧♦ ✸✳✻✺✳ ▲♦s ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s ✈✉❡❧✈❡♥ ❛ s❡r {C,M}✱ ♣❡r♦ ❧❛s ♣r♦♣✐❡❞❛❞❡s

❛❤♦r❛ s♦♥ ❞♦s G ② G′✳ G′ s♦❧♦ s❡ ❛♣❧✐❝❛ ❛ M ② ❛❞❡♠ás ❞❡✈✉❡❧✈❡ ❡st❛❞♦s ❛♥á❧♦❣♦s ❛ ❧♦s ❞❡

C✱ ❡s ❞❡❝✐r ❛❤♦r❛ ❧❛ s✐t✉❛❝✐ó♥ ♠❡❞✐❛♥t❡ ❞✐❛❣r❛♠❛s s❡rá✿

(0, t3) (0, 0, t3)

(1, t2) (0, 1, t2)

(0, t1) (0, 0, t1)

❊s ♠ás s✐ t✉✈✐ér❛♠♦s ✉♥❛ s✐t✉❛❝✐ó♥ ♠ás ❝♦♠♣❧❡❥❛ ❡♥ ❧❛ q✉❡ ♣♦r ❡❥❡♠♣❧♦ t✉✈✐ér❛♠♦s ✉♥❛

♣r♦♣✐❡❞❛❞ ❡①tr❛ ❞❡ ❢♦r♠❛ t❛❧ q✉❡ s❡ ❛♣❧✐❝❛ ❛ C ② M ✱ ♣❡r♦ s♦❧♦ s❡❛ ✈❡r❞❛❞❡r❛ ❞❡ M ❡♥ ✉♥

✐♥t❡r✈❛❧♦ ❞❡ t✐❡♠♣♦ q✉❡ ❡♠♣✐❡❝❡ ❞✉r❛♥t❡ ❡❧ ✐♥t❡r✈❛❧♦ ❡♥ q✉❡ P s❡ ❛♣❧✐q✉❡ ❛ C ② ❞✉r❡ ❤❛st❛

❞❡s♣✉és✳ ❊♥ t❛❧ ❝❛s♦ ❡❧ ❞✐❛❣r❛♠❛ s❡rí❛✿

(0, 0, 0, t′5)

(0, 0, 1, t′4)

(0, 0, t3) (0, 1, 1, t′3)

(1, 0, t2) (0, 1, 0, t′2)

(0, 0, t1) (0, 0, 0, t′1)

▲❛ ❝✉❡st✐ó♥ ❡s q✉❡ ❡♥ ❛♠❜♦s ❝❛s♦s ❡①✐st❡ ✉♥ ✓❢✉♥t♦r✔ q✉❡ ✐♥❝❧✉②❡ ❧❛ ❝❛t❡❣♦rí❛ ❛s♦❝✐❛❞❛ ❛

C ❝♦♥ ❧❛ ❞❡ M ✳ P♦❞❡♠♦s✱ ❞❡ ❛❧❣✉♥❛ ❢♦r♠❛✱ ♠❡t❡r ✉♥❛ ❝❛t❡❣♦rí❛ ❡♥ ♦tr❛✳

❉❡✜♥✐❝✐ó♥ ✸✳✻✻ ✭●r✉♣♦✐❞❡ ❡✈❡♥t✉❛❧✮✳ ❉✐r❡♠♦s q✉❡ ✉♥ ❣r✉♣♦✐❞❡ ❡s ❡✈❡♥t✉❛❧ ♣♦s✐❜❧❡ s✐

② s♦❧♦ s✐✿

❊♥tr❡ ❞♦s ♦❜❥❡t♦s ❤❛② ❝♦♠♦ ♠✉❝❤♦ ✉♥ s♦❧♦ ♠♦r✜s♠♦✳

❊①✐st❡ ✉♥❛ r❡❧❛❝✐ó♥ ❞❡ ♦r❞❡♥ ❡♥tr❡ s✉s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❛❝♦♠♣❛ñ❛❞❛ ❡st❛ r❡❧❛✲

❝✐ó♥ ♠❡❞✐❛♥t❡ ❢✉♥t♦r❡s ✓✐♥②❡❝t✐✈♦s✔✳

❉❡✜♥✐❝✐ó♥ ✸✳✻✼ ✭❈❛t❡❣♦rí❛ ❡✈❡♥t✉❛❧✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ ❝❛t❡❣♦rí❛ ❡s ❡✈❡♥t✉❛❧ t❡♠♣♦r❛❧

s✐ ② s♦❧♦ s✐✿
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❊s ♣❡q✉❡ñ❛✳

❊♥tr❡ ❞♦s ♦❜❥❡t♦s ❤❛② ❝♦♠♦ ♠✉❝❤♦ ✉♥ s♦❧♦ ♠♦r✜s♠♦✳

❊①✐st❡ ✉♥❛ r❡❧❛❝✐ó♥ ❞❡ ♦r❞❡♥ ❡♥tr❡ s✉s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ❛❝♦♠♣❛ñ❛❞❛ ❡st❛ r❡❧❛✲

❝✐ó♥ ♠❡❞✐❛♥t❡ ❢✉♥t♦r❡s ✓✐♥②❡❝t✐✈♦s✔✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✻✽ ✭❘❡❝♦♥str✉❝❝✐ó♥ ❞❡ ❧❛ ♠❡r❡♦❧♦❣í❛✮✳ ❆ tr❛✈és ❞❡ ✉♥❛ ❝❛t❡❣♦rí❛

❡✈❡♥t✉❛❧ ♣♦❞❡♠♦s r❡❝♦♥str✉✐r ✉♥❛ ♠❡r❡♦❧♦❣í❛✳

❉❡♠♦str❛❝✐ó♥✳ ❇❛st❛ ❝♦♥ t♦♠❛r ❝♦♠♦ ❡❧❡♠❡♥t♦s ❞❡ S ❧❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ♦r❞❡♥❛❞❛s

❜❛❥♦ ❧❛ r❡❧❛❝✐ó♥ ❞❡ ♦r❞❡♥ ❝♦♥ ❧❛ q✉❡ ✈✐❡♥❡♥ ❡q✉✐♣❛❞❛s✳

❚♦❞❛s ❡st❛s ✈✐s✐♦♥❡s ❝❛t❡❣ór✐❝❛s t❛♠❜✐é♥ ♥♦s ♣❡r♠✐t❡♥ ❞❡✜♥✐r ❧♦s ♣r♦❝❡s♦s✳ P❛r❛ ❡❧❧♦

✉s❛♠♦s ❧❛s s✐❣✉✐❡♥t❡s ♥♦❝✐♦♥❡s ♠❛t❡♠át✐❝❛s✿

❉❡✜♥✐❝✐ó♥ ✸✳✻✾ ✭❈❛t❡❣♦rí❛ ❝❛❞❡♥❛✮✳ ❉❡♥♦t❛♠♦s ♣♦r Im ❛ ❧❛ ❝❛t❡❣♦rí❛ ❝♦♥ ♦❜❥❡t♦s ❧♦s

♥ú♠❡r♦s [m+1] ② ❝♦♥ ♠♦r✜s♠♦s ❣❡♥❡r❛❞♦s ♣♦r sn : n→ n+1 ♣❛r❛ ❝❛❞❛ n ∈ [m]✱ ❡s ❞❡❝✐r

s✉s ♠♦r✜s♠♦s ♥♦ tr✐✈✐❛❧❡s✱ ❞✐st✐♥t♦s ❛ ❧❛s ✐❞❡♥t✐❞❛❞❡s idn✱ s♦♥ ♦ ❜✐❡♥ sn ♦ ❜✐❡♥ ❝♦♠♣♦s✐❝✐ó♥

❞❡ ❡st♦s✳ ❊♥ tér♠✐♥♦s ✓❣rá✜❝♦s✔ ♣♦❞❡♠♦s ✈✐s✉❛❧✐③❛r ❞✐❝❤❛ ❝❛t❡❣♦rí❛ ❝♦♠♦ ❧❛ ❣❡♥❡r❛❞❛ ♣♦r

❡❧ s✐❣✉✐❡♥t❡ ❞✐❛❣r❛♠❛✿

→ 0→ 1→ 2→ ...→ n

▲❧❛♠❛♠♦s ❛ Im ❝❛t❡❣♦rí❛ ❝❛❞❡♥❛ ❞❡ t❛♠❛ñ♦ m✳

❉❡✜♥✐❝✐ó♥ ✸✳✼✵ ✭❈❛❞❡♥❛✮✳ ❙❡❛ C ✉♥❛ ❝❛t❡❣♦rí❛ ♣❡q✉❡ñ❛ ❡ Im ❧❛ ❝❛t❡❣♦rí❛ ❝❛❞❡♥❛ ❞❡

t❛♠❛ñ♦ m✱ ✉♥ ❢✉♥t♦r F : Im → C ❡s ✉♥❛ ❝❛❞❡♥❛ ❞❡ t❛♠❛ñ♦ m C✳

▲❛ ✐❞❡❛ ✐♥t✉✐t✐✈❛ ❡s q✉❡ ✉♥❛ ❝❛❞❡♥❛ ❡s ✉♥ ❝♦♥❥✉♥t♦ ♦r❞❡♥❛❞♦ ❞❡ ♠♦r✜s♠♦s ❞❡ ❢♦r♠❛

q✉❡ ❝❛❞❛ ✉♥♦ s❡ ♣✉❡❞❛ ❝♦♠♣♦♥❡r ❝♦♥ s✉ s✉❝❡s♦r✳ ❊s ❞❡❝✐r✱ ✉♥❛ ❝♦❧❡❝❝✐ó♥ {A0, ..., An} ❞❡

♦❜❥❡t♦s ❞❡ C ② ✉♥❛ ❝♦❧❡❝❝✐ó♥ {f0, ..., fm−1} ❞❡ ♠♦r✜s♠♦s t❛❧❡s q✉❡✿

A0 A1 A2 ...Am−2 Am−1 Am
f0 f1 f2 fm−2 fm−1

❆❞❡♠ás ❞✐r❡♠♦s q✉❡ {A0, ..., Am} ② {f0, ..., fm−1} s♦♥ ❧♦s ♦❜❥❡t♦s ② ♠♦r✜s♠♦s ❞❡ ❧❛ ❝❛❞❡♥❛✳

❉❡✜♥✐❝✐ó♥ ✸✳✼✶ ✭Pr♦❝❡s♦✮✳ ❯♥ ♣r♦❝❡s♦ ❞❡ t❛♠❛ñ♦ m ❡s ✉♥❛ ❝❛❞❡♥❛ ❞❡ t❛♠❛ñ♦ m ❡♥ C

❞♦♥❞❡ C ❡s ✉♥❛ ❝❛t❡❣♦rí❛ ❡✈❡♥t✉❛❧✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✼✷✳ ▲❛s ❝❛❞❡♥❛s ❞❡ ✉♥❛ ❝❛t❡❣♦rí❛ ♣❡q✉❡ñ❛ ❢♦r♠❛♥ ✉♥ ❝♦♥❥✉♥t♦ s✐♠♣❧✐❝✐❛❧

❧❧❛♠❛❞♦ ♥❡r✈✐♦ ❞❡ ✉♥❛ ❝❛t❡❣♦rí❛✳ P❛r❛ ♠ás ✐♥❢♦r♠❛❝✐ó♥ s♦❜r❡ ❡st❛ ♥♦❝✐ó♥ ② ❧❛s ✐❞❡❛s ❝♦♥

❡st❛ r❡❧❛❝✐♦♥❛❞❛s ❝♦♥s✉❧t❛r ❬✾❪✳
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❉❡✜♥✐❝✐ó♥ ✸✳✼✸ ✭❈❛t❡❣♦rí❛ ❝♦♥ ❞♦s ❝♦❧♦r❡s✮✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛ ❝♦❧❡❝❝✐ó♥ ❞❡ ❞♦s ♦❜❥❡t♦s

② ❞♦s ❝♦❧❡❝❝✐♦♥❡s ❞❡ ♠♦r✜s♠♦s ❡♥tr❡ ❡❧❧♦s ❢♦r♠❛♥ ✉♥❛ ❝❛t❡❣♦rí❛ ❞♦❜❧❡ s✐ ② s♦❧♦ s✐ ❧❛ ❝♦❧❡❝❝✐ó♥

❞❡ ♦❜❥❡t♦s ❢♦r♠❛ ✉♥❛ ❝❛t❡❣♦rí❛ ❝♦♥ ❝✉❛❧q✉✐❡r❛ ❞❡ ❧❛s ❝♦❧❡❝❝✐♦♥❡s ❞❡ ♠♦r✜s♠♦s✳

Pr♦♣♦s✐❝✐ó♥ ✸✳✼✹✳ P♦❞❡♠♦s r❡♣r❡s❡♥t❛r ❡❧ ♣❛r ♠❛t❡r✐❛ ② ❢♦r♠❛ ♠❡❞✐❛♥t❡ ✉♥❛ ❝❛t❡❣♦rí❛

❝♦♥ ❞♦s ❝♦❧♦r❡s✱ s✐❡♥❞♦ ❧❛ ♣r✐♠❡r❛ ❝❛t❡❣♦rí❛ ❧❛ ❞❡ ❡✈❡♥t♦s ♣♦s✐❜❧❡s t❡♠♣♦r❛❧❡s ② ❧❛ s❡❣✉♥❞❛

❡❧ ❣r✉♣♦✐❞❡ ❞❡ ❡✈❡♥t♦s r❡❛❧❡s✳

❊❥❡♠♣❧♦ ✸✳✼✺✳ ❯♥ ❝❛s♦ ♣❛rt✐❝✉❧❛r ❞❡ ❧♦ ❛♥t❡r✐♦r ❧♦ t❡♥❡♠♦s ❡♥ ❧❛ ♠♦r❢♦❧♦❣í❛ ❝♦♥ ❞♦s

❡❧❡♠❡♥t♦s {C,M}✱ ❞♦s ✐♥st❛♥t❡s ❞❡ t✐❡♠♣♦ ② ❞♦s ♣r♦♣✐❡❞❛❞❡s P q✉❡ t✐❡♥❡ s♦❧♦ ❡❧ ❡❧❡♠❡♥t♦

♣❡q✉❡ñ♦ ② P ′ q✉❡ r❡♣r❡s❡♥t❛ ❡❧ ❡st❛❞♦ ❞❡ t❛❧ ♣r♦♣✐❡❞❛❞ ❡♥ ❡❧ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ ♠ás

❣r❛♥❞❡✳

(0, t2) (1, t2) (0, 0, t2) (1, 0, t2) (0, 1, t2) (1, 1, t2)

(0, t1) (1, t1) (0, 0, t1) (1, 0, t1) (0, 1, t1) (1, 1, t1)

(1, t2) (0, 1, t2)

(0, t1) (0, 0, t1)

❖❜s❡r✈❛❝✐ó♥ ✸✳✼✻✳ ◆♦ s❡ ♥♦s ♦❝✉rr❡ ✉♥❛ ❜✉❡♥❛ ❢♦r♠❛ ❞❡ r❡❝✉♣❡r❛r ❛ tr❛✈és ❞❡ ❧♦s ❞✐❛❣r❛♠❛s

❧❛ ✐♥❢♦r♠❛❝✐ó♥ s♦❜r❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s✳ ◆♦ ♦❜st❛♥t❡ s✐ ❡st❛♠♦s ❛♥t❡ ✉♥❛ ♠♦r❢♦❧♦❣í❛ ❡①❛❝t❛

❞♦s ♣r♦♣✐❡❞❛❞❡s ❞✐st✐♥t❛s t✐❡♥❡♥ q✉❡ ❥✉❣❛r ♣❛♣❡❧❡s ❞✐st✐♥t♦s✱ ♣✉❡s s✐ s❡ ❛♣❧✐❝❛s❡♥ s✐❡♠♣r❡

✐❣✉❛❧ t❡♥❞rí❛♠♦s q✉❡ s♦♥ ❡q✉✐✈❛❧❡♥t❡s ② ♣♦r t❛♥t♦ ❧❛ ♠✐s♠❛✳

✸✳❇✳ Pr♦♣✐❡❞❛❞❡s s✉st❛♥t✐✈❛s ② ❡q✉✐✈❛❧❡♥t❡s

❊❥❡♠♣❧♦ ✸✳✼✼✳ ❙✐ r❡❝♦r❞❛♠♦s ❡❧ ❊❥❡♠♣❧♦ ✸✳✻✹ ❧❛ s✐t✉❛❝✐ó♥ ❝♦♥ ❧❛ q✉❡ ♥♦s ❡♥❝♦♥trá❜❛♠♦s

❡r❛ ❧❛ s✐❣✉✐❡♥t❡✿

(0, t3)

(1, t2) (0, t)

(0, t1)

❙✉♣♦♥❣❛♠♦s ❛❤♦r❛ q✉❡ t❡♥❡♠♦s ❞♦s ♣r♦♣✐❡❞❛❞ s✉st❛♥❝✐❛❧❡s✱ ❡♥ ♣❛rt✐❝✉❧❛r ♣♦❞❡♠♦s s✉♣♦♥❡r

q✉❡ s♦♥ ❞♦s ♣r♦♣✐❡❞❛❞❡s tr✐✈✐❛❧❡s ♦ ♠❡r❡♦❧ó❣✐❝❛s ❝♦♠♦ ✓s❡r ❡str✐❝t❛♠❡♥t❡ ♠❡♥♦r q✉❡ ▼✔ ♦



✸✳❈✳ ❉❊❚❊❘▼■◆■❙▼❖ ✻✶

✓s❡r ❡str✐❝t❛♠❡♥t❡ ♠❛②♦r q✉❡ ❈✔✳ P❡♥s❡♠♦s ❛❤♦r❛ ❡♥ ❧♦s ❞✐❛❣r❛♠❛s tr❛s ✐♥tr♦❞✉❝✐r ❡st❛s✿

(0, 1, 0, t3)

(1, 1, 0t2) (0, 0, 1, t)

(0, 1, 0, t1)

❊❧ ❡❥❡♠♣❧♦ ❡s ✐❧✉str❛t✐✈♦ ❡♥ ❧❛ ♠❡❞✐❞❛ q✉❡ ♥♦s ♠✉❡str❛ q✉❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s s✉st❛♥❝✐❛❧❡s

♥♦ ❝❛♠❜✐❛♥ ♥❛❞❛ ❧♦s ❞✐❛❣r❛♠❛s ❞❡ ❧♦s ❡✈❡♥t♦s ♥✐ ❧❛s ❝❛t❡❣♦rí❛s✳ ▲❛ ❝✉❡st✐ó♥ ❡s q✉❡ ❧❛s

♣r♦♣✐❡❞❛❞❡s s✉st❛♥❝✐❛❧❡s ❛❧ ♥♦ ✈❛r✐❛r ♥✉♥❝❛ s♦♥ ✓❡stát✐❝❛s✔ ② ♥♦ ♣❡r♠✐t❡♥ ♠♦str❛r ❝❛♠❜✐♦s✳

❚❛❧❡s ♣r♦♣✐❡❞❛❞❡s ♥♦ s❡ ♥♦s ♣✉❡❞❡♥ ♠♦str❛r ❡♥ ❧❛ ❡①♣❡r✐❡♥❝✐❛ ❝♦t✐❞✐❛♥❛ s❛❧✈♦ ❝♦♠♦ ✉♥

✐♥✈❛r✐❛♥t❡✱ ♣❡r♦ ♥✉♥❝❛ ❝♦♠♦ ❛❧❣♦ q✉❡ ♣❡r❝✐❜✐♠♦s ❞❡ ❢♦r♠❛ ❞✐r❡❝t❛✱ ❞❡ ❛❤í s✉ ❞✐✜❝✉❧t❛❞✳

❊s ❞❡❝✐r✱ s✐ ✈❡♠♦s q✉❡ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❝❛♠❜✐❛ ♣♦❞❡♠♦s ❛✜r♠❛r q✉❡ ♥♦ ❡s s✉st❛♥❝✐❛❧✱ s✐♥♦

s✉❝❡❞❡ t❛❧ ❝♦s❛ t❛❧ s✐t✉❛❝✐ó♥ ❡s ❧❛ ♠✐s♠❛✳

P♦r ♦tr♦ ❧❛❞♦ ❝❛❜❡ t❛♠❜✐é♥ ♦❜s❡r✈❛r q✉❡ s✐ t✉✈✐ér❛♠♦s ♣r♦♣✐❡❞❛❞❡s ❡q✉✐✈❛❧❡♥t❡s ❡♥t♦♥✲

❝❡s ❧❛s ❝❛t❡❣♦rí❛s s✐♠♣❧❡♠❡♥t❡ ♣r❡s❡♥t❛rí❛♥ ✓✐♥❢♦r♠❛❝✐ó♥ ❞❡ ♠ás✔ ♣✉❡s t❡♥❞rí❛♠♦s ❡st❛❞♦s

② ❡✈❡♥t♦s r❡♣❡t✐❞♦s✳

✸✳❈✳ ❉❡t❡r♠✐♥✐s♠♦

▲❛ ♣r❡❣✉♥t❛ ❞❡ ➽❝ó♠♦ s❡ ❞✐❢❡r❡♥❝✐❛♥ ❧❛s ♣r♦♣✐❡❞❛❞❡s❄ t✐❡♥❡ ✉♥❛ r❡s♣✉❡st❛ ❡♥ ♥✉❡str♦

♠♦❞❡❧♦ ❞❡ ♠♦r❢♦❧♦❣í❛✳ ❨ ❡s q✉❡ ❞♦s ♣r♦♣✐❡❞❛❞❡s s♦♥ ❡q✉✐✈❛❧❡♥t❡s ❝✉❛♥❞♦ ✓❞✐❢❡r❡♥❝✐❛♥ ❧♦

♠✐s♠♦✔✱ ❡s ❞❡❝✐r ❝✉❛♥❞♦ s❡ ❛♣❧✐❝❛♥ ❡♥ ❧♦s ♠✐s♠♦s ❝❛s♦s ② s✐t✉❛❝✐♦♥❡s✳ ❊st❛ ❞❡✜♥✐❝✐ó♥

♣r❡s❡♥t❛ ❞✐✜❝✉❧t❛❞❡s ♥♦ ❢á❝✐❧❡s ❞❡ s❛❧✈❛r ❡♥ ❧❛ ♠❡❞✐❞❛ q✉❡ ♣♦❞❡♠♦s ♣❡♥s❛r ❡♥ ♣r♦♣✐❡❞❛❞❡s

q✉❡ ♥♦ s♦♥ ❡q✉✐✈❛❧❡♥t❡s ❝♦♠♦ ✓s❡r ✉♥ ❣♦r✐❧❛ q✉❡ ❤❛ ❞❡s❝✉❜✐❡rt♦ ❧❛ ✈❛❝✉♥❛ ❝♦♥tr❛ ❡❧ ❱■❍✔

② ✓s❡r ✉♥❛ ♠áq✉✐♥❛ t❡r♠♦❞✐♥á♠✐❝❛ ♣❡r❢❡❝t❛✔ ② s✐♥ ❡♠❜❛r❣♦ s❡ ❛♣❧✐❝❛♥ ❡♥ ❧♦s ♠✐s♠♦s

❝❛s♦s✿ ♥✉♥❝❛✳ ▲❛ s♦❧✉❝✐ó♥ q✉❡ s❡ s✉❡❧❡♥ ❞❛r ❛ ❡st♦s ♣r♦❜❧❡♠❛s s✉❡❧❡♥ s❡r ♦ ❜✐❡♥ ❛♣❡❧❛r ❛ ❧❛

♠♦❞❛❧✐❞❛❞✱ ❡s ❞❡❝✐r ❛ s✐t✉❛❝✐♦♥❡s ♣♦s✐❜❧❡s ❡♥ ❧❛s q✉❡ ♣✉❡❞❛♥ s❡r ❡❧ ❝❛s♦ ✉♥❛ ② ♥♦ ❧❛ ♦tr❛✱

♦ ❜✐❡♥ ❛♣❡❧❛r ❛ ❧❛s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❛♣❧✐❝❛❝✐ó♥ ♦ ♣r♦♣✐❡❞❛❞❡s s❡♠❡❥❛♥t❡s✳ ❈r❡❡♠♦s q✉❡ ❡♥

♥✉❡str❛ t❡♦rí❛ ❛♠❜❛s ♣♦s✐❜✐❧✐❞❛❞❡s s♦♥ r❛③♦♥❛❜❧❡s ② s❡ ♣✉❡❞❡♥ r❡❛❧✐③❛r✱ ♣❡r♦ ❧♦ ❞❡❥❛r❡♠♦s

♣❛r❛ ♦tr❛ ♦❝❛s✐ó♥✳

▲❛ ❝✉❡st✐ó♥ ❡stá✱ ❛❤♦r❛✱ ❡♥ q✉❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s t✐❡♥❡♥ s✉ ✐❞❡♥t✐❞❛❞ ❝♦♥ ❧♦s ♦❜❥❡t♦s ②

s❡ ❞✐❢❡r❡♥❝✐❛♥ s❡❣ú♥ ❝ó♠♦ s❡ ❛♣❧✐q✉❡♥ s♦❜r❡ ❡st♦s✳ P❡r♦ ❝❧❛r♦✱ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ q✉❡ ♥❡❝❡s✐✲

t❛rí❛♠♦s ♣❛r❛ ♣♦❞❡r s❛❜❡r ❝✉á♥❞♦ ❡s ❡❧ ❝❛s♦ q✉❡ ✉♥❛ ♣r♦♣✐❡❞❛❞ s❡ ❛♣❧✐❝❛ s❡rí❛♥ ✐♥♠❡♥s♦s✱

s♦❜r❡t♦❞♦ s✐ t♦♠❛♠♦s ❡♥ ❝✉❡♥t❛ q✉❡ ♣✉❡❞❡♥ t❡♥❡r ❡s♣❛❝✐♦s ❞❡ ❝♦♥❞✐❝✐♦♥❡s s✉♠❛♠❡♥t❡

❣r❛♥❞❡s✱ ❛✉♥ ✐♥❝❧✉s♦ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❝✉❛❧✐t❛t✐✈❛s ② ❝✉❛♥t✐t❛t✐✈❛s t❡♠♣♦r❛❧❡s✳



✻✷ ❈❆P❮❚❯▲❖ ✸✳ ▲❆ ■❉❊❆ ❉❊ ▼❆❚❊❘■❆ ❨ ▲❆ ❋❖❘▼❆

❆❤♦r❛ ❜✐❡♥✱ s✐ q✉❡r❡♠♦s ❝♦♥♦❝❡r ❝ó♠♦ ✈❛rí❛♥ ❧❛s ❝♦s❛s ❞❡❜❡rí❛♠♦s t❡♥❡r ❛❧❣✉♥❛ ❢♦r♠❛ ❞❡

tr❛❜❛❥❛r ❝♦♥ ❡st❛s✳ ❊s ♠ás✱ ❧♦ ♠✐s♠♦ s✉❝❡❞❡ ❝♦♥ ❧♦s ❡s♣❛❝✐♦s ❞❡ ❡st❛❞♦s ♣♦s✐❜❧❡s✱ s✉ t❛♠❛ñ♦

❡s ❛❜s♦❧✉t❛♠❡♥t❡ ❣✐❣❛♥t❡s❝♦ ② ❛ ♠❡♥✉❞♦ ✐♥tr❛t❛❜❧❡✳

▲❛ s♦❧✉❝✐ó♥ ❛ ❡st♦s ♣r♦❜❧❡♠❛s ❡stá ❡♥ ✐♥tr♦❞✉❝✐r ❧❛ ✐❞❡❛ ❞❡ ❧❡② q✉❡ ♣❡r♠✐t❛ r❡❞✉❝✐r ❡❧

t❛♠❛ñ♦ ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ♣♦s✐❜❧❡s✳ ❊st❛ ✐❞❡❛ ♣♦❞❡♠♦s ❢♦r♠❛❧✐③❛r❧❛ ♠❡❞✐❛♥t❡ ❧❛s s✐❣✉✐❡♥t❡

♣s❡✉❞♦❞❡✜♥✐❝✐ó♥✿

Ps❡✉❞♦❞❡✜♥✐❝✐ó♥ ✸✳✼✽✳ ❯♥❛ ❧❡② ❡s ✉♥❛ r❡str✐❝❝✐ó♥ ❡♥ ✉♥ ❡s♣❛❝✐♦ ❞❡ ❡st❛❞♦s ♣♦s✐❜❧❡s✳

❈♦♠♦ ❛❝♦st✉♠❜r❛♠♦s ❤❛❝❡r✱ ❧❛ ♣s❡✉❞♦❞❡✜♥✐❝✐ó♥ q✉❡ ❤❡♠♦s ❛♣♦rt❛❞♦ ♥♦ ❡s ♠ás q✉❡ ✉♥

♣❡q✉❡ñ♦ ♣❛s♦ ❡♥ ❢❛❧s♦ q✉❡ t❡♥❡♠♦s q✉❡ ❞❛r ❛♥t❡s ❞❡ ❡♠♣❡③❛r ❡❧ ❝❛♠✐♥♦ ❞❡ ✈❡r❞❛❞✳ ❊♥ ❡st❡

❝❛s♦✱ ➽q✉é ❡s ❧♦ q✉❡ ❢✉♥❝✐♦♥❛ ♠❛❧❄ P✉❡s ❛ ♥✉❡str♦ ❥✉✐❝✐♦ ❞♦s s♦♥ ❧♦s ♣r♦❜❧❡♠❛s q✉❡ s❡ ♥♦s

♣r❡s❡♥t❛✳ P♦r ✉♥ ❧❛❞♦ ❧❛ ♥♦❝✐ó♥ ❞❡ r❡str✐❝❝✐ó♥ ❡s ❞❡♠❛s✐❛❞♦ ✈❛❣❛ ② ♣♦r ♦tr♦ ♥♦ s❛❜❡♠♦s

❝ó♠♦ ❤❛ ❞❡ ❝♦♠♣♦rt❛rs❡ ❡♥ r❡❧❛❝✐ó♥ ❛❧ t✐❡♠♣♦✳

P❛r❛ s♦❧✈❡♥t❛r ❧❛ ♣r✐♠❡r❛ ❞❡ ❧❛s ❞✐✜❝✉❧t❛❞❡s ♦❢r❡❝❡♠♦s ❧❛s s✐❣✉✐❡♥t❡s ❞❡✜♥✐❝✐♦♥❡s✿

❉❡✜♥✐❝✐ó♥ ✸✳✼✾ ✭▲❡② ❝✉❛❧✐t❛t✐✈❛ ❣❡♥❡r❛❧✮✳ ❯♥❛ ❧❡② ❝✉❛❧✐t❛t✐✈❛ ❡s ✉♥❛ ❡❝✉❛❝✐ó♥ ❡❝✉❛❝✐ó♥

♦ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ❡♥tr❡ ♣r♦♣✐❡❞❛❞❡s ❝✉❛❧✐t❛t✐✈❛s ❢♦r♠✉❧❛❞❛ ❛ tr❛✈és ❞❡ ♦♣❡r❛❝✐♦♥❡s

♣r♦♣✐❛s ❞❡ ✉♥ á❧❣❡❜r❛ ❞❡ ❇♦♦❧❡✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✽✵✳ ▲❛s ♦♣❡r❛❝✐♦♥❡s ♣r♦♣✐❛s ❞❡ ✉♥ á❧❣❡❜r❛ ❞❡ ❇♦♦❧❡ s♦♥ t♦❞❛s ❛q✉❡❧❧❛s

♦♣❡r❛❝✐♦♥❡s ✐♥t❡r♥❛s ❡♥ Z2✳

❉❡✜♥✐❝✐ó♥ ✸✳✽✶ ✭▲❡② ❝✉❛♥t✐t❛t✐✈❛ ❣❡♥❡r❛❧✮✳ ❯♥❛ ❧❡② ❝✉❛♥t✐t❛t✐✈❛ ❡s ✉♥❛ ❡❝✉❛❝✐ó♥

❡❝✉❛❝✐ó♥ ♦ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s❡♥tr❡ ♣r♦♣✐❡❞❛❞❡s ❝✉❛♥t✐t❛t✐✈❛s ❢♦r♠✉❧❛❞❛ ❛ tr❛✈és ❞❡

♦♣❡r❛❝✐♦♥❡s ❛❧❣❡❜r❛✐❝❛s✱ ❞✐❢❡r❡♥❝✐❛❧❡s ♦ ❞❡ ♦tr♦ t✐♣♦✳

❉❡✜♥✐❝✐ó♥ ✸✳✽✷ ✭▲❡② ♠✐①t❛ ❣❡♥❡r❛❧✮✳ ❯♥❛ ❧❡② ♠✐①t❛ ❡s ✉♥❛ ❡❝✉❛❝✐ó♥ ♦ s✐st❡♠❛ ❞❡

❡❝✉❛❝✐♦♥❡s ❡♥tr❡ ♣r♦♣✐❡❞❛❞❡s ❝✉❛♥t✐t❛t✐✈❛s ♦ ❝✉❛❧✐t❛t✐✈❛s ❢♦r♠✉❧❛❞❛ ❛ tr❛✈és ❞❡ ♦♣❡r❛❝✐♦♥❡s

❛❧❣❡❜r❛✐❝❛s✱ ❞✐❢❡r❡♥❝✐❛❧❡s ♦ ❞❡ ♦tr♦ t✐♣♦✳

❉❡✜♥✐❝✐ó♥ ✸✳✽✸ ✭▲❡② tr✐✈✐❛❧✮✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛ ❧❡② ❡s tr✐✈✐❛❧ s✐ t♦❞♦ ✈❛❧♦r ❞❡ ❧❛s ❢✉♥❝✐♦♥❡s

❞❡ ❡st❛❞♦s q✉❡ ❡♥ ❡❧❧❛ ❛♣❛r❡❝❡♥ s♦♥ s♦❧✉❝✐ó♥ ❞❡ ❧❛ ❡❝✉❛❝✐ó♥ ♦ ❡❧ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s✳

❉❡✜♥✐❝✐ó♥ ✸✳✽✹ ✭▲❡② ✐♠♣♦s✐❜❧❡✮✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛ ❧❡② ❡s ✐♠♣♦s✐❜❧❡ s✐ ♥♦ ❤❛② s♦❧✉❝✐ó♥

♣❛r❛ ❧❛ ❡❝✉❛❝✐ó♥ ♦ ❡❧ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✽✺✳ ❈❖♠♦ ❡s ❡✈✐❞❡♥t❡✱ ❧❛s r❡❣❧❛s ♣❡rt❡♥❡❝✐❡♥t❡s ❛ ❛❧❣✉♥❛s ❞❡ ❧❛s ❝❧❛s❡s

❛♥t❡r✐♦r❡s ♥♦ ♥♦s s✐r✈❡♥ ❞❡ ♥❛❞❛✳

◆♦s q✉❡❞❛ ❛❤♦r❛ ♣♦r r❡s♦❧✈❡r ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝ó♠♦ ❞❡❜❡♥ ❞❡ ❝♦♠♣♦rt❛rs❡ ❡st❛s r❡s✲

tr✐❝❝✐♦♥❡s ❝♦♥ r❡s♣❡❝t♦ ❛ ❧♦s ♦❜❥❡t♦s q✉❡ ❡♥ ❡❧❧❛ ❛♣❛r❡❝❡♥ ② ❝♦♥ r❡s♣❡❝t♦ ❛❧ t✐❡♠♣♦✱ ❡s
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❞❡❝✐r ❧❛s ❞♦s ❡♥tr❛❞❛s q✉❡ t♦♠❛♥ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ❡st❛❞♦✳ ❊♥ ❝✉❛♥t♦ ❛ ❧❛ ♣r✐♠❡r❛ ✈❛r✐❛❜❧❡

s♦st❡♥❡♠♦s q✉❡ ♥♦ ❞❡❜❡♠♦s ✐♥❝❧✉✐r ❛❧❣✉♥❛ r❡str✐❝❝✐ó♥ s♦❜r❡ ❡st❛s✱ ❡s ❞❡❝✐r✱ ❤❛❜rá ❧❡②❡s q✉❡

✐♥✈♦❧✉❝r❡♥ ✉♥ s♦❧♦ ♦❜❥❡t♦ ② ❧❡②❡s q✉❡ ✐♥✈♦❧✉❝r❡♥ ♠ás ❞❡ ✉♥♦✳ ❉✐❢❡r❡♥❝✐❛♠♦s ❛sí✿

❉❡✜♥✐❝✐ó♥ ✸✳✽✻ ✭▲❡② ❛✉tó♥♦♠❛✮✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛ ❧❡② ❡s ❛✉tó♥♦♠❛ s✐ ❧❛s ❢✉♥❝✐♦♥❡s ❞❡

❡st❛❞♦ q✉❡ s❡ r❡❧❛❝✐♦♥❛♥ s♦❧♦ s✐r✈❡♥ ✜❥❛❞♦ ❛❧❣ú♥ ♦❜❥❡t♦ x ∈ S✱ ❡s ❞❡❝✐r s❡ ❢♦r♠✉❧❛♥ s♦❧♦

❛t❡♥❞✐❡♥❞♦ ❛ ❧♦s ❡st❛❞♦s ❞❡ ✉♥ ú♥✐❝♦ ♦❜❥❡t♦ ② ✈✐♥❝✉❧❛♥ s♦❧♦ t❛❧❡s ❡st❛❞♦s✳

❉❡✜♥✐❝✐ó♥ ✸✳✽✼ ✭▲❡② ❤❡t❡ró♥♦♠❛✮✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛ ❧❡② ❡s ❤❡t❡ró♥♦♠❛ s✐ ♥♦ ❡s ❛✉tó✲

♥♦♠❛✳

❆❤♦r❛ ♥♦s q✉❡❞❛ ♣♦r ❛t❡♥❞❡r ❝ó♠♦ ❞❡❜❡♠♦s ❡♥t❡♥❞❡r ❡❧ ♣❛♣❡❧ ❞❡❧ t✐❡♠♣♦✳ ▲❛ s♦❧✉❝✐ó♥

q✉❡ ♦❢r❡❝❡♠♦s ❛q✉í ❡s q✉❡ ✉♥❛ ❧❡② ❞❡❜❡ ♠❛♥t❡♥❡rs❡ ✈✐❣❡♥t❡ ❛❧ ♠❡♥♦s ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ ❞❡

t✐❡♠♣♦ ✓s✉✜❝✐❡♥t❡♠❡♥t❡ ❛♠♣❧✐♦✔✳ ◆♦ ❝❛❜❡♥ ❧❡②❡s ✐♥st❛♥tá♥❡❛s✳ ❊♥ ❝✉❛♥t♦ ❛ ❧❛ ❡①✐st❡♥❝✐❛ ♦

♥♦ ❞❡ ❧❡②❡s ✉♥✐✈❡rs❛❧❡s ♥♦ ♥♦s ♣♦s✐❝✐♦♥❛♠♦s ❛ ♣r✐♦r✐ ❛ ❢❛✈♦r ♦ ❡♥ ❝♦♥tr❛✱ ♣❡r♦ s✐ ❡♥t❡♥❞❡♠♦s

q✉❡ ❧❛s ❧❡②❡s ♣✉❡❞❡♥ s❡r r❡s✉❧t❛❞♦s ❞❡ ❝✐❡rt❛s ❝♦♥✜❣✉r❛❝✐♦♥❡s t❡♠♣♦r❛❧❡s✱ ♣♦❞❡♠♦s ♣❡♥s❛r

q✉❡ ❡st❛s s♦❧♦ s♦♥ ✈á❧✐❞❛s s♦❧♦ ♣❛r❛ ❝✐❡rt♦s t✐❡♠♣♦s ❝♦♥❝r❡t♦s✳

P♦st✉❧❛❞♦ ✸✳✽✽ ✭❉✉r❛❜✐❧✐❞❛❞ ❞❡ ❧❛s ❧❡②❡s✮✳ ▲❛s ❧❡②❡s q✉❡ ♣❡r♠✐t❡♥ ❞❡s❝r✐❜✐r ❜✐❡♥ ❡❧

♠✉♥❞♦ s♦♥ ❧❡②❡s q✉❡ s♦♥ ✈á❧✐❞❛s ♣❛r❛ ❛❧ ♠❡♥♦s ✉♥ ✐♥t❡r✈❛❧♦ ❞❡ t✐❡♠♣♦✳

❙✐ ❥✉♥t❛♠♦s ❡st❡ ♣♦st✉❧❛❞♦ ❝♦♥ ❧❛s ❞❡✜♥✐❝✐♦♥❡s ❛♥t❡r✐♦r❡s ♣♦❞❡♠♦s ❞❛r♥♦s ❝✉❡♥t❛ ❞❡

q✉❡ ❤❡♠♦s ❡❧✐♠✐♥❛❞♦ ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ❞❡ ❧❡②❡s ❡s♣úr❡❛s q✉❡ ✈❛r✐❡♥ ❛ ❝❛❞❛ ✐♥st❛♥t❡✳

P♦st✉❧❛❞♦ ✸✳✽✾ ✭❉❡t❡r♠✐♥✐s♠♦✮✳ ❊①✐st❡♥ ❧❡②❡s ❡♥ ❡❧ ♠✉♥❞♦✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✾✵✳ ◆✉❡str♦ ♣♦st✉❧❛❞♦ ❡s ❜❛st❛♥t❡ ♠ás ❞é❜✐❧ q✉❡ ❡❧ ❞❡ ▼❛r✐♦ ❇✉♥❣❡ q✉❡

s♦st✐❡♥❡ q✉❡ t♦❞❛ ♣r♦♣✐❡❞❛❞ ❡stá r❡❧❛❝✐♦♥❛❞❛ ❝♦♥ ♦tr❛ ♠❡❞✐❛♥t❡ ✉♥❛ ❧❡②✳

❖❜s❡r✈❛❝✐ó♥ ✸✳✾✶✳ ❈♦♥s✐❞❡r❛❝✐♦♥❡s ❛♥á❧♦❣❛s ❛ ❧❛s ❛q✉í ❤❡❝❤❛s ❝❛❜❡ ❛♣❧✐❝❛r❧❛s ❛ ❧♦s ❡str♦♠❛s

② s✉s ❡s♣❛❝✐♦s ❞❡ ❡st❛❞♦s✳

✸✳❉✳ ❈❛✉s❛❧✐❞❛❞ ❡ ✐♥t❡r✈❡♥❝✐ó♥

❉❡✜♥✐❝✐ó♥ ✸✳✾✷ ✭▲❡② ✉♥í✈♦❝❛✮✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛ ❧❡② ✉♥í✈♦❝❛ s✐ ❞❡t❡r♠✐♥❛♥❞♦ ❡❧ ✈❛❧♦r

❞❡ t♦❞❛s ❧❛s ❢✉♥❝✐♦♥❡s ❞❡ ❡st❛❞♦ ♠❡♥♦s ✉♥❛✱ ♣♦❞❡♠♦s ❞❡t❡r♠✐♥❛r ❡❧ ❞❡ ❡st❛ ♣❛r❛ ❝❛❞❛ (x, t)

s♦❜r❡ ❡❧ q✉❡ s❡ ❛♣❧✐❝❛✳

❉❡✜♥✐❝✐ó♥ ✸✳✾✸✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛ ✐♥✈✐❞✐❞✉♦ s✉st❛♥❝✐❛❧ x ✐♥t❡r✈✐❡♥❡ ❡♥ ♦tr♦ y s✐ ② s♦❧♦ s✐

x � y ❡ y � x✳
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∃(s, t) ❡st❛❞♦ ❡❢❡❝t✐✈♦ ❞❡ x t❛❧ q✉❡ ❡stá r❡❧❛❝✐♦♥❛❞♦ ❧❡❣❛❧♠❡♥t❡ ❝♦♥ ✉♥❛ r❡str✐❝❝✐ó♥ ❞❡

❧♦s ❡st❛❞♦s y ♣❛r❛ ❛❧❣ú♥ t✐❡♠♣♦ t′ ≥ t✳

❊♥ t❛❧ ❝❛s♦ ❞✐r❡♠♦s q✉❡ x ✐♥t❡r✈✐❡♥❡ ❡♥ y ♠❡❞✐❛♥t❡ ❡❧ ❡st❛❞♦ (s, t)✳

❉❡✜♥✐❝✐ó♥ ✸✳✾✹✳ ❉❡❝✐♠♦s q✉❡ ✉♥❛ ✐♥✈✐❞✐❞✉♦ s✉st❛♥❝✐❛❧ x ❝❛✉s❛ ✉♥ ❡st❛❞♦ ❡♥ ♦tr♦ y s✐ ②

s♦❧♦ s✐

x ✐♥t❡r✈✐❡♥❡ ❡♥ y ❝♦♥ ✉♥ ❡st❛❞♦ (s, t)✳

▲❛ r❡str✐❝❝✐ó♥ q✉❡ ❛♣❧✐❝❛ ❡♥ y ❡s ✉♥í✈♦❝❛ ❞❛❞❛s ✉♥ ❡st❛❞♦ (s′, t)✳

❆❞❡♠ás ♣♦❞❡♠♦s ❝♦♥str✉✐r ❧❛ s✐❣✉✐❡♥t❡ ❝❛t❡❣♦rí❛ ❝♦❧♦r❡❛❞❛✿

❉❡✜♥✐❝✐ó♥ ✸✳✾✺✳ ❉❡✜♥✐♠♦s ❧❛ ❝❛t❡❣♦rí❛ ❞❡ ❞♦s ❝♦❧♦r❡s C ❞❡ ✐♥t❡r✈❡♥❝✐♦♥❡s ❝♦♠♦ ❛q✉❡❧❧❛

❢♦r♠❛❞❛ ♣♦r✳

▲❛ ❝❛t❡❣♦rí❛ ❞❡ ❡st❛❞♦s ② ❡✈❡♥t♦s r❡❛❧❡s✳

❯♥❛ ❝❛t❡❣♦rí❛ q✉❡ r❡❧❛❝✐♦♥❡ ❞♦s ❡st❛❞♦s s1 ② s2 ♠❡❞✐❛♥t❡ ✉♥ ♠♦r✜s♠♦ i : s1 → s2 s✐

② s♦❧♦ s✐ s1 ✐♥t❡r✈✐❡♥❡ ❡♥ s2✳



❈❛♣ít✉❧♦ ✹

❖♥t♦❧♦❣í❛ ② ❝❛♠❜✐♦

■✬✈❡ ♦❢t❡♥ s❡❡♥ ❛ ❝❛t ✇✐t❤♦✉t ❛ ❣r✐♥✱✬

t❤♦✉❣❤t ❆❧✐❝❡❀ ❵❜✉t ❛ ❣r✐♥ ✇✐t❤♦✉t ❛

❝❛t✦ ■t✬s t❤❡ ♠♦st ❝✉r✐♦✉s t❤✐♥❣ ■ ❡✈❡r

s❛✇ ✐♥ ❛❧❧ ♠② ❧✐❢❡✦

❆❧✐❝❡✬s ❆❞✈❡♥t✉r❡s ✐♥ ❲♦♥❞❡r❧❛♥❞

▲❡✇✐s ❈❛rr♦❧❧

❊♥ ✉♥ ❛♣é♥❞✐❝❡ ❛❧ ✜♥❛❧ ❞❡❧ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦ s❡ ❞❡✜♥❡ ❧❛ ♣r♦♣✐❡❞❛❞ ✓s❡r ❝❛♠❜✐❛♥t❡✔✱

❝♦♠♦ ❛❧❣♦ q✉❡ s❡ ❛♣❧✐❝❛ s♦❧♦ ❛ ❧♦s ♦❜❥❡t♦s✳ ❊s ♠ás✱ ❤❛st❛ ❛❤♦r❛ t♦❞♦ ❧♦ q✉❡ ❤❡♠♦s tr❛t❛❞♦ ♥♦

s♦♥ ♠ás q✉❡ ♣r♦♣✐❡❞❛❞❡s ❛♣❧✐❝❛❞❛s ❛ ❧♦s ♦❜❥❡t♦s✳ ◆♦ ♦❜st❛♥t❡ ❡♥ ✈❡r❞❛❞ ❤❡♠♦s ❡♠♣❧❡❛❞♦✱

❧♦ q✉❡r❛♠♦s ♦ ♥♦✱ ♣r♦♣✐❡❞❛❞❡s ❛♣❧✐❝❛❞❛s ❛ ♦tr♦s á♠❜✐t♦s✳ P♦r ❡❥❡♠♣❧♦ ❤❡♠♦s ❞✐❢❡r❡♥❝✐❛❞♦

❧❛s ♣r♦♣✐❛s ♣r♦♣✐❡❞❛❞❡s ❡♥ ❝✉❛❧✐t❛t✐✈❛s ② ❝✉❛♥t✐t❛t✐✈❛s✱ r❡♣r❡s❡♥t❛❜❧❡s ② ♥♦ r❡♣r❡s❡♥t❛❜❧❡s✳✳✳

❊s ♠ás✱ ❡♥ ❣❡♥❡r❛❧ ❤❡♠♦s ❞❛❞♦ ❞✐st✐♥t❛s ❝❧❛s❡s ❞❡ ❡str♦♠❛s✱ ♠♦r❢♦❧♦❣í❛s✱ ❤❡❝❤♦s✱ ❡✈❡♥t♦s✱

✳✳✳ ▲❛ ❝✉❡st✐ó♥ ❡s q✉❡ ❝❛❜❡ ❤❛❜❧❛r ❞❡ ♣r♦♣✐❡❞❛❞❡s ❡♥ ✉♥ s❡♥t✐❞♦ ♠ás ❛♠♣❧✐♦ q✉❡ ❡❧ q✉❡

❛♣❧✐❝❛ ❡st❛s s♦❧♦ ② ❡①❝❧✉s✐✈❛♠❡♥t❡ ❛ ❧♦s ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s ♦ ❛ ❧♦s ❡str♦♠❛s✳

P❛r❛ ❡♥t❡♥❞❡r ♠❡❥♦r ❡st♦ ② r❡s♣♦♥❞❡r ❛ ❧❛ ♣r❡❣✉♥t❛ ➽q✉é ❡s ❧♦ q✉❡ ❝❛♠❜✐❛❄ ❞❡s❛rr♦❧❧❛✲

♠♦s ❛q✉í ❧❛s ✐❞❡❛s ❞❡ ♦♥t♦❧♦❣í❛ ❢♦r♠❛❧ ② ♦♥t♦❧♦❣í❛ ♠❛t❡r✐❛❧✳

✹✳✶✳ ❖♥t♦❧♦❣í❛

❊❧ ♣r♦❜❧❡♠❛ ❞❡ ❧❛ ✜❧♦s♦❢í❛ ❡s q✉❡ ♥♦ s♦❧♦ ❡s ✉♥ s❛❜❡r ❞❡ s❡❣✉♥❞♦ ❣r❛❞♦ ❡♥ ❡❧ s❡♥t✐❞♦

❞❡ q✉❡ ❡st✉❞✐♦ ♦tr♦s s❛❜❡r❡s ❝♦♠♦ ❧♦s ❝✐❡♥tí✜❝♦s✱ s✐♥♦ q✉❡ ❛❞❡♠ás ❡s ✉♥ s❛❜❡r ✓❞❡ ú❧t✐♠♦

❣r❛❞♦✔✳ ❊st♦ ❡s✱ ♥♦ ❤❛② ✉♥❛ ❞✐s❝✐♣❧✐♥❛ ♣♦r ❡♥❝✐♠❛ ❞❡ ❧❛ ✜❧♦s♦❢í❛ q✉❡ ❡st✉❞✐❛ ❧❛ ✜❧♦s♦❢í❛✳

▲❛ ♠❡t❛✜❧♦s♦❢í❛ ❡s ✜❧♦s♦❢í❛✱ ♥♦ ❝❛❜❡ ♣❡♥s❛r ❡♥ ❛❧❣♦ ✓s✉♣❡r✐♦r✔ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡❧ ♥✐✈❡❧ ❞❡

❡st✉❞✐♦✳ ❆sí ♣✉❡s ❡❧ ♣r♦❜❧❡♠❛ ❞❡ q✉é ✓s✉❜❞✐s❝✐♣❧✐♥❛s✔ ❝❛❜❡ ❞✐❢❡r❡♥❝✐❛r ❡♥ ❧❛ ✜❧♦s♦❢í❛ ❡s ✉♥

✻✺



✻✻ ❈❆P❮❚❯▲❖ ✹✳ ❖◆❚❖▲❖●❮❆ ❨ ❈❆▼❇■❖

♣r♦❜❧❡♠❛ ❡♥t❡r❛♠❡♥t❡ ✜❧♦só✜❝♦✱ ✐❣✉❛❧ q✉❡ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝ó♠♦ ❝❛r❛❝t❡r✐③❛r ❛ ❡st❛✳

❆❞❡♠ás✱ ❞❛❞❛ ❧❛ ♣r❡❝❛r✐❡❞❛❞ ❝♦♥ ❧❛ q✉❡ ❝♦♥t❛♠♦s ❡♥ ✜❧♦s♦❢í❛ t❛❧❡s ❝✉❡st✐♦♥❡s ♥♦ ❡s s♦❧♦

q✉❡ s❡ ❞✐r✐♠❛♥ ❡♥ ❡❧ ❝❛♠♣♦ ❞❡ ❜❛t❛❧❧❛ ✜❧♦só✜❝♦✱ s✐♥♦ q✉❡ ❛❞❡♠ás ♣r❡s❡♥t❛♥✱ ♣♦r ♥♦r♠❛

❣❡♥❡r❛❧✱ ✉♥❛ s✐t✉❛❝✐ó♥ ❡♥ ❧❛ q✉❡ ❡❧ ❝♦♥s❡♥s♦ ♥♦ s✉❡❧❡ s❡r ❡❧ ❡st❛❞♦ ❝♦♠ú♥ ❞❡ ❧❛ s✐t✉❛❝✐ó♥✶✳

❙✐❡♥❞♦ ❡st❛ ♥✉❡str❛ s✐t✉❛❝✐ó♥ ♥♦ ❡s ❞❡ ❡①tr❛ñ❛r q✉❡ ❞❡❜❛♠♦s ♣r❡✈❡♥✐r ❛❧ ❧❡❝t♦r q✉❡ ❧❛s

❞❡✜♥✐❝✐♦♥❡s ❞❡ ♦♥t♦❧♦❣í❛ q✉❡ ❛q✉í s❡ ♣r❡s❡♥t❛♥ s♦♥ ✉♥❛ ❝❛r❛❝t❡r✐③❛❝✐ó♥ ❞❡ ❧❛ ♦♥t♦❧♦❣í❛ ❝♦♥

❧❛ q✉❡ q✉✐③á é❧ ♠✐s♠♦ ♥♦ ❝♦♥❝✉❡r❞❡ ♦ ❛❧ ♠❡♥♦s ♥♦ ❝♦♥❝✉❡r❞❡ ❝♦♥ ❧❛ ❞❡✜♥✐❝✐ó♥ ❞❡ ♠✉❝❤♦s

♦tr♦s ❛✉t♦r❡s✳

❙✐ ❛t❡♥❞❡♠♦s ❛ ❧❛ tr❛❞✐❝✐ó♥ ♥♦ ❡s ✐♥❢r❡❝✉❡♥t❡ ❡♥❝♦♥tr❛r♥♦s ❝♦♥ ❞❡✜♥✐❝✐♦♥❡s ❞❡ ❧❛ ♦♥t♦✲

❧♦❣í❛ ❝♦♠♦ ❡❧ s❛❜❡r q✉❡ s❡ ❡♥❝❛r❣❛ ❞❡ ❞✐r✐♠✐r q✉é ❡s ❧♦ q✉❡ ❡①✐st❡ ❬✶✾❪✳ ❊❧ ♣r♦❜❧❡♠❛ ❞❡ t❛❧

❞❡✜♥✐❝✐ó♥ ❡s ❡✈✐❞❡♥t❡✱ ♣✉❡st♦ q✉❡ ♣❧❛♥t❡❛ q✉❡ ❡①✐st❡ ✉♥ ú♥✐❝♦ s❛❜❡r q✉❡ s❡ ❡♥❝❛r❣❛ ❞❡ t❛❧❡s

❝✉❡st✐♦♥❡s✳ P❡r♦ ❡s q✉❡ ❡s❛ s✐t✉❛❝✐ó♥ ♥♦ ❡①✐st❡ ♥✐ s❡ ❤❛ ❞❛❞♦ ♥✉♥❝❛✳ ▲♦s q✉í♠✐❝♦s ♥♦s ❞✐❝❡♥

q✉❡ ❡❧❡♠❡♥t♦s q✉í♠✐❝♦s ❡①✐st❡♥✱ ❧♦s ♠❛t❡♠át✐❝♦s q✉é s♦❧✉❝✐♦♥❡s ♣r❡s❡♥t❛ ✉♥ ♣r♦❜❧❡♠❛✱ ✳✳✳

▲❛s ♣r❡❣✉♥t❛s ❞❡ ❡①✐st❡♥❝✐❛ s♦♥ ❤❛❜✐t✉❛❧❡s ❡♥ ❧❛s ❝✐❡♥❝✐❛s ② ❡♥ ♦tr❛s ❞✐s❝✐♣❧✐♥❛s✳

◆♦ ♦❜st❛♥t❡ ❧❛ ♣r❡❣✉♥t❛ ♥♦ ❛♥❞❛ ♠❛❧ ❞❡s❡♥❝❛♠✐♥❛❞❛✱ ♣❡r♦ ♣❛rt❡ ❞❡ ❧♦ q✉❡ ♣❛r❛ ♥♦s♦tr♦s

s♦♥ ❞♦s ❡rr♦r❡s✳ ❊❧ ♣r✐♠❡r♦ s❡rí❛ ♣❡♥s❛r q✉❡ ❧❛ ❡①✐st❡♥❝✐❛ s❡ ❞✐❝❡ ❞❡ ✉♥❛ ú♥✐❝❛ ❢♦r♠❛ ② q✉❡

❤❛② ❛❧❣✉♥❛ ❢♦r♠❛ ♠ás ♦ ♠❡♥♦s ❝♦♠ú♥ ❞❡ ❡①✐st✐r✳ ❊❧ s❡❣✉♥❞♦✱ ♠✉❝❤♦ ♠ás ♣❡❧✐❣r♦s♦✱ ❡stá ❡♥

❡♥t❡♥❞❡r q✉❡ ❧❛ ♦♥t♦❧♦❣í❛ tr❛t❛ ❡♥ ❣❡♥❡r❛❧ ❞❡ ✐♥❞✐✈✐❞✉♦s✳ ◆♦✱ ❡s❡ ♥♦ ❡s ❡❧ ❝❛s♦✳ ▲❛ ♦♥t♦❧♦❣í❛

r❡s♣♦♥❞❡ ♣r✐♠❡r❛♠❡♥t❡ ♣r❡❣✉♥t❛s s♦❜r❡ q✉é ❝❧❛s❡ ❞❡ ✐♥❞✐✈✐❞✉♦s ❡①✐st❡♥✳ ❆sí ❝❛❜❡ ♣❡♥s❛r

q✉❡ ❡♥tr❛r ❡♥ ❡st❡ ♠❛r❝♦ ❧♦s ❞❡❜❛t❡s q✉❡ ❡s ❤❛❜✐t✉❛❧ ❝❛❧✐✜❝❛r ❞❡ ♦♥t♦❧ó❣✐❝♦s ❝♦♠♦ s♦❜r❡ s✐

❧♦ q✉❡ ❡①✐st❡♥ s♦♥ s♦❧♦ ✐♥❞✐✈✐❞✉♦s ♦ ❡①✐st❡♥ ✉♥✐✈❡rs❛❧❡s✱ s✐ ❡①✐st❡♥ ❧♦s ❡♥t❡s ♠❛t❡♠át✐❝♦s✱

s✐ ❡①✐st❡♥ ❧❛s ♥❡❣❛❝✐♦♥❡s✱ s✐ ❡①✐st❡ ❧❛s ♠❡♥t❡s ❝♦♠♦ ❛❧❣♦ s❡♣❛r❛❞♦ ❞❡ ❧♦s ❝✉❡r♣♦s✱ ✳✳✳

❆❤♦r❛ ❜✐❡♥✱ ➽❝ó♠♦ ✐♥t❡r♣r❡t❛r ❞❡s❞❡ ❡st❛ ✐❞❡❛ ❞❡ ♦♥t♦❧♦❣í❛ ♣r❡❣✉♥t❛s q✉❡ t❛♠❜✐é♥ s❡

❛s♦❝✐❛♥ ❛ ❡st❛ ❞✐s❝✐♣❧✐♥❛ ② q✉❡ ❤❛❜❧❛♥ ❞❡ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛ ú♥✐❝❛ ❝♦s❛❄ ➽❝ó♠♦ ✐♥t❡r♣r❡t❛♠♦s

❝♦♠♦ ♦♥t♦❧ó❣✐❝❛✱ ❜❛❥♦ ♥✉❡str❛ ✐❞❡❛ ❞❡ ♦♥t♦❧♦❣í❛✱ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡❧ ♠✉♥❞♦

❡①t❡r♥♦ ♦ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ❉✐♦s❄ ◆✉❡str❛ r❡s♣✉❡st❛ ❡s✱ ♣♦r ❞❡❝❡♣❝✐♦♥❛♥t❡

q✉❡ ♣✉❡❞❛ r❡s✉❧t❛r✱ q✉❡ ♥♦ s♦♥ ♣r♦❜❧❡♠❛s ♦♥t♦❧ó❣✐❝♦s✳ P❡r♦ ♥♦ ❤❛② ❞❡ q✉é ♣r❡♦❝✉♣❛rs❡✱ s♦♥

♣r♦❜❧❡♠❛s ✜❧♦só✜❝♦s ② r❛❝✐♦♥❛❧❡s s♦❧♦ q✉❡ ❞❡ ♦tr❛ ❞✐s❝✐♣❧✐♥❛ ❛ ❧❛ q✉❡ ❧❧❛♠❛♠♦s ♠❡t❛❢ís✐❝❛ ②

q✉❡ ❞❡✜♥✐♠♦s ❝♦♠♦ ❛q✉❡❧❧❛ q✉❡ ✐♥t❡♥t❛ r❡s♦❧✈❡r t♦❞♦s ❧♦s ❥✉✐❝✐♦s ❞❡ ❡①✐st❡♥❝✐❛ ♣❛rt✐❝✉❧❛r❡s

q✉❡ ♥♦ s❡ ♣✉❡❞❡♥ r❡s♦❧✈❡r ♠❡❞✐❛♥t❡ ❧❛s ❝✐❡♥❝✐❛s✱ té❝♥✐❝❛s ② ❞✐s❝✐♣❧✐♥❛s ♥♦ ✜❧♦só✜❝❛s✳

❚❛♥t♦ ❧❛ ❝♦♥❝❡♣❝✐ó♥ ❞❡ ♦♥t♦❧♦❣í❛ q✉❡ ❤❡♠♦s ♣r❡s❡♥t❛❞♦ ❝♦♠♦ ❧❛ ❝♦♥❝❡♣❝✐ó♥ ❞❡ ♠❡t❛❢í✲

s✐❝❛ ❛♣❛r❡❝❡♥ ❡♥ ❧❛ tr❛❞✐❝✐ó♥ ✜❧♦só✜❝❛✱ ❡♥ ♣❛rt✐❝✉❧❛r t❛❧❡s ❝♦♥❝❡♣❝✐♦♥❡s ❤❛♥ s✐❞♦ ❞❡❢❡♥❞✐❞❛s

♣♦r ❛✉t♦r❡s ❝♦♠♦ ❘♦♠❛♥ ■♥❣❛r❞❡♥ ✭❬✶✵❪✮✳

✶❈♦♥ t♦❞♦✱ ❧❛ ❤✐st♦r✐❛ ❞❡ ❧❛ ✜❧♦s♦❢í❛ ♥♦ ❡s ❡❧ s❛♥❣r✐❡♥t♦ ❝♦❧✐s❡♦ q✉❡ ❛ ✈❡❝❡s ♥♦s q✉✐❡r❡♥ ♣r❡s❡♥t❛r✳

❚❛♠♣♦❝♦ ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ♦ ❧❛s t❡♦rí❛s ✜❧♦só✜❝❛s s♦♥ ❡s♣❡❝✉❧❛❝✐♦♥❡s ❣r❛t✉✐t❛s ② s✐♥ ❢✉♥❞❛♠❡♥t♦ ❝♦♠♦

t❛♠❜✐é♥ s❡ ❞❛ ❛ ❡♥t❡♥❞❡r ♣♦r ♠✉❝❤♦s ❛✉t♦r❡s✳
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❱♦❧✈✐❡♥❞♦ ❛ ❧❛ ♦♥t♦❧♦❣í❛✱ ❡st❛ s❡ ♥♦s ♣r❡s❡♥t❛ ❝♦♠♦ ❧❛ r❛♠❛ ❞❡ ❧❛ ✜❧♦s♦❢í❛ ❝✉②❛ ✜♥❛❧✐❞❛❞

❡s ❞❡t❡r♠✐♥❛r ❝✉á❧❡s s♦♥ ❧❛s ❢♦r♠❛s ♦ ❝❛t❡❣♦rí❛s ú❧t✐♠❛s ② ♠ás ❣❡♥❡r❛❧❡s ❞❡ ❧♦ q✉❡ ❡①✐st❡✳

P❛r❛ r❡s♦❧✈❡r t❛❧ ✜♥ ❝r❡❡♠♦s q✉❡ ❡s ♥❡❝❡s❛r✐♦ ❞✐st✐♥❣✐r ❞♦s ❢♦r♠❛s ❞❡ ❛❣r✉♣❛r ♦ ❝❧❛s✐✜❝❛r

❧♦s ❡♥t❡s✳ ❊st♦s ♣✉❡❞❡ s❡r ❝❧❛s✐✜❝❛❞♦s ✓❢♦r♠❛❧♠❡♥t❡✔ ♦ ✓♠❛t❡r✐❛❧♠❡♥t❡✔✱ ❞❛♥❞♦ ❛sí ❧✉❣❛r ❛

❧❛s ❖♥t♦❧♦❣í❛s ❢♦r♠❛❧❡s ② ❖♥t♦❧♦❣í❛s ❢♦r♠❛❧❡s r❡s♣❡❝t✐✈❛♠❡♥t❡✳ ❊❧ ❧❡❝t♦r ♣✉❡❞❡ ❛❧③❛r ❛❤♦r❛

❧❛ ✈♦③ ❝♦♥tr❛ ❡❧ ❡♠♣❧❡♦ ❞❡ ❡st❛s ❞♦s ♥♦❝✐♦♥❡s✱ ♣❡r♦ ❛❞✈❡rt✐♠♦s q✉❡ s❡rá♥ ❡①♣❧✐❝❛❞❛s ♠ás

❛❞❡❧❛♥t❡ ② s❡ ✉t✐❧✐③❛♥ ❡♥ ✉♥ s❡♥t✐❞♦ ❛❥❡♥♦ ❛ ❧❛s ✐❞❡❛s ❞❡ ♠❛t❡r✐❛ ② ❢♦r♠❛ ✉s❛❞❛s ❤❛st❛

❛❤♦r❛✳

❆♥t❡s ❞❡ ♣❛s❛r ❛ ❡st❛s ❞♦s ✐❞❡❛s ❞❡✜♥✐♠♦s q✉é ❡s ✉♥❛ ♦♥t♦❧♦❣í❛ ❞❡ ❢♦r♠❛ ♠ás ♦ ♠❡♥♦s

♣r❡❝✐s❛ ♠❡❞✐❛♥t❡ ❧❛ s✐❣✉✐❡♥t❡ ❞❡✜♥✐❝✐ó♥ q✉❡ ❛♣❛r❡❝❡ ❡♥ ❬✷✼❪✿

Ps❡✉❞♦❞❡✜♥✐❝✐ó♥ ✹✳✶ ✭❖♥t♦❧♦❣í❛✮✳ ❯♥❛ ♦♥t♦❧♦❣í❛ ❡s ✉♥❛ t❡♦rí❛ q✉❡ ❝♦♥t✐❡♥❡ ✉♥ ❝♦♥✲

❥✉♥t♦ ✜♥✐t♦ ♦r❞❡♥❛❞♦ ❝♦♥ ♠á①✐♠♦ ❝✉②♦s ❡❧❡♠❡♥t♦s ♣r❡t❡♥❞❡♥ ❞❡s✐❣♥❛r ✉♥✐✈❡rs❛❧❡s ♦ ❝❧❛s❡s

❞❡✜♥✐❞❛s✳

Ps❡✉❞♦❞❡✜♥✐❝✐ó♥ ✹✳✷ ✭❯♥✐✈❡rs❛❧✮✳ ❚ér♠✐♥♦ ❣❡♥❡r❛❧ q✉❡ t✐❡♥❡ ♦ ❤❛ t❡♥✐❞♦ ❛❧❣ú♥ r❡❢❡✲

r❡♥t❡✱ ❡s ♥❡❝❡s❛r✐♦ ♣❛r❛ ❢♦r♠✉❧❛r ❧❡②❡s ❝✐❡♥tí✜❝❛s✱ ♥♦ s❡ ♣✉❡❞❡ ❝♦♠♣♦♥❡r ❛ tr❛✈és ❞❡ ♦tr♦s

② ♣✉❡❞❡ ♣r❡s❡♥t❛r ♠ás ❞❡ ✉♥ ❡❧❡♠❡♥t♦ ❝♦♠♦ ♠✐❡♠❜r♦✳

Ps❡✉❞♦❞❡✜♥✐❝✐ó♥ ✹✳✸ ✭❈❧❛s❡ ❞❡✜♥✐❞❛✮✳ ❈✉❛❧q✉✐❡r tér♠✐♥♦ ❣❡♥❡r❛❧ ♦❜t❡♥✐❞♦ ❝♦♠♦ ✐♥✲

t❡rs❡❝❝✐ó♥ ♦ ✉♥✐ó♥ ❞❡ ✉♥✐✈❡rs❛❧❡s✳

❊❥❡♠♣❧♦ ✹✳✹✳ ❯♥ ❡❥❡♠♣❧♦ ❞❡ ✉♥✐✈❡rs❛❧ ♣✉❡❞❡♥ s❡r ✓➪t♦♠♦s ❞❡ ❤✐❞ró❣❡♥♦✔✱ ✓❧❡♣t♦♥❡s✔✱

✓❤♦♠♦ s❛♣✐❡♥s✔✱ ✳✳✳ ❊❥❡♠♣❧♦s ❞❡ ❝❧❛s❡s ❞❡✜♥✐❞❛s s♦♥ ✓♠♦❧é❝✉❧❛s ❞❡ ❤✐❞ró❣❡♥♦ ❡♥ ❡st❡

r❡❝✐♣✐❡♥t❡✔ ♦ ✓❡❧❡❝tr♦♥❡s q✉❡ ❡stá♥ ❡♥ ❧❛ t✐❡rr❛✔✳

✹✳✶✳✶✳ ❖♥t♦❧♦❣í❛ ❢♦r♠❛❧

▲❛ ✐❞❡❛ ❞❡ ❖♥t♦❧♦❣í❛ ❢♦r♠❛❧ ❡♥ ❡❧ s❡♥t✐❞♦ q✉❡ ❛q✉í ♦❢r❡❝❡♠♦s ❛♣❛r❡❝❡ ♣♦r ♣r✐♠❡r❛ ✈❡③

❞❡ ❢♦r♠❛ ❡①♣❧í❝✐t❛ ❡♥ ❍✉ss❡r❧ ✭❬✽❪✮✳ ❊♥ ❣❡♥❡r❛❧✱ ❧♦s ❛✉t♦r❡s q✉❡ ❤❛♥ s❡❣✉✐❞♦ ✐❞❡❛s ♣❛r❡❝✐❞❛s

❤❛♥ ✈❡♥✐❞♦ ❞❡ ❧❛ tr❛❞✐❝✐ó♥ ❢❡♥♦♠❡♥♦❧ó❣✐❝❛ ❞❡ ❛❧❣✉♥❛ ❢♦r♠❛✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ t❛♥t♦ ❘♦♠❛♥

■♥❣❛r❞❡♥ ✭❬✶✶❪✮ ❝♦♠♦ ❇❛rr② ❙♠✐t❤ ✭❬✷✼❪✮ ❤❛♥ s✐❞♦ ❡st✉❞✐♦s♦s ❞❡ ❧❛ ♦❜r❛ ❞❡ ❍✉ss❡r❧ ② ❤❛♥

❞❡s❛rr♦❧❧❛❞♦ ❛ ♥✐✈❡❧❡s ♠✉❝❤♦ ♠ás ♣r♦❢✉♥❞♦s ② r✐❣✉r♦s♦s ❧❛ ♥♦❝✐ó♥ ❞❡ ❖♥t♦❧♦❣í❛ ❢♦r♠❛❧ ❞❡❧

✜❧ós♦❢♦ ❛❧❡♠á♥✳

▲❛ ✐❞❡❛ ♣r✐♥❝✐♣❛❧ ❞❡trás ❞❡❧ tér♠✐♥♦ ❖♥t♦❧♦❣í❛ ❢♦r♠❛❧ ❡s q✉❡ ❧❛ t❛①♦♥♦♠í❛ q✉❡ ♣r❡s❡♥t❛♥

❡st❛s ❝❧❛s❡s ❞❡ ♦♥t♦❧♦❣í❛ ❞❡❜❡ s❡r ✉♥❛ ❡♥ ❧❛ q✉❡ ❧♦s tér♠✐♥♦s ❣❡♥❡r❛❧❡s q✉❡ s❡ r❡❧❛❝✐♦♥❛♥ s♦♥

✓❢♦r♠❛❧❡s✔✳ ➽❨ q✉é s✐❣♥✐✜❝❛ ❛q✉í ❢♦r♠❛❧❄ P✉❡s ❜✐❡♥ ❢♦r♠❛❧ ❡s ❛q✉❡❧❧♦ q✉❡ ❡s ✓♥❡✉tr❛❧ ❡♥

❡❧ ❞♦♠✐♥✐♦✔✱ ❡s ❞❡❝✐r✱ ❛q✉❡❧❧♦ q✉❡ ♥♦ s❡ ❝✐r❝✉♥s❝r✐❜❡ ❛ ✉♥ ú♥✐❝♦ ❞♦♠✐♥✐♦ ❞❡ ♦❜❥❡t♦s ❞❛❞♦s

♣♦r ❛❧❣✉♥❛ ❝✐❡♥❝✐❛ ♣❛rt✐❝✉❧❛r✳ ❊s ❞❡❝✐r✱ ❧❛s ❢♦r♠❛s ♦ ❝❛t❡❣♦rí❛s ❡♥t❡♥❞✐❞❛s ❝♦♠♦ ❛q✉❡❧❧♦s



✻✽ ❈❆P❮❚❯▲❖ ✹✳ ❖◆❚❖▲❖●❮❆ ❨ ❈❆▼❇■❖

❣é♥❡r♦s ♠á①✐♠♦s q✉❡ ❛♣❛r❡❝❡♥ ❡♥ ❝✉❛❧q✉✐❡r ❞♦♠✐♥✐♦ ❝♦♥❝r❡t♦✳ ❊♥ ♣❛rt✐❝✉❧❛r ❧❛ ♦♥t♦❧♦❣í❛

❢♦r♠❛❧ q✉❡ ❛q✉í ♣r♦♣♦♥❡♠♦s ✈❡♥❞rí❛ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❡❧ ❞✐❛❣r❛♠❛ q✉❡ r❡♣r❡s❡♥t❛♠♦s ❡♥

❧❛ ❋✐❣✉r❛ ✹✳✶✳✶✳

❋✐❣✉r❛ ✹✳✶✳✶✿ ❈❛t❡❣♦rí❛s ❞❡ ✉♥❛ ❖♥t♦❧♦❣í❛ ❢♦r♠❛❧

▲❛ ✐❞❡❛ ♣r✐♥❝✐♣❛❧ ❡s q✉❡ ❧♦ q✉❡ ❡①✐st❡ t♦♠❛ ❛❧❣✉♥❛ ❞❡ ❧❛s s✐❣✉✐❡♥t❡s ❢♦r♠❛s ❣❡♥❡r❛❧❡s✿

❊s ✉♥ ♦❜❥❡t♦✱ ❡♥t❡♥❞✐❞♦ ❝♦♠♦ ❛q✉❡❧❧♦s ❡♥t❡s q✉❡ ❡①✐st❡♥ ❞❡ ❛❧❣✉♥❛ ❢♦r♠❛ ♣♦r sí ♠✐s✲

♠♦s✳ ❊♥ ❡st❛ ❝❛t❡❣♦rí❛ ❡♥tr❛rí❛♥ ❧♦s ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s✱ ❧♦s t♦❞♦s ② ❧♦s ❡str♦♠❛s✳

❙♦♥ ❝❛r❛❝t❡r✐③❛♥t❡s✱ ❡s ❞❡❝✐r s✉ ❢✉♥❝✐ó♥ ❡s ❞✐❢❡r❡♥❝✐❛r ❡ ✐❞❡♥t✐✜❝❛r ❛ ❧♦s ♦❜❥❡t♦s✱ ②❛

s❡❛ ❞✐r❡❝t❛♠❡♥t❡ ♦ ❛ tr❛✈és ❞❡ ❧❛s ♣r♦♣❡✐❞❛❞❡s ❝♦♠♦ s♦♥ ❧♦s ❡s♣❛❝✐♦s ❞❡ ❡st❛❞♦s ② ❧❛s

❧❡②❡s✳

❖❝✉rr❡♥t❡s✱ q✉❡ s♦♥ ❡♥t❡s q✉❡ ♣♦❞❡♠♦s ❡♥t❡♥❞❡r ❝♦♠♦ ❞✐♠❡♥s✐♦♥❡s ♦ ❢r❛❣♠❡♥t♦s ❞❡

❧♦s ♦❜❥❡t♦s✳ ❊♥ ❝♦♥❝r❡t♦✱ ❡st♦s ♣✉❡❞❡♥ ❝❧❛s✐✜❝❛rs❡ ❛t❡♥❞✐❡♥❞♦ ❛ q✉❡ ❡♥ ❝❛s♦ ❞❡ ❡①✐st✐r

s❡ ❞❛♥ ❡♥ ✉♥ ✐♥st❛♥t❡ ♦ r❡q✉✐❡r❡♥ ❞❡ ❛❧❣♦ ♠ás✳

❚♦❞♦s ❡st♦s ❡❧❡♠❡♥t♦s ❧♦s ❛♥❛❧✐③❛r❡♠♦s ❡♥ ❧❛ s❡❝❝✐ó♥ s✐❣✉✐❡♥t❡ ❞❡ ❢♦r♠❛ ♠ás ❡❧❛❜♦r❛❞❛ ②

❛t❡♥❞✐❡♥❞♦ ❛ ❧❛ ✐❞❡❛ ❞❡ ❝❛♠❜✐♦✳ ❊♥ ❧♦ q✉❡ q✉❡❞❛ ❞❡ ❡st❛ s✉❜s❡❝❝✐ó♥ ♥✉❡str♦ ♦❜❥❡t✐✈♦ ❡s ♠ás

❜✐❡♥ ✐♥t❡♥t❛r ❡♥t❡♥❞❡r ♠❡❥♦r ❧❛ ✐❞❡❛ ❞❡ ♣r♦♣✐❡❞❛❞ ❡♥ s✉ s❡♥t✐❞♦ ❣❡♥ér✐❝♦✳ ▲❛s ♣r♦♣✐❡❞❛❞ s♦♥

❝❛r❛❝t❡r✐③❛♥t❡s✱ ♣❡r♦ ♣♦❞❡♠♦s ♣❡♥s❛r ❡♥ ♣r♦♣✐❡❞❛❞❡s q✉❡ ❝❛r❛❝t❡r✐③❛♥ ♦tr♦s ❡❧❡♠❡♥t♦s✳ ❊♥

♣❛rt✐❝✉❧❛r ❞✐r❡♠♦s q✉❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❝❛r❛❝t❡r✐③❛♥ ❝✉❛❧q✉✐❡r t✐♣♦ ❞❡ ❡♥t❡ ❡♥ ♣❛rt✐❝✉❧❛r ②

t♦♠❛r❡♠♦s ✉♥ s❡♥t✐❞♦ s✉♠❛♠❡♥t❡ ❛❜str❛❝t♦ ② ✈❛❣♦ ❞❡ ❡st❛s✳ P❡❞✐r❡♠♦s s✐♠♣❧❡♠❡♥t❡ q✉❡

❞❛❞❛ ✉♥❛ ♣r♦♣✐❡❞❛❞ ❤❛②❛ ❡♥t❡s s♦❜r❡ ❧♦s q✉❡ s❡ ❛♣❧✐❝❛ ② s❡ ♣✉❡❞❛ ❞❡t❡r♠✐♥❛r ❞❡ ❢♦r♠❛ ♠ás

♦ ♠❡♥♦s r❛③♦♥❛❜❧❡ ❝✉❛♥❞♦ s❡ ♣✉❡❞❡ ♣r❡❞✐❝❛r ② ❝✉❛♥❞♦ ♥♦✳
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✹✳✶✳✷✳ ❖♥t♦❧♦❣í❛ ♠❛t❡r✐❛❧

❯♥❛ ♦♥t♦❧♦❣í❛ ♠❛t❡r✐❛❧ ❡s ❛q✉❡❧❧❛ q✉❡ s❡ ❢♦r♠✉❧❛✱ ❛ ❞✐❢❡r❡♥❝✐❛ ❞❡ ❧❛ ♦♥t♦❧♦❣í❛ ❢♦r♠❛❧✱

✉t✐❧✐③❛♥❞♦ tér♠✐♥♦s ❣❡♥❡r❛❧❡s q✉❡ ✈✐❡♥❡♥ ❞❡t❡r♠✐♥❛❞♦s ♣♦r ❝✉❡st✐♦♥❡s ♣r♦♣✐❛s ❞❡ ✉♥ ❞♦✲

♠✐♥✐♦ ❞❡ ♦❜❥❡t♦s✳ ❊s ❞❡❝✐r✱ ❛q✉í ❡st❛rí❛♠♦s ♥♦ ❞✐❢❡r❡♥❝✐❛♥❞♦ ❧❛s ❝♦s❛s ♣♦r ♣r♦♣✐❡❞❛❞❡s ♦

❢♦r♠❛s ❣❡♥❡r❛❧ís✐♠❛s✱ s✐♥♦ ♠ás ❜✐❡♥ ♣♦r ❧❛ ❝❛t❡❣♦rí❛ ❝✐❡♥tí✜❝❛ ♦ ❞❡ ♦tr❛ í♥❞♦❧❡ ❡♥ ❧❛ q✉❡

♥♦s ♠♦✈❡♠♦s✳

P♦r ❡❥❡♠♣❧♦ ♣♦❞❡♠♦s ♣❡♥s❛r q✉❡ ❡①✐st❡ ✉♥❛ ♦♥t♦❧♦❣í❛ ♠❛t❡r✐❛❧ ❡♥ ❧❛ q✉❡ s❡ ♠✉❡str❛♥

❧♦s ❞✐✈❡rs♦s ♥✐✈❡❧❡s ❞❡ ❧❛ r❡❛❧✐❞❛❞ q✉❡ ✈❛♥ ♠♦str❛♥❞♦ ❧❛s ❝✐❡♥❝✐❛s ② ❝ó♠♦ ❡st♦s ❞✐st✐♥t♦s

♥✐✈❡❧❡s s❡ r❡❧❛❝✐♦♥❛♥ ✉♥♦s ❝♦♥ ♦tr♦s✳ ❚❛♠❜✐é♥ ♣♦❞rí❛♠♦s ❤❛❜❧❛r ❞❡ ♦♥t♦❧♦❣í❛s q✉❡ t❡♥❣❛♥ ❡♥

❝✉❡♥t❛ ❞✐✈✐s✐♦♥❡s ♠ás ✜♥❛s ② ❝❛t❡❣♦rí❛s ♥♦ ❝✐❡♥tí✜❝❛s✱ ♣♦r ❡❥❡♠♣❧♦ ❧❛s ❝❛t❡❣♦rí❛s ❛rtíst✐❝❛s✱

❥✉rí❞✐❝❛s✳ ♠✐❧✐t❛r❡s✱ té❝♥✐❝❛s✱ ✳✳✳ P❡r♦ ❝❧❛r♦✱ s✐❡♠♣r❡ ❛t❡♥❞✐❡♥❞♦ ❛ ❧♦s ❞✐✈❡rs♦s ♠❛t❡r✐❛❧❡s

q✉❡ s❡ ❞❛♥ ❡♥ ❡st❛s✳

❉❡❜❡♠♦s t❛♠❜✐é♥ ❝♦♠❡♥t❛r ❝ó♠♦ ❡st❛s ❝❛t❡❣♦rí❛s s❡ ❝♦♠❜✐♥❛♥ ❝♦♥ ❧❛s ❢♦r♠❛❧❡s✳ ❙✐

❝♦❣❡♠♦s✱ ♣♦r ❡❥❡♠♣❧♦✱ ❡❧ ❞♦♠✐♥✐♦ ❞❡ ❧♦s s❡r❡s ✈✐✈♦s ♣♦❞❡♠♦s ❝❧❛s✐✜❝❛r t♦❞♦s ❧♦s tér♠✐♥♦s

❡♠♣❧❡❛❞♦s ❡♥ ❧❛s ❝✐❡♥❝✐❛s ❜✐♦❧ó❣✐❝❛s ❞❡ ❢♦r♠❛ t❛❧ q✉❡ q✉❡❞❡ ❝❛❞❛ ✉♥♦ ❡♥ ❛❧❣✉♥♦ ❞❡ ❧♦s

❡❧❡♠❡♥t♦s ❞❡ ❧❛ ♦♥t♦❧♦❣í❛ ❢♦r♠❛❧✳ ❊s ❞❡❝✐r✱ ♣♦❞r❡♠♦s ❡♥t❡♥❞❡r ❛ ❧♦s s❡r❡s ✈✐✈♦s ♣♦r ❡❥❡♠♣❧♦

❝♦♠♦ ❡str♦♠❛s✱ ❧❛ ✈✐❞❛ ❝♦♠♦ ✉♥❛ ♣r♦♣✐❡❞❛❞✱ ❧❛ ❞✐❣❡st✐ó♥ ❝♦♠♦ ✉♥ ♣r♦❝❡s♦✱ ✳✳✳

✹✳✷✳ ❊❧ ❝❛♠❜✐♦ ❡♥ ❧❛ ♦♥t♦❧♦❣í❛ ❢♦r♠❛❧

❍❛❜✐❡♥❞♦ ✈✐st♦ q✉é ❡♥t❡♥❞❡♠♦s ♣♦r ♦♥t♦❧♦❣í❛ ② s♦❜r❡t♦❞♦ q✉é ❡♥t❡♥❞❡♠♦s ♣♦r ♦♥t♦❧♦❣í❛

❢♦r♠❛❧ ♣♦❞❡♠♦s ❛❤♦r❛ ❛❢r♦♥t❛r ♠❡❥♦r ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❝ó♠♦ ❛♣❧✐❝❛r ❡❧ ❝❛♠❜✐♦ ❡♥ ❝❛❞❛ ✉♥♦ ❞❡

❞✐❝❤♦s ❡❧❡♠❡♥t♦s✳ ❚❛♠❜✐é♥ ❤❡♠♦s ✈✐st♦ ❝✉á❧ ❡s ❡❧ ♠♦❞❡❧♦ q✉❡ ❛q✉í ♦❢r❡❝❡♠♦s ❞❡ ♦♥t♦❧♦❣í❛

❢♦r♠❛❧✳ ▲♦ q✉❡ ♥♦s q✉❡❞❛ ♣♦r ❤❛❝❡r ❡s ✐r ❝❛s♦ ♣♦r ❝❛s♦ ❛♥❛❧✐③❛♥❞♦ s✐ ❝❛❜❡ ♦ ♥♦ ♣r❡❞✐❝❛r ❡❧

❝❛♠❜✐♦ ♣❛r❛ ❧♦s ❞✐st✐♥t♦s ✉♥✐✈❡rs❛❧❡s q✉❡ ❛♣❛r❡❝❡ ❡♥ ❞✐❝❤♦ ♠♦❞❡❧♦ ❞❡ ♦♥t♦❧♦❣í❛ ❢♦r♠❛❧✳

❊stá ❝❧❛r♦ q✉❡ ❡❧ ❝❛♠❜✐♦ s❡ ♣✉❡❞❡ ♣r❡❞✐❝❛r ❞❡ ❧♦s ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s✱ ❜❛st❛ t♦♠❛r

❧❛ ✐❞❡❛ ✈✐st❛ ❡♥ ✶✳✽✷✳ ▲♦ q✉❡ ♥♦ ♣♦❞❡♠♦s ❞❡❝✐r ❞❡ ❡❧❧♦ ❡s q✉❡ s❡ ♣✉❡❞❛♥ ❞❡str✉✐r✳

▲♦s t♦❞♦s ❡♥t❡♥❞✐❞♦s ❝♦♠♦ ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s ❡♥ ✉♥❛ s✐t✉❛❝✐ó♥ ❡♥ ❧❛ q✉❡ t✐❡♥❡♥

✉♥❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡ ♣✉❡❞❡♥ ❝❛♠❜✐❛r s✐ ❡♥t❡♥❞❡♠♦s ❡st♦ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ q✉❡

✈❛rí❛ ❛❧❣✉♥❛ ♣r♦♣✐❡❞❛❞ ♣❡r♦ s❡ ♠❛♥t❡♥❣❛ ❧❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡✳ ❚❛♠❜✐é♥ ♣✉❡❞❡♥

s❡r ❞❡str✉✐❞♦s✳

▲♦s ❡str♦♠❛s ♣✉❡❞❡♥ ❝❛♠❜✐❛r ② s❡r ❞❡str✉✐❞♦s✳

▲❛s ♣r♦♣✐❡❞❛❞❡s ♥♦ ♣✉❡❞❡♥ ❝❛♠❜✐❛r✱ ♣♦❞rí❛♠♦s ❝♦♠♦ ♠✉❝❤♦ s✉♣♦♥❡r q✉❡ ❝❛♠❜✐❛♥ s✐

✈❛r✐❛s❡♥ s✉s ❝♦♥❞✐❝✐♦♥❡s ❞❡ ❛♣❧✐❝❛❜✐❧✐❞❛❞ ❡♥ ❝❛s♦ ❞❡ s❡r r❡♣r❡s❡♥t❛❜❧❡s ❢✉❡rt❡s✱ ♣❡r♦
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❤❡♠♦s s✉♣✉❡st♦ q✉❡ ❡s❡ ♥♦ ❡s ❡❧ ❝❛s♦ ❡♥ ❧❛ ♦❜s❡r✈❛❝✐ó♥ ✶✳✸✾✳

▲❛s ❧❡②❡s ❝♦♠♦ t❛❧❡s ♥♦ ♣✉❡❞❡♥ ❝❛♠❜✐❛r✳ ❈♦♠♦ ♠✉❝❤♦ ♣♦❞❡♠♦s ❞❡❝✐r q✉❡ ❝❛♠❜✐❡♥

❡♥ ❧❛ ♠❡❞✐❞❛ q✉❡ s❡ ❛♣❧✐q✉❡♥ ❡♥ ✉♥ t✐❡♠♣♦ ② ❞❡❥❛♥ ❞❡ ❛♣❧✐❝❛rs❡ ❡♥ ♦tr♦✱ ♣❡r♦ ❡st♦

❡s ♠ás ❜✐❡♥ ❧❛ ✐❞❡❛ ❞❡ q✉❡ ♣✉❡❞❡♥ s❡r ❞❡str✉✐❞❛s ❝♦♠♦ ❢❡♥ó♠❡♥♦s q✉❡ ❡♠❡r❣❡♥ ❞❡

❝♦♥❞✐❝✐♦♥❡s ❞❡t❡r♠✐♥❛❞❛s✳ ▲♦ q✉❡ ♥♦ ♣✉❡❞❡ s❡r ❡s q✉❡ ❧❛ ❢♦r♠✉❧❛❝✐ó♥ ❞❡ ❧❛ ❧❡② ❝♦♠♦

t❛❧ ❝❛♠❜✐❡✱ ♣✉❡st♦ q✉❡ ❤❡♠♦s ♣r♦❤✐❜✐❞♦ t❛❧ ❝♦s❛✳

▲♦s ❡s♣❛❝✐♦s ❞❡ ❡st❛❞♦s ♥♦ ♣✉❡❞❡ ❝❛♠❜✐❛r✳ ❙♦♥ s✐❡♠♣r❡ ❧♦ q✉❡ s♦♥✳

▲♦s ❡st❛❞♦s ② ❤❡❝❤♦s r❡❛❧❡s ♥♦ ♣✉❡❞❡♥ ❝❛♠❜✐❛r✳ ❙♦♥ ❧♦ q✉❡ s♦♥ ❡♥ ✉♥ t✐❡♠♣♦ ❞❛❞♦

♣✉❡st♦ q✉❡ ♣♦❞❡♠♦s r❡♣r❡s❡♥t❛r❧♦s ♠❡❞✐❛♥t❡ ♣❛r❡s ❞❡ ❡st❛❞♦s ② ❡❧ t✐❡♠♣♦ ❡♥ ❡❧ q✉❡

s✉❝❡❞❡♥✳ P♦r t❛♥t♦ ♥♦ ❝❛❜❡ ♣r❡❞✐❝❛r ❞❡ ❡❧❧♦s ❡❧ ❝❛♠❜✐♦✱ t❛♠♣♦❝♦ ❧❛ ❞❡str✉❝❝✐ó♥✳

▲♦s ❡s♣❛❝✐♦s ② ❡st❛❞♦s ♣♦s✐❜❧❡s ♥♦ ❡♥ ❡❧ s❡♥t✐❞♦ t❡♠♣♦r❛❧ ♥♦ ♣✉❡❞❡♥ ❝❛♠❜✐❛r✳ P❡r♦ sí

♣♦❞❡♠♦s ❞❡❝✐r q✉❡ s♦♥ ❞❡str✉✐❞♦s ② q✉❡ ♣❡r❞✉r❛♥ ❡♥ ❧❛ ♠❡❞✐❞❛ q✉❡ ❡①✐st❛♥ ❞✉r❛♥t❡

♣❡r✐♦❞♦s ❝♦♥❝r❡t♦s ❞❡ t✐❡♠♣♦✳

▲♦s ❡✈❡♥t♦s✱ ♣r♦❝❡s♦s ❡ ❤✐st♦r✐❛s r❡❛❧❡s t❛♠♣♦❝♦ ♣✉❡❞❡♥ ❝❛♠❜✐❛r ♥✐ s❡r ❞❡str✉✐❞♦s✳

❊①✐st❡♥ s♦❧♦ ❡♥ ✉♥ t✐❡♠♣♦ ❞❛❞♦ ② ❞❡ ❢♦r♠❛ ✐❞é♥t✐❝❛✳

❊♥ ❝❛♠❜✐♦✱ ❧♦s ❡✈❡♥t♦s ② ♣r♦❝❡s♦ ♣♦s✐❜❧❡s ♣✉❡❞❡♥ s❡r ❞❡str✉✐❞♦s ❞❡ ❢♦r♠❛ ♣❛r❡❝✐❞❛ ❛

❝♦♠♦ ♣✉❡❞❡♥ s❡r ❞❡str✉✐❞♦s ❧♦s ❡s♣❛❝✐♦s ② ❡st❛❞♦s ♣♦s✐❜❧❡s✱ ❡♥ ❧❛ ♠❡❞✐❞❛ q✉❡ s❡❛♥ ❡❧

❝❛s♦ ❞✉r❛♥t❡ ✉♥ ♣❡r✐♦❞♦ ② ♥♦ ❡♥ ♦tr♦✳

❋✐♥❛❧♠❡♥t❡ ❞❡ ❧❛s ❤✐st♦r✐❛s ♣♦s✐❜❧❡s t❛♠♣♦❝♦ ♣✉❡❞❡ ❞❡❝✐rs❡ q✉❡ ❝❛♠❜✐❡♥✱ ♣✉❡s s♦♥

s♦❧♦ ❤✐st♦r✐❛s ♣♦s✐❜❧❡s q✉❡ s❡ ❢♦r♠✉❧❛♥ s✐❡♠♣r❡ ❝♦♠♦ ❞❛❞❛s ❡♥ ✉♥♦s ✐♥t❡r✈❛❧♦s ❞❡t❡r✲

♠✐♥❛❞♦s✳

❉❡✜♥✐❝✐ó♥ ✹✳✺✳ ❉✐r❡♠♦s q✉❡ ✉♥ t♦❞♦ x ❞❡✜♥✐❞♦ s✉❢r❡ ✉♥ ❝❛♠❜✐♦ ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I

s✐ x ❢✉♥❝✐♦♥❛ ❝♦♠♦ ✉♥ t♦❞♦ ❞✉r❛♥t❡ t♦❞♦ ❡❧ ✐♥t❡r✈❛❧♦ ② s✉❢r❡ ✉♥ ❝❛♠❜✐♦ ❝♦♠♦ ✐♥❞✐✈✐❞✉♦

s✉st❛♥❝✐❛❧✳

❉❡✜♥✐❝✐ó♥ ✹✳✻ ✭❬❚♦❞♦ ❝❛♠❜✐❛♥t❡✮✳ ❪ ❉✐r❡♠♦s q✉❡ ✉♥ t♦❞♦ ❡s ❝❛♠❜✐❛♥t❡ ❝✉❛♥❞♦ ❝❛♠❜✐❛

♣❛r❛ ❛❧❣ú♥ ✐♥t❡r✈❛❧♦✳

❉❡✜♥✐❝✐ó♥ ✹✳✼ ✭❉❡str✉❝❝✐ó♥ ❞❡ ✉♥ t♦❞♦✮✳ ❉✐r❡♠♦s q✉❡ ✉♥ t♦❞♦ ❡s ❞❡str✉✐❞♦ ❝✉❛♥❞♦

s❡ ❞❡str✉②❡ ♣❛r❛ ❛❧❣ú♥ ✐♥t❡r✈❛❧♦ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ✷✳✷✷✳

❉❡✜♥✐❝✐ó♥ ✹✳✽ ✭❊str♦♠❛ ❝❛♠❜✐❛♥t❡✮✳ ❉❡❝✐♠♦s q✉❡ ✉♥ ❡str♦♠❛ e ❡s ❝❛♠❜✐❛♥t❡ s✐ ② s♦❧♦

s✐ ❡①✐st❡ ✉♥ ✐♥t❡r✈❛❧♦ ❡♥ ❡❧ q✉❡ ❝❛♠❜✐❛ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡✜♥✐❞♦ ❡♥ ✷✳✼✷✳
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❉❡✜♥✐❝✐ó♥ ✹✳✾ ✭❉❡str✉❝❝✐ó♥ ❞❡ ✉♥ ❡str♦♠❛✮✳ ❉❡❝✐♠♦s q✉❡ ✉♥ ❡str♦♠❛ e ❡s ❝❛♠❜✐❛♥t❡

s✐ ② s♦❧♦ s✐ ❡①✐st❡ ✉♥ ✐♥t❡r✈❛❧♦ ❡♥ ❡❧ q✉❡ ❡s ❞❡str✉✐❞♦ ❡♥ ❡❧ s❡♥t✐❞♦ ❞❡ ✷✳✼✸✳

❉❡✜♥✐❝✐ó♥ ✹✳✶✵ ✭❈❛♠❜✐♦ ❡♥ ✉♥❛ ❧❡②✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ ❧❡② l r❡♣r❡s❡♥t❛❜❧❡ ♠❡❞✐❛♥t❡

✉♥ s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ♦ ✉♥❛ ❡❝✉❛❝✐ó♥ ❝❛♠❜✐❛ ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I s✐ ② s♦❧♦ s✐ ❡①✐st❡

✉♥ ✐♥t❡r✈❛❧♦ J ⊂ I ❡♥ ❡❧ q✉❡ r✐❣❡ ❡s❛ ❧❡② ② ♦tr♦ s✉❜✐♥t❡r✈❛❧♦ J ′ ⊂ I ❡♥ ❡❧ q✉❡ t❛❧ ❝♦s❛ ♥♦

❡s ❡❧ ❝❛s♦✳

❉❡✜♥✐❝✐ó♥ ✹✳✶✶ ✭▲❡② ❝❛♠❜✐❛♥t❡✮✳ ❉✐r❡♠♦s q✉❡ ✉♥❛ ❧❡② l r❡♣r❡s❡♥t❛❜❧❡ ♠❡❞✐❛♥t❡ ✉♥

s✐st❡♠❛ ❞❡ ❡❝✉❛❝✐♦♥❡s ♦ ✉♥❛ ❡❝✉❛❝✐ó♥ ❡s ❝❛♠❜✐❛♥t❡ s✐ ❝❛♠❜✐❛ ♣❛r❛ ❛❧❣ú♥ ✐♥t❡r✈❛❧♦✳

❉❡✜♥✐❝✐ó♥ ✹✳✶✷ ✭❈❛♠❜✐♦ ❡♥ ✉♥ ❤❡❝❤♦ ♣♦s✐❜❧❡✮✳ ❉✐r❡♠♦s q✉❡ ✉♥ ❤❡❝❤♦ ♣♦s✐❜❧❡ ❝❛♠❜✐❛

❝❛♠❜✐❛ ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I s✐ ② s♦❧♦ s✐ ❡①✐st❡ ✉♥ ✐♥st❛♥t❡ t ∈ I ❡♥ ❡❧ q✉❡ ❡s ❝✐❡rt♦ ② ♦tr♦

✐♥st❛♥t❡ t′ ∈ [t1, t2] ❡♥ ❡❧ q✉❡ t❛❧ ❝♦s❛ ♥♦ ❡s ❡❧ ❝❛s♦✳

❉❡✜♥✐❝✐ó♥ ✹✳✶✸ ✭❍❡❝❤♦ ♣♦s✐❜❧❡ ❝❛♠❜✐❛♥t❡✮✳ ❉✐r❡♠♦s q✉❡ ✉♥ ❤❡❝❤♦ ♣♦s✐❜❧❡ ❡s ❝❛♠✲

❜✐❛♥t❡ s✐ ❝❛♠❜✐❛ ♣❛r❛ ❛❧❣ú♥ ✐♥t❡r✈❛❧♦✳

❉❡✜♥✐❝✐ó♥ ✹✳✶✹ ✭❈❛♠❜✐♦ ❡♥ ✉♥ ❡st❛❞♦ ♣♦s✐❜❧❡✮✳ ❉✐r❡♠♦s q✉❡ ✉♥ ❡st❛❞♦ ♣♦s✐❜❧❡

❝❛♠❜✐❛ ❝❛♠❜✐❛ ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I s✐ ② s♦❧♦ s✐ ❡①✐st❡ ✉♥ ✐♥st❛♥t❡ t ∈ I ❡♥ ❡❧ q✉❡ ❡s ❝✐❡rt♦

② ♦tr♦ ✐♥st❛♥t❡ t′ ∈ I ❡♥ ❡❧ q✉❡ t❛❧ ❝♦s❛ ♥♦ ❡s ❡❧ ❝❛s♦✳

❉❡✜♥✐❝✐ó♥ ✹✳✶✺ ✭❊st❛❞♦ ♣♦s✐❜❧❡ ❝❛♠❜✐❛♥t❡✮✳ ❉✐r❡♠♦s q✉❡ ✉♥ ❡st❛❞♦ ♣♦s✐❜❧❡ ❡s ❝❛♠✲

❜✐❛♥t❡ s✐ ❝❛♠❜✐❛ ♣❛r❛ ❛❧❣ú♥ ✐♥t❡r✈❛❧♦✳

❉❡✜♥✐❝✐ó♥ ✹✳✶✻ ✭❈❛♠❜✐♦ ❡♥ ✉♥ ❡✈❡♥t♦ ♣♦s✐❜❧❡✮✳ ❉✐r❡♠♦s q✉❡ ✉♥ ❡✈❡♥t♦ ♣♦s✐❜❧❡

v = (s1, s2) ❝❛♠❜✐❛ ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I s✐ ② s♦❧♦ s✐ ❡①✐st❡♥ t1, t2 ∈ I ❞❡ ❢♦r♠❛ t❛❧ q✉❡

❡❧ ❡✈❡♥t♦ ((s1, t1), (s2, t1)) ❡s ❝✐❡rt♦ ② ∀t̂1, t̂2 ∈ I \ [t1, t2] ♥♦ ❡①✐st❡♥ ♣❛r❡s ❞❡ ❡st❛❞♦s t❛❧❡s

q✉❡ s❡ ❞é t❛❧ ❡✈❡♥t♦✳

❉❡✜♥✐❝✐ó♥ ✹✳✶✼ ✭❊✈❡♥t♦ ♣♦s✐❜❧❡ ❝❛♠❜✐❛♥t❡✮✳ ❉✐r❡♠♦s q✉❡ ✉♥ ❡✈❡♥t♦ ♣♦s✐❜❧❡ ❡s ❝❛♠✲

❜✐❛♥t❡ s✐ ❝❛♠❜✐❛ ♣❛r❛ ❛❧❣ú♥ ✐♥t❡r✈❛❧♦✳

❉❡✜♥✐❝✐ó♥ ✹✳✶✽ ✭❈❛♠❜✐♦ ❡♥ ✉♥ ♣r♦❝❡s♦ ♣♦s✐❜❧❡✮✳ ❉✐r❡♠♦s q✉❡ ✉♥ ♣r♦❝❡s♦ p =

(s1, s2, ..., sn) ♣♦s✐❜❧❡ ❝❛♠❜✐❛ ❝❛♠❜✐❛ ❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ I s✐ ② s♦❧♦ s✐ ❡①✐st❡♥ t1, t2, ..., tn ∈

I ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ❡❧ ❡✈❡♥t♦ ((s1, t1), (s2, t2), ..., (sn, tn)) ❡s ❝✐❡rt♦ ② ∀t̂1, t̂2, ..., t̂n ∈ [t1, t2] \

[t1, tn] ♥♦ ❤❛② ♥✐♥❣ú♥ ♦tr♦ ♣r♦❝❡s♦✳

❉❡✜♥✐❝✐ó♥ ✹✳✶✾ ✭Pr♦❝❡s♦ ♣♦s✐❜❧❡ ❝❛♠❜✐❛♥t❡✮✳ ❉✐r❡♠♦s q✉❡ ✉♥ ♣r♦❝❡s♦ ♣♦s✐❜❧❡ ❡s

❝❛♠❜✐❛♥t❡ s✐ ❝❛♠❜✐❛ ♣❛r❛ ❛❧❣ú♥ ✐♥t❡r✈❛❧♦✳
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❈❛♣ít✉❧♦ ✺

❊❧ ❝♦♥♦❝✐♠✐❡♥t♦ ② ❧♦ ❞✐♥á♠✐❝♦✱

❝♦♥tr❛ ❧❛ ❞❡s❝r✐♣❝✐ó♥

❙✐ ♥♦ ♠❡ ❡♥❣❛ñ♦✱ ❡s ♣r❡❝✐s♦ ❝♦♠❡♥③❛r

♣♦r ❞✐st✐♥❣✉✐r ❞♦s ❝♦s❛s✿ ❧♦ q✉❡ ❡①✐st❡

s✐❡♠♣r❡✱ s✐♥ ❤❛❜❡r ♥❛❝✐❞♦✱ ② ❧♦ q✉❡

♥❛❝❡ s✐❡♠♣r❡ s✐♥ ❡①✐st✐r ♥✉♥❝❛✳ ▲♦

♣r✐♠❡r♦ ❡s ❝♦♠♣r❡♥❞✐❞♦ ♣♦r ❡❧

♣❡♥s❛♠✐❡♥t♦ ❛❝♦♠♣❛ñ❛❞♦ ❞❡❧

r❛③♦♥❛♠✐❡♥t♦ ♣♦rq✉❡ s✉❜s✐st❡ ♣♦r sí

♠✐s♠♦❀ ❧♦ s❡❣✉♥❞♦ ❡s ❝♦♥❥❡t✉r❛❞♦ ♣♦r

❧❛ ♦♣✐♥✐ó♥✳

❚✐♠❡♦

P❧❛tó♥

❍❛st❛ ❛❤♦r❛ ❤❡♠♦s ❡st✉❞✐❛❞♦ ❡❧ ❝❛♠❜✐♦ ❝♦♠♦ ✉♥❛ ✐❞❡❛ ❝♦♥ r❡♣❡r❝✉s✐♦♥❡s ❡♥ ❧❛s ❝♦s❛s✳

❊s ❞❡❝✐r✱ ❤❡♠♦s ✐♥t❡♥t❛❞♦ ❝♦♠♣r❡♥❞❡r q✉é ♣♦❞❡♠♦s q✉❡r❡r ❞❡❝✐r ❝♦♥ q✉é ❛❧❣♦ ❝❛♠❜✐❡✱

q✉é ❡s ❛q✉❡❧❧♦ q✉❡ ♣✉❡❞❡ ❝❛♠❜✐❛r ② ❞❡ q✉é ❢♦r♠❛s ♣✉❡❞❡♥ ❝❛♠❜✐❛r✳ ❊♥ ❡st♦s ❞♦s ú❧t✐♠♦s

❝❛♣ít✉❧♦s ❛♥❛❧✐③❛r❡♠♦s ❡❧ ❝❛♠❜✐♦ ❡♥ ✉♥ s❡♥t✐❞♦ ♠ás ❛♠♣❧✐♦ ❡♥ r❡❧❛❝✐ó♥ ❛ ♦tr❛s á♠❜✐t♦s

✜❧♦só✜❝♦s✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ❡♥ ❡❧ á♠❜✐t♦ r❡❧❛❝✐♦♥❛❞♦ ❝♦♥ ❧❛ t❡♦rí❛ ❞❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ② ❝♦♥ ❧❛

ét✐❝❛✳

❈♦♠♦ ✐♥❞✐❝❛ ❡❧ ♥♦♠❜r❡ ❞❡ ❡st❡ ❝❛♣ít✉❧♦ ❡❧ ♦❜❥❡t✐✈♦ ❛q✉í s❡rá ❝♦♠♣r❡♥❞❡r ❝ó♠♦ ❡❧ ❝❛♠❜✐♦

t✐❡♥❡ ✐♠♣♦rt❛♥❝✐❛ ❡♥ ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❡ ✐♥❝❧✉s♦ ❝ó♠♦ ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ t✐❡♥❡ ✐♠♣♦rt❛♥❝✐❛ ❝♦♥

r❡s♣❡❝t♦ ❛❧ ❝❛♠❜✐♦✳ ❨ ❡s q✉❡ ❧❛ r❡❧❛❝✐ó♥ q✉❡ ❤❛② ❡♥tr❡ ❛♠❜❛s ✐❞❡❛s ❡s r❡❝í♣r♦❝❛ ② ♥♦ s❡ ❛❣♦t❛

❡♥ ✉♥❛ ♠❡r❛ ❞❡t❡r♠✐♥❛❝✐ó♥ ✉♥✐❧❛t❡r❛❧✳ ❊s ♠ás✱ q✉❡r❡♠♦s ❞❡♠♦str❛r ❝♦♠♦ ❡❧ r❡s✉❧t❛❞♦ q✉❡

❜✉s❝á❜❛♠♦s ❝♦♥ ❛❤í♥❝♦ ❡♥ ❡❧ ú❧t✐♠♦ ❛♥❡①♦ ❞❡❧ s❡❣✉♥❞♦ ❝❛♣ít✉❧♦ ❛❤♦r❛ ♣✉❡❞❡ t❡♥❡r s❡♥t✐❞♦✳

✼✸
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P❡r♦ ♥♦ ♥♦s ❛♣r❡s✉r❡♠♦s✱ ➽q✉é t✐❡♥❡ q✉❡ ❞❡❝✐r ❡❧ ❝❛♠❜✐♦ ❛❧ ❝♦♥♦❝✐♠✐❡♥t♦❄

✺✳✶✳ ❊❧ ❝❛♠❜✐♦ ❡♥ ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦

●r❛♥ ♣❛rt❡ ❞❡ ❧❛ ✜❧♦s♦❢í❛ ❛♥❛❧ít✐❝❛ ❤❛ ❡st❛❞♦ ♣r❡s❛ ❡♥ ❧❛ ✐❞❡❛ ❞❡ q✉❡ ❡❧ ♠✉♥❞♦ ❡s ❛❧❣♦

❛sí ❝♦♠♦ ❝♦s❛s ❝♦♥ ♣r♦♣✐❡❞❛❞❡s ② ♣♦❞❡♠♦s ❞❡s❝r✐❜✐r❧♦ s♦❧♦ ❛t❡♥❞✐❡♥❞♦ ❛ ❡st❛s t♦♠❛❞❛s ❡♥

s❡♥t✐❞♦ ❛❜str❛❝t♦ ② ❝♦♥t✐♥❣❡♥t❡ ✭❬✷✽❪✮✳ ◆♦s♦tr♦s ♠✐s♠♦s ❤❡♠♦s ❡st❛❞♦ ❤❛st❛ ❝✐❡rt♦ ♣✉♥t♦

❜❛❥♦ ❡s❛ ✐❞❡❛ ❛❧ ❝♦♥str✉✐r ❧❛s ✐❞❡❛s ❞❡ ♠❡r❡♦❧♦❣í❛ ② ♠♦r❢♦❧♦❣í❛✳ P❡r♦ ❝❧❛r♦✱ ❡❧ ♠✉♥❞♦ ❡s

♠✉❝❤♦ ♠ás ② ❛❧ ♠✐s♠♦ t✐❡♠♣♦ ♠✉❝❤♦ ♠❡♥♦s q✉❡ ❝♦s❛s ❡st❛♥❞♦ ❡♥ ❤❡❝❤♦s✳ ▲❛s ❝♦s❛s ✈❛rí❛♥

② ❝❛♠❜✐❛♥ ② ❧♦ ✐♠♣♦rt❛♥t❡ ❡s q✉❡ ❧♦ ❤❛❝❡♥✱ ♦ ❡s♦ ♥♦s s✉❣✐❡r❡♥ ♥✉❡str❛s ♠❡❥♦r❡s ❝✐❡♥❝✐❛s✱

❞❡ ❢♦r♠❛s ❧❡❣❛❧❡s ② ♣r❡❞❡❝✐❜❧❡s✳

▲❛ ❝✉❡st✐ó♥ ❡stá ❡♥ q✉❡ ❡❧ ♠✉♥❞♦ s✐ q✉✐❡r❡ ❞❡s❝r✐❜✐rs❡ ② ❝♦♥♦❝❡rs❡ ❞❡ ❢♦r♠❛ r❛③♦♥❛✲

❜❧❡ ♥♦ ♣✉❡❞❡ ❤❛❝❡rs❡ ♠❡❞✐❛♥t❡ ✉♥❛ s✐♠♣❧❡ ❡♥✉♠❡r❛❝✐ó♥✱ ♣♦s✐❜❧❡♠❡♥t❡ ✐♥✜♥✐t❛✱ ❞❡ ❝♦s❛s

t❡♥✐❡♥❞♦ ♣r♦♣✐❡❞❛❞❡s✳ ❚❛❧ ✐♥t❡♥t♦ ❞❡ ❝♦♥♦❝❡r ♦ ❞❡s❝r✐❜✐r ❡❧ ♠✉♥❞♦ ❡s ❛❜s✉r❞♦ s✐ s❡ ♣❧❛♥t❡❛

❝♦♠♦ ✉♥ ♦❜❥❡t✐✈♦ q✉❡ ❛❧❝❛♥③❛r ❞❡ ❢♦r♠❛ ❞✐r❡❝t❛✳ P❛r❛ ❡✈✐t❛r ❡st♦ ♥❡❝❡s✐t❛♠♦s ❧❛ ✐❞❡❛ q✉❡

❢♦r♠✉❧❛♠♦s ❡♥ ✉♥ ❛♣é♥❞✐❝❡ ❞❡❧ ❝❛♣ít✉❧♦ 3✿ ❧❛s ❧❡②❡s✳ ❊❧ ♠✉♥❞♦ ② ❧❛s ♣r♦♣✐❡❞❛❞❡s ♥♦ s♦♥

♠❡r❛s ❝♦♥t✐♥❣❡♥❝✐❛ s✐♥ r❡❧❛❝✐♦♥❡s ♥✐ r❡str✐❝❝✐♦♥❡s✳

❈✉❛♥❞♦ ✉♥ ❝✐❡♥tí✜❝♦ s❡ ❡♥❢r❡♥t❛ ❛ ❧❛ r❡❛❧✐❞❛❞ s✉ ♦❜❥❡t✐✈♦ ♥♦ ❡s ✐♥t❡♥t❛r ❞❡s❝r✐❜✐r ❡st❛

♠❡❞✐❛♥t❡ ❛❞❥❡t✐✈♦s ② ♦r❛❝✐♦♥❡s ❛tr✐❜✉t✐✈❛s✳ ❊♥ ❣❡♥❡r❛❧✱ ❧♦ q✉❡ ✐♥t❡r❡s❛ ❡s ❝♦♥♦❝❡r ♥♦ q✉é

❡s ✉♥❛ ❝♦s❛✱ ❝♦♠♦ s✐ t❛❧ ♣r❡❣✉♥t❛ t✉✈✐❡r❛ ✉♥❛ s♦❧✉❝✐ó♥ ✉♥í✈♦❝❛ ✱ s✐♥♦ s❛❜❡r ❝ó♠♦ ✈❛rí❛♥✳

❉✐❢❡r❡♥❝✐❛r ✉♥❛s ❝♦s❛s ❞❡ ♦tr❛s ② ❝❧❛s✐✜❝❛r❧❛s ❡stá ❜✐❡♥✱ ♣❡r♦ ❤❛② ♠✉❝❤♦ ♠ás q✉❡ ❡s♦✳ ▲❛

❝❧❛s✐✜❝❛❝✐ó♥ ♣♦r sí s♦❧❛ ♥♦ ❡s ❢ért✐❧ s✐♥♦ ❡stá ❛s♦❝✐❛❞❛ ❛ ✉♥ ❢✉♥❞❛♠❡♥t♦✳ ❉❡ ❧♦ q✉❡ s❡ tr❛t❛

❡s ❝❛r❛❝t❡r✐③❛r ❧❛ ❝♦s❛ ♣♦r ❛❧❣✉♥❛ ❞❡ s✉s ♣r♦♣✐❡❞❛❞❡s ②✱ ❛q✉í ✈✐❡♥❡ ❧♦ ✐♠♣♦rt❛♥t❡✱ ❡st✉❞✐❛r

❝ó♠♦ ✈❛rí❛♥ ② s❡ r❡❧❛❝✐♦♥❛♥ ✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❝♦♥ ♦tr❛s✱ t❛♥t♦ ❞❡ ❧❛ ♣r♦♣✐❛ ❝♦s❛ ❝♦♠♦ ❞❡❧

r❡st♦✳

▲❛s ❝✐❡♥❝✐❛s✱♦ ♠❡❥♦r ❧♦s ❝✐❡♥tí✜❝♦s ❝♦♥ s✉s ♣rá❝t✐❝❛s✱ ♣♦r t❛♥t♦ ♥♦ ❛❢r♦♥t❛♥ ❧❛ ❜úsq✉❡❞❛

❞❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ ❧❛ r❡❛❧✐❞❛❞ ❝♦♠♦ s✐ ❞❡ ❧♦ q✉❡ s❡ tr❛t❛r❛ ❡s ❞❡ ❡♥❝♦♥tr❛r ❧❛s ♣❛❧❛❜r❛s

❛❞❡❝✉❛❞❛s q✉❡ ❝♦rr❡s♣♦♥❞❡♥ ❛ ❧❛s ❝♦s❛s✳ ▲❛s ♣r♦♣✐❡❞❛❞❡s s❡ ❝♦♥str✉②❡♥ ♣❛r❛ s❡❧❡❝❝✐♦♥❛r

♦❜❥❡t♦s ② ❡st✉❞✐❛r s✉s ❝❛♠❜✐♦s✳ ❊❧ ❝❛♠❜✐♦✱ ♠ás q✉❡ ❧❛s ❞❡s❝r✐♣❝✐♦♥❡s ❡♥ ✉♥ s❡♥t✐❞♦ ♠ás ♦

♠❡♥♦s ✈❛❣♦ ❡s ❛q✉❡❧❧♦ q✉❡ s❡ ♣r♦❝✉r❛ ❡♥ ❧❛s ❝✐❡♥❝✐❛s✳

❉❡ ❛❤í✱ t❛♠❜✐é♥✱ q✉❡ ❡st❛s t❡♥❣❛♥ ✐♠♣♦rt❛♥t❡s ❝♦♥s❡❝✉❡♥❝✐❛s ♣rá❝t✐❝❛s✳ ❨ ❡st♦ s❡ ❞❡❜❡ ❛

q✉❡ ♥♦ s♦❧♦ s❡ ❡st✉❞✐❛ q✉é s♦♥ ❧❛s ❝♦s❛s✱ s✐♥ ♠ás✱ s✐♥♦ ♠ás ❜✐❡♥ ❝ó♠♦ ✈❛rí❛♥ ② ❝ó♠♦ ❤❛❝❡r❧❛s

✈❛r✐❛r✳ ❊s ♠ás✱ t❛♥t♦ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❝♦♠♦ ❧❛s ❝❧❛s✐✜❝❛❝✐♦♥❡s t✐❡♥❡♥ ✉♥ ✐♠♣♦rt❛♥t❡ ✈❛❧♦r✱

♣❡r♦ ❛ ♠❡♥✉❞♦ s❡ r❡❛❧✐③❛♥ t❛♠❜✐é♥ ♣♦r ♠♦t✐✈♦s ✓❞✐♥á♠✐❝♦s✔✳

P❡♥s❡♠♦s ♣♦r ❡❥❡♠♣❧♦ ❡♥ ✉♥❛ ❞❡ ❧❛s ❝✐❡♥❝✐❛s q✉❡ ♣♦s❡❡ ♠ás ❝❧❛s✐✜❝❛❝✐♦♥❡s ❝♦♠♦ ❡s

❧❛ ❜✐♦❧♦❣í❛ r❡♣❧❡t❛ ❞❡ t❛①♦♥♦♠í❛s✳ ❨❛ s❡❛ q✉❡ ❡♥t❡♥❞❛♠♦s ❡st❛s ❞❡s❞❡ ✉♥ ♣✉♥t♦ ❞❡ ✈✐st❛
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❢✉♥❝✐♦♥❛❧ ❝♦♠♦ ❧❛s ♣❡♥s❡♠♦s✱ ❝♦♠♦ ❛❝t✉❛❧♠❡♥t❡ ♣❡♥s❡♠♦s q✉❡ ❡s ♠❡❥♦r✱ ❝♦♠♦ ❢✉♥❞❛❞❛s

❡♥ ❧❛s r❡❧❛❝✐♦♥❡s ❡✈♦❧✉t✐✈❛s✱ ❡♥ ❛♠❜♦s ❝❛s♦s ❧❛ ❝❧❛s✐✜❝❛❝✐ó♥ t✐❡♥❡ q✉❡ ✈❡r ❝♦♥ ❡❧ ❝❛♠❜✐♦✳

❊♥ ✉♥ ❝❛s♦ ❡st❛♠♦s ❡♥t❡♥❞✐❡♥❞♦ q✉❡ ❧♦ ✐♠♣♦rt❛♥t❡ s♦♥ ❧❛s ❢♦r♠❛s ❞❡ ❛❝t✉❛r ② ❞❡ ❝❛♠❜✐❛r

② ❡♥ ♦tr♦ q✉❡ ❧♦ ✐♠♣♦rt❛♥t❡ s♦♥ ❧❛s r❡❧❛❝✐♦♥❡s q✉❡ ❛♣❛r❡❝❡♥ ❣r❛❝✐❛s ❛ ❧❛ ❡✈♦❧✉❝✐ó♥ ❞❡ ❧❛s

❡s♣❡❝✐❡s✳

❉❡ ✐❣✉❛❧ ❢♦r♠❛ ♥♦s ❡♥❝♦♥tr❛♠♦s q✉❡ ❧❛s ❝❧❛s✐✜❝❛❝✐♦♥❡s ❡♥ q✉í♠✐❝❛ t✐❡♥❡♥ t❛♠❜✐é♥ ✉♥

❢✉♥❞❛♠❡♥t♦ ♠ás ♦ ♠❡♥♦s ❞✐♥á♠✐❝♦✳ ▲❛ ❝❧❛s✐✜❝❛❝✐ó♥ ❞❡ ❧♦s ❡❧❡♠❡♥t♦s ♠❡❞✐❛♥t❡ ❧❛ t❛❜❧❛

♣❡r✐ó❞✐❝❛ ❡stá ❢✉♥❞❛❞❛ ❡♥ ♣r♦♣✐❡❞❛❞❡s r❡❛❧❡s ❝♦♠♦ s♦♥ ❧♦s ♥ú♠❡r♦s ❛tó♠✐❝♦s✱ ♣❡r♦ ❛♥t❡s

❞❡ ❡s♦ ❧❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡ ❧❛ t❛❜❧❛ ❡stá ❡♥ q✉❡ ❡s♦s ♥ú♠❡r♦s ❞❡t❡r♠✐♥❛♥ ❧❛s ❢♦r♠❛s q✉❡ t✐❡♥❡♥

❞❡ ❝♦♠❜✐♥❛rs❡ ✉♥♦s ❡❧❡♠❡♥t♦s ❝♦♥ ♦tr♦s ♣❛r❛ ❢♦r♠❛r ❝♦♠♣✉❡st♦s ♦ ❝♦♠♦ ✉♥ ❝♦♠♣✉❡st♦ s❡

❞❡s❝♦♠♣♦♥❡ ❡♥ s✉s ♣❛rt❡s✳ ❊♥ ❡❧ ❢♦♥❞♦✱ t♦♣❛♠♦s✱ ❞❡ ♥✉❡✈♦ ❝♦♥ ✉♥ ✐♥t❡rés ❜❛s❛❞♦ ❡♥ ❡❧

❝❛♠❜✐♦ ② ❡♥ ❧❛ ❡str✉❝t✉r❛ ❞❡ ❧❛s ❝♦s❛s ❝♦♠♦ ♦❜❥❡t♦s ❝❛♠❜✐❛♥t❡s✳

❊st❛ ❝♦♥❝❡♣❝✐ó♥ ❞❡ ❧❛ ❛❝t✐✈✐❞❛❞ ❝✐❡♥tí✜❝❛ ② ❞❡ ❧❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡ ❧❛s ❝❧❛s✐✜❝❛❝✐♦♥❡s ♥♦s

♦❢r❡❝❡✱ ❛❞❡♠ás✱ ❧❛ s♦❧✉❝✐ó♥ ♦ ❛❧ ♠❡♥♦s ❛❧❣ú♥ ✐♥❞✐❝✐♦ ❞❡ ❝ó♠♦ s♦❧✉❝✐♦♥❛r ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ❧❛

r❡❛❧✐❞❛❞ ② ✓✈❡r❞❛❞✔ ❞❡ ❧❛s ❝❧❛s✐✜❝❛❝✐♦♥❡s✳ ❉❛❞❛ ❝✉❛❧q✉✐❡r ❝❧❛s❡ ❞❡ ♦❜❥❡t♦s ❤❛② ✐♥♥✉♠❡r❛❜❧❡s

❢♦r♠❛s ❞❡ ❝❧❛s✐✜❝❛r❧♦s ② ❞✐✈✐❞✐r❧❛s✳ ❍❛②✱ ❝❧❛r♦ ❡stá✱ ❛❧❣✉♥❛s ♣r♦♣✐❡❞❛❞❡s ❢♦r♠❛❧❡s q✉❡ s♦♥

r❛③♦♥❛❜❧❡s q✉❡ q✉❡r❛♠♦s q✉❡ s❡ s❛t✐s❢❛❣❛♥✱ ♣♦r ❡❥❡♠♣❧♦ q✉❡ ❧❛s ❞✐st✐♥t❛s ❡♥tr❛❞❛s s❡❛♥

♠✉t✉❛♠❡♥t❡ ❡①❝❧✉②❡♥t❡s ② ❛❞❡♠ás ♥♦ ❤❛②❛ ♥❛❞❛ s✐♥ ❝❧❛s✐✜❝❛r✳ P❡r♦ ❝❧❛r♦✱ ❛ú♥ ❝♦♥ ❡s❛

❧✐♠✐t❛❝✐ó♥ ❡❧ ♥ú♠❡r♦ ❞❡ ❝❧❛s✐✜❝❛❝✐♦♥❡s s✐❣✉❡ s✐❡♥❞♦ ❡①❝❡s✐✈♦✳ ❚❛♠♣♦❝♦ ❜❛st❛ ❝♦♥ q✉❡ ❤❛②❛

❛❧❣ú♥ ❝r✐t❡r✐♦ ♦ ♣r♦♣✐❡❞❛❞ q✉❡ ♣❡r♠✐t❛ ❤❛❝❡r ❧❛s ❡❧❡❝❝✐♦♥❡s✱ ♣♦❞rí❛♠♦s ❝❧❛s✐✜❝❛r ❛ ❧♦s

❛♥✐♠❛❧❡s ❛❝t✉❛❧❡s ❡♥ ✓♥❛❝✐❞♦s ❡♥ ➪❢r✐❝❛✔ ② ✓♥❛❝✐❞♦s ❢✉❡r❛ ❞❡ ➪❢r✐❝❛✔ ❞❛♥❞♦ ♠ás ♦ ♠❡♥♦s

✉♥❛ ❢r♦♥t❡r❛ ❡①❛❝t❛ ❛ ❞✐❝❤♦ ❝♦♥t✐♥❡♥t❡✱ ♣❡r♦ t❛❧ ❝❧❛s✐✜❝❛❝✐ó♥ ❝✐❡♥tí✜❝❛♠❡♥t❡ ❝❛r❡❝❡ ❞❡ ✈❛❧♦r✳

➽❉ó♥❞❡ ❡stá ♣♦r t❛♥t♦ ❧❛ ✈❡r❞❛❞✱ ♦ s✐ s❡ ♣r❡✜❡r❡✱ ❧❛ r❛❝✐♦♥❛❧✐❞❛❞ ❞❡ ✉♥❛ ❝❧❛s✐✜❝❛❝✐ó♥❄

▲❛ r❡s♣✉❡st❛ q✉❡ ❛q✉í ♦❢r❡❝❡♠♦s ❡s q✉❡ t❛❧ ❝♦s❛ s❡ ❡♥❝✉❡♥tr❛ ❡♥ ❧❛ ❝❛♣❛❝✐❞❛❞ ♣❛r❛✱ ❡st❛♥❞♦

❢✉♥❞❛❞❛ ❡♥ ♣r♦♣✐❡❞❛❞❡s✱ s✐r✈❛ ♣❛r❛ ❞❡t❡r♠✐♥❛r ❢✉t✉r♦s ❝❛♠❜✐♦s ❞❡ ❢♦r♠❛s ♠ás ♦ ♠❡♥♦s

❣❡♥❡r❛❧❡s✱ ❡st♦ ❡s ✈á❧✐❞❛s ❡♥ t♦❞♦s ❧♦s ❡❧❡♠❡♥t♦s ❞❡ ❧❛ ♠✐s♠❛✳ ❨ ❝❧❛r♦ ❡st♦ ❞❡♣❡♥❞❡rá ❞❡

q✉❡ t❛❧ ❝❧❛s✐✜❝❛❝✐ó♥ s❡ ❤❛❣❛ ❛t❡♥❞✐❡♥❞♦ ❛ ♣r♦♣✐❡❞❛❞❡s q✉❡ s❡❛♥ ♠ás q✉❡ ♠❡r❛s ❤❡rr❛♠✐❡♥t❛s

♣❛r❛ ❞✐st✐♥❣✉✐r ♦❜❥❡t♦s ❞❡ ❢♦r♠❛s ♠ás ♦ ♠❡♥♦s ✐♠♣r❡❝✐s❛s✱ s✐♥♦ q✉❡ ❝❛♣t✉r❡♥ ❛❧❣♦ q✉❡ s❡❛

r❡❧❡✈❛♥t❡ ♣❛r❛ ♥♦s♦tr♦s✳

❖tr❛ ✈✐rt✉❞ ❞❡ ❡st❛ ✈✐s✐ó♥ ❞❡❧ ❝❛♠❜✐♦ ② s✉ ♣❛♣❡❧ ❡♥ ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❡str✐❜❛ ❡♥ ❝♦♠♦

❤❛❝❡ ❥✉st✐❝✐❛ ❛ ❧❛ r❡❛❧✐❞❛❞ ❞❡ q✉❡ s♦♠♦s s❡r❡s ❝❛♠❜✐❛♥t❡s q✉❡ ♥♦ s♦♥ ❛❥❡♥♦s ❛❧ ♠✉♥❞♦✱

s✐♥♦ q✉❡ ❢♦r♠❛♥ ♣❛rt❡ ❞❡ é❧✳ ❈♦♠♦ s❡r❡s ❝❛♠❜✐❛♥t❡s ♦r✐❡♥t❛❞♦s ❤❛❝✐❛ ❡❧ ❢✉t✉r♦ ✈✐✈✐♠♦s

♥✉❡str❛s ✈✐❞❛s s✐❡♠♣r❡ ❛t❡♥❞✐❡♥❞♦ ❛ ❧♦s ♦❜❥❡t♦s ♠✉❞❛❜❧❡s ② s✉ ✐♥t❡r❛❝❝✐ó♥ ❝♦♥ ♥♦s♦tr♦s✳

❉❡ ✉♥ ♦❜❥❡t♦ q✉❡ ❢✉❡s❡ s✐❡♠♣r❡ ✐❣✉❛❧ ♥♦ ❞❡❜❡rí❛♠♦s ♣r❡♦❝✉♣❛r♥♦s ❞❡♠❛s✐❛❞♦ ❡♥ ❝♦♥♦❝❡r❧♦

s✐♥♦ t✐❡♥❡ ❝♦♥s❡❝✉❡♥❝✐❛s ❞❡ ❛❧❣ú♥ t✐♣♦ ❡♥ ♥♦s♦tr♦s ♦ ♥♦s s✐r✈❡ ❞❡ ❛❧❣✉♥❛ ❢♦r♠❛ ♣❛r❛ ❡❧❧♦✳

❈♦♠♦ s❡r❡s q✉❡ ❡st❛♠♦s ❡♥ ❡❧ ♠✉♥❞♦ s❡❧❡❝❝✐♦♥❛♠♦s ❧♦s ♦❜❥❡t♦s ♣♦r s✉s ♣r♦♣✐❡❞❛❞❡s✱ ❡♥
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♣❛rt✐❝✉❧❛r ♣♦rq✉❡ t❡♥❡♠♦s ♥❡❝❡s✐❞❛❞❡s ② ♣r❡❢❡r❡♥❝✐❛s q✉❡ s♦❧♦ ♦❜❥❡t♦s ❡♥ ❝✐❡rt♦s ❡st❛❞♦s

♣✉❡❞❡♥ s❛t✐s❢❛❝❡r✳ P❡r♦ ❝❧❛r♦✱ ❡♥ ❧❛ ♠❡❞✐❞❛ q✉❡ ♥✉❡str❛s ♥❡❝❡s✐❞❛❞❡s ② ♣r❡❢❡r❡♥❝✐❛s s❡ ❞❛♥

❡♥ ❡❧ t✐❡♠♣♦ ② ❧♦s ♦❜❥❡t♦s t❛♠❜✐é♥ ❞❡❜❡♠♦s ♣r♦❝✉r❛r ♥♦ s♦❧♦ ♠❛♥t❡♥❡r ❛ ❡st❛s s❛t✐s❢❡❝❤❛s✱

s✐♥♦ ♣r♦❞✉❝✐r ❛q✉❡❧❧♦ q✉❡ ♣❡r♠✐t❛ s❛t✐s❢❛❝❡r❧❛s ❞❡ ❛❧❣ú♥ ♠♦❞♦✳ ◆♦ ❝❛❜❡ ♣♦r t❛♥t♦ ✉♥❛

❝✐❡♥❝✐❛ ❝✉②❛ ✜♥❛❧✐❞❛❞ s❡❛ ✉♥❛ s✉❡rt❡ ❞❡ ❞❡s❝r✐♣❝✐ó♥ ❛❥❡♥❛ ❛ ❝✉❛❧q✉✐❡r r❡❛❧✐❞❛❞ ♦ ❝❛♣❛❝✐❞❛❞

♠❛t❡r✐❛❧ ✈✐♥❝✉❧❛❞❛ ❛❧ ❝❛♠❜✐♦✱ ♣♦rq✉❡ ❛sí s♦♠♦s ♥♦s♦tr♦s ♠✐s♠♦s✳

❊s ♠ás✱ ♥✉❡str❛ ❢♦r♠❛ ❞❡ ❤❛❝❡r ♠❛t❡♠át✐❝❛✱ ❞❡ ♣❡♥s❛r ② ❞❡ ✉s❛r ❧❛ ❧ó❣✐❝❛ ❡s ❝❧❛r❛♠❡♥t❡

❞✐s❝✉rs✐✈❛ ② ❡♥ ❡s❡ s❡♥t✐❞♦ ✓❞❛❞❛ ❡♥ ❡❧ t✐❡♠♣♦✔✳ ❆✉♥q✉❡ ♣♦❞❛♠♦s ✜♥❣✐r q✉❡ ❧♦s ♦❜❥❡t♦s

♠❛t❡♠át✐❝♦s s♦♥ ❛t❡♠♣♦r❛❧❡s✱ ♥✉❡str♦ ♣❡♥s❛r s♦❜r❡ ❡st♦s ❡s ✐♥❞✉❞❛❜❧❡♠❡♥t❡ t❡♠♣♦r❛❧✳ ❊s

♠ás✱ ✐♥❝❧✉s♦ ♥✉❡str♦s ♣r♦❣r❛♠❛s ✐♥❢♦r♠át✐❝♦s ❝♦♥ ❧♦s q✉❡ ❛❜♦r❞❛♠♦s ❧❛s ♠❛t❡♠át✐❝❛s t❛♠✲

❜✐é♥ ❢✉♥❝✐♦♥❛♥ ❞❡ ❢♦r♠❛ s✐♠✐❧❛r ❛ ♥♦s♦tr♦s✱ ❧❡②❡♥❞♦ ✉♥ ♣r♦❣r❛♠❛ ② ❛♣❧✐❝á♥❞♦❧♦ s✐❣✉✐❡♥❞♦

✉♥ ♦r❞❡♥ t❡♠♣♦r❛❧✳

◆♦ ❤❛②✱ ♣♦r t❛♥t♦ ❝❛♣t❛❝✐♦♥❡s ❛t❡♠♣♦r❛❧❡s✳ ❘❛③♦♥❛♠♦s s✐❡♠♣r❡ ❡♥ ♣❛s♦s✱ ♣♦r ❡❥❡♠♣❧♦

②❡♥❞♦ ❞❡ ✉♥❛s ♣r❡♠✐s❛s ❛ ✉♥❛s ❝♦♥❝❧✉s✐♦♥❡s✳ ❈♦♥❝❡♣t✉❛❧✐③❛♠♦s ② ❛❜♦r❞❛♠♦s ❤❛st❛ ❧♦s

♦❜❥❡t♦s ♠❛t❡♠át✐❝♦s ❞❡ ❢♦r♠❛s s✉❝❡s✐✈❛s ② ❡♥ ❞❡s❛rr♦❧❧♦✳ ❙✐ ✈❡♠♦s ✉♥❛ ✐❣✉❛❧❞❛❞ ❧❛ ❧❡❡♠♦s ❡♥

✉♥ s❡♥t✐❞♦✱ ❛✉♥q✉❡ s✉ ❝❛rá❝t❡r ❞❡ ✓r❡❧❛❝✐ó♥ ❞❡ ❡q✉✐✈❛❧❡♥❝✐❛✔ ♥♦s ♣❡r♠✐t❛ ✐♥♠❡❞✐❛t❛♠❡♥t❡

s❛❜❡r q✉❡ ❝❛❜❡ t❛♠❜✐é♥ ❧❛ r❡❛❧✐③❛❝✐ó♥ ❡♥ ❡❧ s❡♥t✐❞♦ ❝♦♥tr❛r✐♦✳ P❡r♦ ❡s q✉❡ ❛❞❡♠ás ❞❡❝✐♠♦s

q✉❡ ❤❛❝❡♠♦s s✉♠❛s✱ q✉❡ ♦♣❡r❛♠♦s✱ q✉❡ ❞❡s♣❡❥❛♠♦s✱ ✳✳✳ ❚♦❞♦ ❡st♦ s♦♥ ❛❝❝✐♦♥❡s ② ♣r♦❝❡s♦s

q✉❡ ❧❧❡✈❛♥ s✉ t✐❡♠♣♦ ② t✐❡♥❡♥ q✉❡ ❡st❛r ❡s❝r✐t♦s ② ❞❡t❛❧❧❛❞♦s✳

❆❤♦r❛ s✐ ❛ ❡st♦ ❛ñ❛❞✐♠♦s q✉❡ ✉♥ ❜✉❡♥ s✐st❡♠❛ ♠❛t❡r✐❛❧✐st❛ q✉❡ s❡ ♣r❡❝✐❡ ♥♦ ❞❡❜❡ ♣❡♥s❛r

❡♥ ❧❛s ❡♥t✐❞❛❞❡s ♠❛t❡♠át✐❝❛s ❝♦♠♦ r❡❛❧✐❞❛❞❡s ♣r❡❡①✐st❡♥t❡s✱ s✐♥♦ ♠ás ❜✐❡♥ ❝♦♠♦ ✜❝❝✐♦♥❡s

q✉❡ ❞❡♣❡♥❞❡♥ ♣❛r❛ s✉ ❡①✐st❡♥❝✐❛ ✶ ❞❡ ❧❛s r❡❛❧✐❞❛❞❡s ❤✉♠❛♥❛s ② s✉s ♣r♦❝❡s♦s ❝♦❣♥✐t✐✈♦s✱ ♣✉❡s

♥♦ ❡s ❡①tr❛ñ♦ q✉❡ ♣♦❞❛♠♦s ♣❡♥s❛r ❡♥ ❡❧❧❛s ❝♦♠♦ r❡❛❧✐❞❛❞❡s q✉❡ ❡♥ ❝✐❡rt♦ ♠♦❞♦ t❛♠❜✐é♥

♣❛rt✐❝✐♣❛♥ ❞❡❧ ❝❛♠❜✐♦ ❡♥ ❛❧❣✉♥❛ ♠❡❞✐❞❛✳ ❊s ♠ás✱ ❡♥ t❛♥t♦ q✉❡ s♦♠♦s ❡str♦♠❛s q✉❡ ♣✉❡❞❡♥

s❡r ❞❡str✉✐❞♦s ❝❛❜❡ ❞❡❝✐r ❞❡ t❛❧❡s r❡❛❧✐❞❛❞❡s q✉❡ s♦♥ t❛♠❜✐é♥ ❞❡str✉✐❜❧❡s✳

❨ ♥♦✱ ❛❧ ❞❡str✉✐r ❧❛ ❡❧✐♣s❡ ♥♦ s❡ ❝❛♠❜✐❛ ❡❧ r✉♠❜♦ ❞❡ ❧♦s ♣❧❛♥❡t❛s✳ P❡r♦ ❝❧❛r♦✱ ❧❛ ❡❧✐♣s❡

❝♦♠♦ t❛❧ ♥♦ ❡①✐st❡✱ ❡①✐st❡♥ ♠♦❞❡❧♦s ② r❡♣r❡s❡♥t❛❝✐♦♥❡s✳ ▲♦ q✉❡ ❡s ♠❛t❡♠át✐❝♦ ♥♦ ❡s ❧❛

r❡❛❧✐❞❛❞✱ ♥♦ ❡s ❡❧ ❝✐❡❧♦ ❡❧ q✉❡ ❡stá ❡s❝r✐t♦ ❝♦♥ ❧❛s ♠❛t❡♠át✐❝❛s✱ s✐♥♦ ♥✉❡str❛s t❡♦rí❛s ❡ ✐❞❡❛s✳

❈✉❛♥❞♦ ❢♦r♠❛❧✐③❛♠♦s ❛❧❣♦✱ ❢♦r♠❛❧✐③❛♠♦s ♥✉❡str❛s t❡♦rí❛s✱ ♥♦ ❧❛s ❝♦s❛s✳ ▲❛s ❝♦s❛s s♦♥ ❞❡

✉♥❛ ❢♦r♠❛ q✉❡ ♣✉❡❞❡ ❡♥t❡♥❞❡r ② ❝♦♠♣r❡♥❞❡rs❡ ❝♦♥ ♠❛t❡♠át✐❝❛s✱ ♣❡r♦ ♥♦ s♦♥ ♥✐ ❡stá♥

❤❡❝❤❛s ♠❡❞✐❛♥t❡ ❧❛s ♠❛t❡♠át✐❝❛s✳ ▲♦ q✉❡ sí ❝❛❜❡ ♣❡♥s❛r q✉❡ ❡stá ❤❡❝❤♦ ❝♦♥ ♠❛t❡♠át✐❝❛s

s♦♥ ❧♦s ♦❜❥❡t♦s ♣r♦❞✉❝✐❞♦s ♣♦r ❧♦s s❡r❡s ❤✉♠❛♥♦s✳

❊♥ ❞❡✜♥✐t✐✈❛✱ ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ♥♦ ❡s✱ ❝♦♠♦ ♣❡♥s❛❜❛ P❧❛tó♥✱ ❛❧❣♦ q✉❡ s❡ ❤❛❣❛ ❞❡ ♦❜❥❡t♦s

✐♥♠✉t❛❜❧❡s ② ❞❡ ❧♦ ❝❛♠❜✐❛♥t❡ s♦❧♦ ♥♦s q✉❡❞❛ ❧❛ ♦♣✐♥✐ó♥ ② ❧❛ s❡♥s❛❝✐ó♥✳ ❉❡ ❧♦ q✉❡ s❡ tr❛t❛

✶❊♥ t❡①t♦s ♣♦st❡r✐♦r❡s q✉❡r❡♠♦s ❛❜♦r❞❛r ❡st❡ ② ♦tr♦s ♣r♦❜❧❡♠❛s ✉s❛♥❞♦ ♣❛r❛ ❡❧❧♦ ❧❛ t❡♦rí❛ ❞❡ ❡str♦♠❛s

❛q✉í ♣r♦♣✉❡st❛✳
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❡s✱ ♣r❡❝✐s❛♠❡♥t❡✱ ❞❡ ❡♥t❡♥❞❡r ❛q✉❡❧❧♦ q✉❡ ❝❛♠❜✐❛ ✐♥t❡♥t❛♥❞♦ ✉s❛r s✐❡♠♣r❡ ❤❡rr❛♠✐❡♥t❛s

❝♦♥❝❡♣t✉❛❧❡s✱ ❝❧❛r❛s ② ♣r❡❝✐s❛s q✉❡ ❝♦♥♦❝❡♠♦s ♣r❡❝✐s❛♠❡♥t❡ ♣♦rq✉❡ ❧❛s ❤❡♠♦s ❤❡❝❤♦ ♥♦s♦✲

tr♦s ② ✜♥❣✐♠♦s q✉❡ ❡st❛s t✐❡♥❡♥ ✉♥♦s ❛tr✐❜✉t♦s ❝❧❛r♦s ② ❞❡✜♥✐❞♦s ♣❛r❛ s✐❡♠♣r❡✳ ❨ ❝❧❛r♦✱

❡♠♣❧❡❛♥❞♦ ❡st❛s ❤❡rr❛♠✐❡♥t❛s ❡s ❝ó♠♦ ♣♦❞❡♠♦s ❝♦♥♦❝❡r ❧❛s ❝♦s❛s✳ ◆♦ ✐♥t❡♥t❛♥❞♦ ❛♠♦♥✲

t♦♥❛r ♣❡q✉❡ñ♦s ❤❡❝❤♦s ✉ ♦❜s❡r✈❛❝✐♦♥❡s ♣❛rt✐❝✉❧❛r❡s✱ ♥♦ t❛♠♣♦❝♦ ❝♦♥str✉②❡♥❞♦ t❡♦rí❛s q✉❡

s✐ ❝✉❛❞r❛ t✐❡♥❡♥ ❛❧❣♦ q✉❡ ✈❡r ❝♦♥ ❧❛ r❡❛❧✐❞❛❞✱ s✐♥♦ tr❛❜❛❥❛♥❞♦ ❞❡s❞❡ ❞❡♥tr♦ ❞❡❧ ♠✉♥❞♦ ❝♦♥

❧♦s ♣r♦♣✐♦s ♠❛t❡r✐❛❧❡s ❝❛♠❜✐❛♥t❡s ✐♥t❡♥t❛❞♦ ❡♥❝♦♥tr❛r ❛q✉❡❧❧❛ ❡str✉❝t✉r❛ ♦ r❡❣❧❛ q✉❡ ♥♦s

♣❡r♠✐t❛ ❡♥t❡♥❞❡r ❝ó♠♦ s✉❝❡❞❡ ❡❧ ❝❛♠❜✐♦✱ t❛♥t♦ ♣❛r❛ s❛❜❡r ❝ó♠♦ ✈❛ ❛ s❡r ❡❧ ❢✉t✉r♦ ❝♦♠♦

♣❛r❛ r❡tr♦❞❡❝✐r ❡❧ ♣❛s❛❞♦✳

❆❝❧❛r❛❞♦ t♦❞♦ ❡st♦ ❞❡❜❡♠♦s ♣❛s❛r ❛ ❧❛ ♦tr❛ ❝❛r❛ ❞❡ ❡st❛ ♠♦♥❡❞❛ q✉❡ ❡s r❡❧❛❝✐ó♥ ❝❛♠❜✐♦✲

❝♦♥♦❝✐♠✐❡♥t♦✳ ❨ ❡s q✉❡ ❝❧❛r♦✱ ❛✉♥q✉❡ ♣♦❞❛♠♦s ❛✜r♠❛r q✉❡ ❧❛s r❡❧❛❝✐♦♥❡s s❡ ❞❛♥ ❞❡ ❢♦r♠❛

s✐♠✉❧tá♥❡❛✱ t❛❧ ❝♦s❛ ♥♦ s❡ ❛♣❧✐❝❛ ❛ ♥✉❡str♦ ♣❡♥s❛r✳ ❆✉♥q✉❡ ❤❛②❛♠♦s ❛❜♦r❞❛❞♦ ✉♥ ❧❛❞♦✱

t♦❞❛✈í❛ ❞❡❜❡♠♦s ❞❡ ❡①♣♦♥❡r ❧❛ ♦tr❛ r❡❧❛❝✐ó♥✳ ❨ ❡s q✉❡ ♥✉❡str♦ ♣❡♥s❛r ❡s✱ ❝♦♠♦ ♣r❡t❡♥❞❡♠♦s

❤❛❜❡r ❞❡❥❛❞♦ ❝❧❛r♦✱ ❝❛♠❜✐❛♥t❡✳

✺✳✷✳ ❊❧ ❝♦♥♦❝✐♠✐❡♥t♦ ❡♥ ❡❧ ❝❛♠❜✐♦

❆✉♥q✉❡ ❧❛s ❝✐❡♥❝✐❛s ♥♦s ❤❛②❛♥ ❛rr♦❥❛❞♦ ♥✉♠❡r♦s♦s r❡s✉❧t❛❞♦s ❞❡ ❛❧t♦ ✈❛❧♦r ♥♦ ❞❡❜❡♠♦s

♦❧✈✐❞❛r s✉ ❝❛rá❝t❡r ❤✉♠❛♥♦✱ ✐♥st✐t✉❝✐♦♥❛❧ ❡ ❤✐stór✐❝♦✳ ❊st♦ ♥♦ q✉✐❡r❡ ❞❡❝✐r q✉❡ ❞❡❜❛♠♦s

❞❡s❝♦♥✜❛r ❞❡ ❡st❛s✱ ♣❡r♦ sí q✉❡ ❞❡❜❛♠♦s ❞❡s❝♦♥✜❛r q✉❡ t♦❞♦ ❛q✉❡❧❧♦ q✉❡ s❡ ❞❡s❝r✐❜❡ ❛

sí ♠✐s♠♦ ❝♦♠♦ ❝✐❡♥tí✜❝♦ ♦ ❡stá ❡♥ ❛❧❣✉♥❛ ✐♥st✐t✉❝✐ó♥ q✉❡ ♣r♦❞✉❝❡ ❝✐❡♥❝✐❛ ❡♥ ❡❧ s❡♥t✐❞♦

❡str✐❝t♦✱ ♣✉❡s t❡♥❣❛ q✉❡ s❡r❧♦✳ ▲❛ ❛❝t✐✈✐❞❛❞ ❝✐❡♥tí✜❝❛ ❡s s✉♠❛♠❡♥t❡ ❝♦♠♣❧✐❝❛❞❛ ② ❢r❡♥t❡ ❛

❧♦s r❡s✉❧t❛❞♦s ✓♠ás ❞✉r♦s✔ ❤❛② ❝❛♣❛s ♠ás ♦ ♠❡♥♦s ❣r❛❞✉❛❧❡s ❡♥ ❧❛s q✉❡ ❝❛❜❡♥ ❤✐♣ót❡s✐s ❡

✐❞❡❛s q✉❡ ♥♦ s♦♥ ❞❡❧ t♦❞♦ ❝✐❡♥tí✜❝❛s✳

❊♥ ♣❛rt✐❝✉❧❛r ❡♥ ❞✐s❝✐♣❧✐♥❛s ❝♦♠♦ ❧❛ ❢ís✐❝❛ ♦✱ ♠ás ❝♦♥❝r❡t❛♠❡♥t❡✱ ❧❛ ❝♦s♠♦❧♦❣í❛ ♥♦ ❡s

❡①tr❛ñ♦ q✉❡ ❛❧❣✉♥♦s ❞✐✈✉❧❣❛❞♦r❡s ♦ ❢ís✐❝♦s ♣✉❡❞❛♥ ♣❧❛♥t❡❛r ❝♦♥ ✐❣✉❛❧ ❣r❛❞♦ ❞❡ ❝♦♥✈❡♥❝✐✲

♠✐❡♥t♦ t❛♥t♦ t❡♦rí❛s ♠✉② r❛③♦♥❛❜❧❡s ② ❝✐❡♥tí✜❝❛s ❛❧ ❧❛❞♦ ❞❡ ❡s♣❡❝✉❧❛❝✐♦♥❡s ♠ás ♦ ♠❡♥♦s

❣r❛t✉✐t❛s✳ ❯♥ ❡❥❡♠♣❧♦ ❞❡ ❡st♦ ú❧t✐♠♦ ❧♦ ❝♦♥st✐t✉②❡♥ ❧❛s t❡♦rí❛s ❞❡ ♠ú❧t✐♣❧❡s ✉♥✐✈❡rs♦s ②

♠✉♥❞♦s✳ P♦❞rí❛♠♦s✱ q✉✐③á ♣❧❛♥t❡❛r ❛❧❣✉♥❛ s✉❡rt❡ ❞❡ ❣❡♥❡❛❧♦❣í❛ ❞❡ ❡st❛s ❜❛sá♥❞♦♥♦s ❡♥

q✉❡ s♦♥ ❡①tr❛♣♦❧❛❝✐♦♥❡s ❡①❛❣❡r❛❞❛s ❞❡ ❧❛s ❝♦♥t✐♥✉❛s ♥❡❣❛❝✐♦♥❡s q✉❡ ❤❛♥ t❡♥✐❞♦ q✉❡ ✈✐✈✐r

❧♦s ❞✐st✐♥t♦s ❤✉♠❛♥♦s ❞❡ s✉ ✈✐s✐ó♥ ✓❝é♥tr✐❝❛✔ ❞❡ ❧❛ r❡❛❧✐❞❛❞ ❝♦♠♦ ❛❧❣♦ q✉❡ s❡ r❡❛❧✐③❛ ❡♥

t♦r♥♦ ❛ ❡❧❧♦s ♣❛r❛ ❧✉❡❣♦ ❞❡s❝✉❜r✐r q✉❡ s✉ ♠✉♥❞♦ ❡r❛ ✉♥❛ ♣❡q✉❡ñ❛ ❞❡ ❛❧❣♦ ♠✉❝❤♦ ♠ás

❣r❛♥❞❡✳

❈♦♥ t♦❞♦ t❛❧ ❣❡♥❡❛❧♦❣í❛ ♥♦ ♣❛s❛ ❞❡ s❡r ✉♥❛ ♠❡r❛ ❤✐♣ót❡s✐s q✉❡ ♥♦ ❞✐❝❡ ♥❛❞❛ ❞❡❧ ✈❛❧♦r

❞❡ ✈❡r❞❛❞ ❞❡ t❛❧❡s t❡♦rí❛s✱ ❛✉♥q✉❡ ➽t✐❡♥❡♥ ❛❝❛s♦ ✉♥ ✈❛❧♦r ❞❡ ✈❡r❞❛❞❄ ➽P♦❞rí❛ ❤❛❜❡r ♦tr♦s

✉♥✐✈❡rs♦s❄ ▲♦ ✐♥t❡r❡s❛♥t❡ ❛q✉í ❡s q✉❡ ❧❛ ♠❡❥♦r r❡s♣✉❡st❛ q✉❡ t❡♥❡♠♦s ❛ ❡st❛s ♣r❡❣✉♥t❛s ❡s
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q✉❡ ❝❛r❡❝❡♥ ❞❡ ✈❛❧♦r✳ Pr✐♠❡r♦ ♣♦❞rí❛♠♦s ❝♦♠❡♥t❛r q✉❡ ❤❛❜rí❛ q✉❡ ❡♥t❡♥❞❡r ❜✐❡♥ q✉é s❡

q✉✐❡r❡ ❞❡❝✐r ❝♦♥ ✉♥✐✈❡rs♦✱ ②❛ q✉❡ s✐ ♣♦r ❡❥❡♠♣❧♦ ❧♦ ❞❡✜♥✐♠♦s ❝♦♠♦ ✓t♦❞♦ ❧♦ q✉❡ ❡①✐st❡✔ ✭❡♥

✉♥ s❡♥t✐❞♦ ❞❡❧ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ ♠ás ❣r❛♥❞❡ ② ♥♦ ❞❡ ❝♦♥❥✉♥t♦ ♦ ❝♦❧❡❝❝✐ó♥✮✱ ♣✉❡s ❡stá

❝❧❛r♦ q✉❡ ♥♦ ♣✉❡❞❡ ❤❛❜❡r ♠ás ❞❡ ✉♥♦✳ P♦❞rí❛✱ ❡s♦ sí✱ ❝r✐t✐❝❛rs❡ q✉❡ ❤❛②❛ ✉♥♦✱ ♣❡r♦ ❡s♦ ❡s

♦tr♦ t❡♠❛✳

▲❛ ❝✉❡st✐ó♥ ❡s q✉❡ s✐ ❤✉❜✐❡r❛ ♦tr♦s ✉♥✐✈❡rs♦s✱ ♦ ❞✐❝❤♦ ❞❡ ❢♦r♠❛ q✉❡ ♥♦ ❝♦♥tr❛❞✐❣❛ ❡❧

s✐❣♥✐✜❝❛❞♦ ❞❡ ✉♥✐✈❡rs♦✱ s✐ ❡❧ ✉♥✐✈❡rs♦ ♥♦ ❢✉❡r❛ ❝♦♥❡①♦ ❡♥ ✉♥ s❡♥t✐❞♦ t♦♣♦❧ó❣✐❝♦✱ ❡♥t♦♥❝❡s

♥♦s♦tr♦s ♥♦ ♣♦❞rí❛♠♦s s❛❜❡r❧♦✳ ◆♦ ❤❛❜rí❛ ❢♦r♠❛✱ s✐ ❧❛ ❞❡s❝♦♥❡①✐ó♥ s❡ ❞❛ ♣❛r❛ t♦❞♦ t✐❡♠♣♦

♦ s❡ ❢♦r♠✉❧❡ ❡♥ ✈❛r✐❡❞❛❞❡s ❞✐❢❡r❡♥❝✐❛❜❧❡s ✉ ♦tr♦s ❡s♣❛❝✐♦s ❡♥ ❧♦s q✉❡ ②❛ ❡sté ❝♦♥t❡♥✐❞♦

❡❧ t✐❡♠♣♦✱ ❞❡ ❡♥t❛❜❧❛r ❝✉❛❧q✉✐❡r t✐♣♦ ❞❡ ✐♥t❡r❛❝❝✐ó♥ ❡♥tr❡ ♥♦s♦tr♦s ② t❛❧❡s ♠✉♥❞♦s✳ P♦r

t❛♥t♦✱ ❧♦ q✉❡ t❡♥❞rí❛♠♦s ❡s q✉❡ ❡st❛rí❛♠♦s ❛♥t❡ ✉♥❛ ❤✐♣ót❡s✐s q✉❡ ♥♦ ❛♣♦rt❛ ♥❛❞❛ ② ❝♦♥

❧❛ q✉❡ ♣♦❞rí❛♠♦s ✈✐✈✐r ♥❡❣á♥❞♦❧❛ s✐♥ ♣r❡♦❝✉♣❛r♥♦s ❞❡ ♥❛❞❛✳ ❊s ♠ás✱ t♦❞♦s ❧♦s ♠♦❞❡❧♦s

q✉❡ ♣✉❞✐ér❛♠♦s ❤❛❝❡r s♦❜r❡ ❡s❛s ♦tr❛s ❝♦♠♣♦♥❡♥t❡s ❝♦♥❡①❛s ♦ ✉♥✐✈❡rs♦s s❡rí❛♥ ✐❣✉❛❧ ❞❡

❢❛❝t✐❜❧❡s✱ ♣✉❡s ❝✉❡♥t❛♥ ❝♦♥ ❧♦s ♠✐s♠♦s ❞❛t♦s q✉❡ ❧♦s ❛♣♦②❛♥✿ ♥✐♥❣✉♥♦✳

❈♦♥ t♦❞♦ ❡st♦ ♥♦ q✉✐❡r♦ ♣♦♥❡r s♦❜r❡ ❧❛ ♠❡s❛ ❧❛ ❝♦♥❝❡♣❝✐ó♥ ✈❡r✐✜❝❛❝✐♦♥❛❧✐st❛ ❞❡ ❧❛s

❝✐❡♥❝✐❛s✳ ◆♦ ❝♦♥s✐❞❡r♦ q✉❡ ♣♦❞❛♠♦s ❤❛❜❧❛r ❞❡ q✉❡ s❡ ❝♦♥✜r♠❛♥ ❧❛s t❡♦rí❛s ❝✐❡♥tí✜❝❛s ✓t♦✉t

❝♦✉rt✔✳ ❨ ❡st♦ ♣♦r ❞♦s ♠♦t✐✈♦s✳ ❊❧ ♣r✐♠❡r♦ ❡s ♣♦rq✉❡ ❧❛s t❡♦rí❛s ❝✐❡♥tí✜❝❛s ♥♦ s❡ ❝♦♥tr❛♣♦✲

♥❡♥ ❞❡ ❢♦r♠❛ ❞✐r❡❝t❛ ❝♦♥ ❧❛ r❡❛❧✐❞❛❞✱ s✐♥♦ q✉❡ ❧♦ ❤❛❝❡♥ ❛ tr❛✈és ❞❡ ♥✉♠❡r♦s❛s ❤✐♣ót❡s✐s ❡

✐❞❡❛s ❛✉①✐❧✐❛r❡s ❬✷✵❪✳ ❨ ❡♥ s❡❣✉♥❞♦ ❧✉❣❛r ♣♦rq✉❡ ❧❛ ♠❛②♦r ♣❛rt❡ ❞❡ t❡♦rí❛s ❝♦♥t✐❡♥❡♥ ❞❡♠❛✲

s✐❛❞♦s ❡♥✉♥❝✐❛❞♦s ♣♦s✐❜❧❡s ❞❡ ❢♦r♠❛ q✉❡ ♥♦ ❝❛❜rí❛ ♥✐ s♦ñ❛r ❝♦♥ ✉♥❛ ✓✈❡r✐✜❝❛❝✐ó♥ ❝♦♠♣❧❡t❛✔

❬✷✸❪✳

➽◗✉é t✐❡♥❡ q✉❡ ✈❡r t♦❞♦ ❝♦♥ ❡❧ ❝❛♠❜✐♦❄ P✉❡s ❜❛st❛♥t❡✱ ② ❡s q✉❡ ❛ ♣❛rt✐r ❞❡ ❝♦♥❝❡♣❝✐♦♥❡s

s♦❜r❡ ♥✉❡str❛s ❝❛♣❛❝✐❞❛❞❡s ❡ ✐♥t❡r❡s❡s ♣♦❞❡♠♦s t♦♠❛r ♣❛rt✐❞♦ ② ♣♦st✉❧❛r ✐❞❡❛s ❡♥ ♦♥t♦❧♦❣í❛✳

❊♥ ♣❛rt✐❝✉❧❛r ♣♦❞❡♠♦s ❛q✉í ♣♦st✉❧❛r ❡❧ s✐❣✉✐❡♥t❡ ♣♦st✉❧❛❞♦✿

P♦st✉❧❛❞♦ ✺✳✶✳ ◆♦ ❤❛② ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s q✉❡ ♥♦ ❝❛♠❜✐❡♥✳

▲❛ ❥✉st✐✜❝❛❝✐ó♥ q✉❡ ♣♦❞rí❛♠♦s ❞❛r ❛ ❡st❡ ♣♦st✉❧❛❞♦ ❡s ❧❛ s✐❣✉✐❡♥t❡✳ ❙✉♣♦♥❣❛♠♦s q✉❡

❡①✐st❡♥ t❛❧❡s ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s✳ ❍❛② ❞♦s ♣♦s✐❜✐❧✐❞❛❞❡s✱ ♦ ❜✐❡♥ ❡s♦s ✐♥❞✐✈✐❞✉♦s s✉st❛♥✲

❝✐❛❧❡s t✐❡♥❡♥ ❛❧❣✉♥❛ r❡♣❡r❝✉s✐ó♥ ❡♥ ❧♦ ❝❛♠❜✐❛♥t❡ ♦ ♥♦✳ ❙✐ ♥♦ t✐❡♥❡♥ ♥✐♥❣✉♥❛ r❡♣❡r❝✉s✐ó♥

s♦❜r❡ ♥♦s♦tr♦s s❡rí❛♥ s✐♠♣❧❡s ✐♥❞✐✈✐❞✉♦s q✉❡ ♥✉♥❝❛ ❢♦r♠❛♥ ✉♥ t♦❞♦ ❝♦♥ ♣r♦♣✐❡❞❛❞❡s s✉s✲

t❛♥t✐✈❛s ② q✉❡ ♣♦r t❛♥t♦ ♥♦ ♣♦❞rí❛♠♦s ❝♦♥♦❝❡r ❞❡ ❢♦r♠❛ ❞✐r❡❝t❛ ♠❡❞✐❛♥t❡ ❛❧❣✉♥❛ ✐♥❢❡r❡♥❝✐❛

s♦❜r❡ ❧♦s r❡s✉❧t❛❞♦s ❞❡ ❧❛s ✐♥✈❡st✐❣❛❝✐♦♥❡s s♦❜r❡ ❧❛ r❡❛❧✐❞❛❞ ❡♠♣ír✐❝❛✳ P❛r❡❝❡ ♣♦r t❛♥t♦ q✉❡

♥♦ ♥❡❝❡s✐t❛♠♦s ❞❡ ❡❧❧♦ ② q✉❡ ❛❞❡♠ás ♥♦ ❞❡❜❡♠♦s s✉♣♦♥❡r❧♦s✳ ◗✉✐③á ❛❧❣✉✐❡♥ ♣✉❡❞❛ ♣r♦t❡s✲

t❛r ② ❝♦♠❡♥t❛r q✉❡ ❧♦s ❡♥t❡s ♠❛t❡♠át✐❝♦s q✉✐③á s❡❛♥ ❞❡ ❡st❛ ❝❧❛s❡✳ ❨ sí✱ ❡❢❡❝t✐✈❛♠❡♥t❡ ❛

❧♦ ❧❛r❣♦ ❞❡ ❧❛ ❤✐st♦r✐❛ ❤❛ ❤❛❜✐❞♦ ♣❡♥s❛❞♦r❡s ♣❧❛tó♥✐❝♦s q✉❡ ❤❛♥ ❡♥t❡♥❞✐❞♦ ❝♦♠♦ ❡①✐st❡♥t❡s

❛ ❡s♦s ❡♥t❡s ② ❝♦♠♦ ❢♦r♠❛♥❞♦ ♣❛rt❡ ❞❡❧ ♠✉♥❞♦✱ ♦ ❛❧ ♠❡♥♦s ❞❡ ✉♥❛ r❡❣✐ó♥ ❡①❝❡❧s❛ ❞❡ ❡st❡✳

❊❧ ♣r♦❜❧❡♠❛ ❡stá ❡♥ q✉❡ ❡s❛ ❝❧❛s❡ ❞❡ ❡♥t❡s s♦♥ ❧♦s ú♥✐❝♦s q✉❡ ♣♦❞❡♠♦s ♣❡♥s❛r q✉❡ ♣♦❞rí❛♥



✺✳✷✳ ❊▲ ❈❖◆❖❈■▼■❊◆❚❖ ❊◆ ❊▲ ❈❆▼❇■❖ ✼✾

s❡r ❞❡ ❡s❛ ❝❧❛s❡✱ ♥♦ ♦❜st❛♥t❡ ❡❧ ♣❧❛t♦♥✐s♠♦ ♥♦ ❡s ❧❛ ú♥✐❝❛ ❝♦♥❝❡♣❝✐ó♥ r❛③♦♥❛❜❧❡ ❞❡ ❡st♦s✳

❊s ♠ás✱ ❡♥ ❧❛ s❡❝❝✐ó♥ ❛♥t❡r✐♦r ❡♥t❡♥❞✐♠♦s q✉❡ ❡s❡ ♥♦ ❡s ❡❧ ❝❛s♦✳ P♦r t❛♥t♦✱ ❝♦♠♦ ♥♦ ❝❛❜❡

♣❡♥s❛r ❡♥ ✉♥ ♠✐❡♠❜r♦ ❞❡ ❡s❛ ❝❧❛s❡ ♥✐ ♣♦❞rí❛♠♦s ✐♥❢❡r✐r❧♦ ❞❡ ♥✐♥❣✉♥❛ ❢♦r♠❛✱ ♣✉❡s ♥♦ ❤❛②

t❛❧ ❝♦s❛✳

❈♦♠♦ ♠✉❝❤♦ ♣♦❞❡♠♦s ♣❡♥s❛r ❡♥ ✉♥ ✐♥❞✐✈✐❞✉♦ q✉❡ ♣♦❞rí❛ s❡r ❞❡ t❛❧ ❝❧❛s❡✱ ② q✉❡ ❛❞❡♠ás

❝♦♥♦❝❡♠♦s ♥♦ t❛♥t♦ ♣♦rq✉❡ ♥♦s ❛❢❡❝t❡ s✐♥♦ ♠ás ❜✐❡♥✱ ② ❛❧ ✐❣✉❛❧ q✉❡ ❧♦s ❡♥t❡s ♠❛t❡♠át✐❝♦s✱

♣♦rq✉❡ ❧♦ ❤❡♠♦s ❝♦♥str✉✐❞♦ ♥♦s♦tr♦s✳ ▼❡ r❡✜❡r♦ ❛ ❧❛ ✐❞❡❛ ❞❡ ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ ✈❛❝í♦ ♦

❧❛ ♥❛❞❛ � q✉❡ ♣♦❞❡♠♦s ❡♥t❡♥❞❡r ❝♦♠♦ ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ q✉❡ ♥♦ ❝❛♠❜✐❛✱ ♣❡r♦ ❝❧❛r♦✱

s✐♠♣❧❡♠❡♥t❡ ❝♦♠♦ ✉♥❛ ♠❡r❛ ✜❝❝✐ó♥ út✐❧ ♣❛r❛ ❡♥t❡♥❞❡r ♣♦r ❡❥❡♠♣❧♦ q✉é s♦♥ ❧♦s ❡str♦♠❛s ②

♦tr❛s ✈❡♥t❛❥❛s ❞❡ ❝♦rt❡ ❝♦❣♥♦s❝✐t✐✈♦✳

❇✐❡♥✱ ➽② q✉é s✉❝❡❞❡ ❡♥ ❡❧ ❝❛s♦ ❝♦♥tr❛r✐♦❄ ➽q✉é ♣❛s❛ s✐ ❧♦s ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s s❡

r❡❧❛❝✐♦♥❛♥✱ ❡s ❞❡❝✐r ❢♦r♠❛♥ t♦❞♦s ❝❛♠❜✐❛♥t❡s✱ ♦ ❞✐❝❤♦ ❞❡ ❢♦r♠❛ ♠ás ♣r❡❝✐s❛ ❡①✐st❡♥ ✐♥st❛♥t❡s

❡♥ ❧♦s q✉❡ s✉ ✉♥✐ó♥ ❝♦♥ ♦tr♦ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ t✐❡♥❡ ❛❧❣✉♥❛ ♣r♦♣✐❡❞❛❞ ❡♠❡r❣❡♥t❡❄ ❊♥

t❛❧ ❝❛s♦ s❛❜❡♠♦s q✉❡✱ ♣♦r ❡❧ ❚❡♦r❡♠❛ ✷✳✽✶✱ ❡stá ❝❧❛r♦ q✉❡ ❛❧ ♠❡♥♦s ❡①✐st❡ ✉♥ ✐♥❞✐✈✐❞✉♦

s✉st❛♥❝✐❛❧ q✉❡ ❡s ♣❛rt❡ ❞❡ ❡s❡ t♦❞♦ ② q✉❡ ❛❞❡♠ás ❡s ❝❛♠❜✐❛♥t❡✳ ❊s ♠ás✱ ❡s❡ t♦❞♦ ❡①✐st❡

s♦❧♦ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧❛s ♣r♦♣✐❡❞❛❞❡s ❞❡ ❧❛ ♣❛rt❡ ❝❛♠❜✐❛♥t❡ ♣♦r ❡❧ P♦st✉❧❛❞♦ ✷✳✷✸✳ P❡♥s❡♠♦s

♣♦r t❛♥t♦ q✉❡ ❡st❛♠♦s ❛♥t❡ ❡s❛ s✐t✉❛❝✐ó♥✱ ❡s ❞❡❝✐r q✉❡ ❡st❛♠♦s ❛♥t❡ ✉♥ t♦❞♦ q✉❡ ❝❛♠❜✐❛

s♦❧♦ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ✉♥❛ ❞❡ s✉s ♣❛rt❡s ② ❧❛ ♦tr❛ ❡s ✐♥❝♦❣♥♦s❝✐❜❧❡✳ ➽■♥❝♦❣♥♦s❝✐❜❧❡✱ ② ❡s♦ ♣♦r

q✉é❄

▲❛ r❡s♣✉❡st❛ ❡s q✉❡ ❡st♦✱ ❡♥ ♣❛rt❡✱ s❡ ❜❛s❛ ❡♥ ♦tr♦ ♣♦st✉❧❛❞♦ q✉❡ ❛❞♠✐t✐♠♦s ❝♦♥ r❡s♣❡❝t♦

❛❧ ❝❛♠❜✐♦ ❡♥ ✈✐rt✉❞ ❞❡ ✉♥❛ ❝✉❡st✐ó♥ ♠ás ♦ ♠❡♥♦s ❜❛s❛❞❛ ❡♥ ❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ ♦ ❡♥ ❧❛

♠❡t♦❞♦❧♦❣í❛ ♠ás r❛③♦♥❛❜❧❡✿

P♦st✉❧❛❞♦ ✺✳✷ ✭P♦st✉❧❛❞♦ ❧❡❣❛❧ ❢✉❡rt❡✮✳ ❯♥❛ ❧❡② s♦❧♦ ♣✉❡❞❡ ❞❡❥❛r ❞❡ ❛♣❧✐❝❛rs❡ ♦ ❡♠♣❡✲

③❛r ❛ ❛♣❧✐❝❛rs❡ ❡♥ ❢✉♥❝✐ó♥ ❞❡ ❧♦s ❡st❛❞♦s ❞❡ ❧♦s ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s ❞❡ ❧♦s q✉❡ s❡ ❛♣❧✐❝❛

♦ q✉❡ s♦♥ ♣❛rt❡s s♦❜r❡ ❧♦s q✉❡ s❡ ❛♣❧✐❝❛✳ ❊s ❞❡❝✐r✱ ✉♥❛ ❧❡② ♥♦ ♣✉❡❞❡✱ ❝❡t❡r✐s ♣❛r✐❜✉s✱ t❡♥❡r

❧✉❣❛r ❡♥ ✉♥ ♠♦♠❡♥t♦ ❞❛❞♦ ② ♥♦ ❡♥ ♦tr♦✳

❨ ❡st♦✱ ❞❡ ♥✉❡✈♦✱ s❡ ❥✉st✐✜❝❛ ❛♣❡❧❛♥❞♦ ❛❧ ❝♦♥♦❝✐♠✐❡♥t♦✳ ❈✉❛♥❞♦ ❜✉s❝❛♠♦s ✉♥❛ ❧❡②

❧❛ ♣❡♥s❛♠♦s s✐❡♠♣r❡ ❝♦♠♦ ✈á❧✐❞❛ ❜❛❥♦ ❝✐❡rt❛s ❝♦♥❞✐❝✐♦♥❡s✳ ❙✐ ❧❛ ❧❡② t✐❡♥❡ ❜❛st❛♥t❡ ❣r❛❞♦

❞❡ ❛♣❧✐❝❛❜✐❧✐❞❛❞ ♣❡r♦ ❝♦♠♣r♦❜❛♠♦s ❝♦♥ ❝✐❡rt♦ ♥✐✈❡❧ ❞❡ ❡①✐❣❡♥❝✐❛ q✉❡ ❢❛❧❧❛ t❡♥❡♠♦s ❞♦s

♦♣❝✐♦♥❡s✿ ♣❡♥s❛r q✉❡ ❧❛ ❧❡② ❡s ❢❛❧s❛ ♦ ❜✐❡♥ ❜✉s❝❛r ♣♦r q✉é ❢❛❧❧❛ ❡♥ ✉♥♦s ❝❛s♦s ② ♥♦ ❡♥ ♦tr♦s✳

◆♦ t❡♥❞rí❛ s❡♥t✐❞♦ ♣❡♥s❛r q✉❡ ❧❛ ❧❡② ❤❛ ❞❡❥❛❞♦✱ ♠á❣✐❝❛♠❡♥t❡✱ ❞❡ ❞❡❥❛r ❞❡ ❛♣❧✐❝❛rs❡✳

❆❤♦r❛✱ ♣❡♥s❡♠♦s ❡♥ ✉♥❛ ❝♦s❛ q✉❡ ♥♦ ❝❛♠❜✐❛✳ ➽P♦❞rí❛ ❛❢❡❝t❛r♥♦s❄ P♦❞rí❛✱ ♣❡r♦ ❧♦ q✉❡

♥♦ ♣♦❞rí❛♠♦s ❤❛❝❡r ❡s ❞❛r♥♦s ❝✉❡♥t❛ ❞❡ ❡❧❧♦ ♣♦rq✉❡ ♥♦s ❛❢❡❝t❛rí❛ s✐❡♠♣r❡ ❞❡ ❧❛ ♠✐s♠❛

♠❛♥❡r❛ ❡♥ ❧❛s ♠✐s♠❛s ❝✐r❝✉♥st❛♥❝✐❛s✳ ◆♦ ♣♦❞rí❛♠♦s ♣♦r t❛♥t♦✱ ❞❛r♥♦s ❝✉❡♥t❛ ❞❡ q✉❡ ❡stá

❛❤í ❛❢❡❝tá♥❞♦♥♦s✳



✽✵❈❆P❮❚❯▲❖ ✺✳ ❊▲ ❈❖◆❖❈■▼■❊◆❚❖❨ ▲❖❉■◆➪▼■❈❖✱ ❈❖◆❚❘❆ ▲❆ ❉❊❙❈❘■P❈■Ó◆

❆❤♦r❛✱ s✐ ✈♦❧✈❡♠♦s ❛ ❧❛ s✐t✉❛❝✐ó♥ ❡♥ ❧❛ q✉❡ ❡stá❜❛♠♦s✱ t❡♥❡♠♦s ✉♥ t♦❞♦ t❛❧ q✉❡ s❡

❞❡s❝♦♠♣♦♥❡♥ ❡♥ ✉♥❛ ♣❛rt❡ ♠✉t❛❜❧❡ ② ♦tr❛ ✐♥♠✉t❛❜❧❡ q✉❡ ♥♦ ❝♦♥♦❝❡♠♦s✳ ▲❛ ❝✉❡st✐ó♥ ❛❤♦r❛

❡s q✉❡ ♥♦ ♣♦❞❡♠♦s ❞✐❢❡r❡♥❝✐❛r ❡❧ t♦❞♦ ❞❡ ❧❛ ♣❛rt❡ ♠✉t❛❜❧❡✱ ♣♦rq✉❡ ❡s ✐♠♣♦s✐❜❧❡ q✉❡ ❧♦

✐♥❝♦❣♥♦s❝✐❜❧❡ ♥♦s ❛❢❡❝t❡ ❞❡ ❛❧❣✉♥❛ ❢♦r♠❛ ② t❡♥❣❛♠♦s ❝♦♥♦❝✐♠✐❡♥t♦ ❞❡ é❧ ② ♣♦r t❛♥t♦ ❞❡

✉♥❛ ✓♣❛rt❡✔ q✉❡ ❧❡ ❢❛❧t❡ ❛ ❡s❡ t♦❞♦ ② ❧♦ ❞✐❢❡r❡♥❝✐❛ ❞❡ s✉ ♣❛rt❡ ♠✉t❛❜❧❡✳ P❡r♦ ❡s q✉❡ ❤❛② ♠ás✱

✐♥❝❧✉s♦ s✐ ♣✉❞✐ér❛♠♦s ❞✐st✐♥❣✉✐r ❡s❡ t♦❞♦ ❞❡ s✉ ♣❛rt❡ ♠✉t❛❜❧❡ ❧❛ ❤✐♣ót❡s✐s q✉❡ ❞❡❜❡rí❛♠♦s

❤❛❝❡r ♥♦ ❡s q✉❡ ❡s❛ ♣❛rt❡ ❡s ✐♥♠✉t❛❜❧❡ ② ✈✐✈❡ ♣♦r ❛❤í ❞❡ ❢♦r♠❛ q✉❡ ♥♦ ♣♦❞❛♠♦s ❝♦♥♦❝❡r❧❛

②❛ q✉❡ ♥♦ ♥♦s ❛❢❡❝t❡✱ ❧❛ ❤✐♣ót❡s✐s ❝✐❡♥tí✜❝❛ ❞❡ ♣r♦✈❡❝❤♦ ❡s q✉❡ ❡①✐st❡ t❛❧ ♣❛rt❡ ♣❡r♦ ❞❡❜❡

s❡r ♠✉t❛❜❧❡ ♣❛r❛ q✉❡ q✉❡♣❛ ✐♥✈❡st✐❣❛r❧❛ ② ❝♦♥♦❝❡r❧❛✳

❍❡♠♦s ♣✉❡s ❥✉st✐✜❝❛❞♦ ❞♦s ♣♦st✉❧❛❞♦s ❡♥ ✈✐rt✉❞ ❞❡ ❧❛ ✐❞❡❛ ❞❡ ❝♦♥♦❝✐♠✐❡♥t♦✱ ♣❡r♦ ♣♦✲

❞❡♠♦s ❤❛❝❡r ❛❧❣♦ ♠ás✳ ❆❞❡♠ás ❞❡❧ ♣r✐♥❝✐♣✐♦ ❞❡ ❞❡t❡r♠✐♥✐s♠♦ q✉❡ ❝♦♠❡♥tá❜❛♠♦s ❡♥ ❡❧

❛♣é♥❞✐❝❡ ❤♦♠ó♥✐♠♦ ❞❡❧ ❝❛♣ít✉❧♦ tr❡s ❡s r❛③♦♥❛❜❧❡ ♣❡♥s❛r q✉❡ s✐ q✉❡r❡♠♦s ❞❡s❝r✐❜✐r ❧❛

r❡❛❧✐❞❛❞ ② s✉ ❡✈♦❧✉❝✐ó♥ ❧♦ q✉❡ q✉❡r❛♠♦s ❡s ❛❧❣✉♥❛ ❢ór♠✉❧❛ s❡♥❝✐❧❧❛ q✉❡ ♥♦s ❞✐❣❛ ❝ó♠♦ s✉✲

❝❡❞❡ t❛❧ ❝♦s❛ ② ♥♦ ✉♥❛ ♠❡r❛ ❧✐st❛ ❞❡ ♣r♦♣✐❡❞❛❞❡s ❡♥ t✐❡♠♣♦s ❝♦♥❝r❡t♦s q✉❡ ♣♦s✐❜❧❡♠❡♥t❡ s❡

❛❧❡❥❡ ❜❛st❛♥t❡ ❞❡ ♥✉❡str❛s ❝❛♣❛❝✐❞❛❞❡s✳ P❡r♦ ❡s q✉❡ ❤❛② ♠ás✱ ♥♦ t♦❞❛ ❧❡② ✈❛❧❡ ② ❡s r❛③♦♥❛❜❧❡

q✉❡ ❡❧ ❝✐❡♥tí✜❝♦ ❛❝❡♣t❡ ✉♥ ♣r✐♥❝✐♣✐♦ ❝♦♠♦ ❡❧ s✐❣✉✐❡♥t❡ q✉❡ ❡①♣✉s✐♠♦s ② ❞❡❢❡♥❞✐♠♦s ❡♥ ❬✻❪✿

P♦st✉❧❛❞♦ ✺✳✸ ✭Pr✐♥❝✐♣✐♦ ❞❡ ❙②♠♣❧♦❦é✮✳ P❛r❛ ❡st✉❞✐❛r ✉♥ ♦❜❥❡t♦ ♥♦ ❞❡❜❡♠♦s ❜✉s❝❛r

t♦❞❛s ❧❛s ♣♦s✐❜❧❡s r❡❧❛❝✐♦♥❡s ❞❡ s✉s ♣r♦♣✐❡❞❛❞❡s ❝♦♥ ♦tr❛s ♥✐ ❞❡❜❡♠♦s ❡♥✉♥❝✐❛r ✉♥❛ ❧❡②❡

q✉❡ t❡♥❣❛ ❡♥ ❝✉❡♥t❛ t♦❞❛s ❧❛s ♣r♦♣✐❡❞❛❞❡s ❛ ❧❛ ✈❡③✳ P❡r♦ ♣❛r❛ ❝♦♠♣r❡♥❞❡r ✉♥❛ ♣r♦♣✐❡❞❛❞

❧♦ ♠❡❥♦r ❡s ♣♦♥❡r❧❛ ❡♥ r❡❧❛❝✐ó♥ ❝♦♥ ♦tr❛s✱ ❡s ❞❡❝✐r ❜✉s❝❛r ✉♥❛ ❧❡②✳



❈❛♣ít✉❧♦ ✻

➱t✐❝❛ ❞❡ ② ♣❛r❛ ❡str♦♠❛s ❡❢í♠❡r♦s

P♦r ✜♥ ❡❧ ❤♦r✐③♦♥t❡ s❡ ♥♦s ♠✉❡str❛

❧✐❜r❡ ♦tr❛ ✈❡③✱ ❛✉♥q✉❡ ❞❡s❞❡ ❧✉❡❣♦ ♥♦

❡sté ❝❧❛r♦❀ ♣♦r ✜♥ ♥✉❡str♦s ❜❛r❝♦s

♣✉❡❞❡♥ ❛✈❡♥t✉r❛rs❡ ❛ s❛❧✐r ♦tr❛ ✈❡③✱

❛✈❡♥t✉r❛rs❡ ❛ ❛❢r♦♥t❛r ❝✉❛❧q✉✐❡r

♣❡❧✐❣r♦✳ ❚♦❞♦ ❡❧ ❛tr❡✈✐♠✐❡♥t♦ ❞❡❧

❛♠❛♥t❡ ❞❡❧ ❝♦♥♦❝✐♠✐❡♥t♦ s❡ ♣❡r♠✐t❡

♦tr❛ ✈❡③✳ ❊❧ ♠❛r✱ ♥✉❡str♦ ♠❛r s❡

❡①t✐❡♥❞❡ ❛❜✐❡rt♦ ♦tr❛ ✈❡③✳ ◗✉✐③ás

♥✉♥❝❛ ❤❛②❛ ❤❛❜✐❞♦ ✉♥ ✓♠❛r ❛❜✐❡rt♦✔

❝♦♠♦ ést❡✳

❊❧ ●❛② s❛❜❡r

◆✐❡t③s❝❤❡

❯♥❛ ✜❧♦s♦❢í❛ ❝♦♠♣❧❡t❛ q✉❡ s❡ ♣r❡❝✐❡ ❞❡❜❡ ♣r♦❝✉r❛r ❞❛r r❡s♣✉❡st❛s ❛ ❧♦s ♣r♦❜❧❡♠❛s ét✐❝♦s

② ❛①✐♦❧ó❣✐❝♦s ❞❡❧ ❤♦♠❜r❡✳ ❊s ❞❡❝✐r✱ ❞❡❜❡ ♣r♦❝✉r❛r ❤❛st❛ ❝✐❡rt♦ ♣✉♥t♦ s❡r✈✐r ❝♦♠♦ ❣✉í❛ ♣❛r❛

❧❛ ❛❝❝✐ó♥ ② ♣❛r❛ ❧❛s ✈❛❧♦r❛❝✐♦♥❡s✳ ❈❧❛r♦ ❡stá✱ ❡st❡ ♣❛♣❡❧ ♥♦ ❞❡❜❡rí❛ s❡r ♦♠♥í♠♦❞♦✱ ♣✉❡st♦

q✉❡ ❧❛ ét✐❝❛ ❞❡s❣❛❥❛❞❛ ❞❡ ❧❛s ❝✐❡♥❝✐❛s✱ ❝♦♠♦ ❝✉❛❧q✉✐❡r ♦tr❛ ❞✐s❝✐♣❧✐♥❛ ✜❧♦só✜❝❛✱ ♣✐❡r❞❡ t♦❞♦

s✉ ✈❛❧♦r✳ P❛r❛ ♣♦❞❡r ✈❛❧♦r❛r ❛❧❣♦ ❞❡❜❡♠♦s ❝♦♥♦❝❡r❧♦ ② ❡st❡ ❞❡❜❡ ❡①✐st✐r✱ ♣❛r❛ ♣♦❞❡r ❛❝t✉❛r

❞❡❜❡♠♦s t❡♥❡r ❧❛ ❝❛♣❛❝✐❞❛❞ ❡❢❡❝t✐✈❛ ❞❡ ❤❛❝❡r❧♦❀ ❛♠❜❛s ❝♦s❛s ❞❡♣❡♥❞❡♥ ❡♥ ❣r❛♥ ♠❡❞✐❞❛

❞❡ ❧❛s ❝✐❡♥❝✐❛s ② t❡❝♥♦❧♦❣í❛s✳ ❊ ✐♥❝❧✉s♦ ♣♦❞rí❛♠♦s ❞❡❝✐r q✉❡ t❛♠❜✐é♥ s❡ ❞❛ ✉♥❛ s✐t✉❛❝✐ó♥

✐♥✈❡rs❛✱ ♣✉❡s ❧❛s ❝✐❡♥❝✐❛s r❡q✉✐❡r❡♥ ❞❡ ✉♥❛ ❜✉❡♥❛ ét✐❝❛✱ ❡♥ ♣❛rt✐❝✉❧❛r ② ❞❡ ✉♥❛ ❜✉❡♥❛

✜❧♦s♦❢í❛✱ ❡♥ ❣❡♥❡r❛❧✳

❆❞❡♠ás ❧❛ ét✐❝❛ ♥♦ ❡s ✉♥❛ ❞✐s❝✐♣❧✐♥❛ ✜❧♦só✜❝❛ q✉❡ q✉❡♣❛ ❞❡s❣❛❥❛r❧❛ ❞❡❧ t♦❞♦ ❞❡❧ r❡st♦ ❞❡

❝✉❡st✐♦♥❡s✳ P♦r ❡❥❡♠♣❧♦ ✉♥❛ t❡♦rí❛ ét✐❝❛ ♣✉❡❞❡ ❞❡♣❡♥❞❡r t❛♠❜✐é♥ ❞❡ ✉♥❛ ♦♥t♦❧♦❣í❛ ② ❞❡ ✉♥❛

♠❡t❛❢ís✐❝❛✳ ❆sí✱ s✐ ❝♦♥s✐❞❡r❛♠♦s q✉❡ ♥♦ ❝❛❜❡ ♣❡♥s❛r ❡♥ ✉♥ s❡r s♦❜r❡♥❛t✉r❛❧ ② ❡♥ ♣❛rt✐❝✉❧❛r

✽✶



✽✷ ❈❆P❮❚❯▲❖ ✻✳ ➱❚■❈❆ ❉❊ ❨ P❆❘❆ ❊❙❚❘❖▼❆❙ ❊❋❮▼❊❘❖❙

❡♥ ✉♥ ❉✐♦s ♣r♦♣✐♦ ❞❡ ❧❛s r❡❧✐❣✐♦♥❡s ❛❜r❛❤á♠✐❝❛s ❝❛♣❛③ ② ❝♦♥ ✐♥t❡♥❝✐ó♥ ❞❡ ✐♠♣❛rt✐r ❥✉st✐❝✐❛

tr❛s ❧❛ ♠✉❡rt❡ ♦ ❞❡ ❝✉②❛ ✈♦❧✉♥t❛❞ ♣♦❞❛♠♦s ✐♥❢❡r✐r q✉é ❡s ❝♦rr❡❝t♦ ② q✉❡ ♥♦✱ ♣✉❡s ❝❧❛r♦ ❤❛②

♣♦s✐❜✐❧✐❞❛❞❡s ❞❡ t❡♦rí❛s ét✐❝❛s q✉❡ q✉❡❞❛♥ ✈❡❞❛❞❛s✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ♣♦❞❡♠♦s ♣❡♥s❛r q✉❡ ❧❛

♦♥t♦❧♦❣í❛ q✉❡ ❤❡♠♦s ❞❡s❛rr♦❧❧❛❞♦ ❛q✉í s❡ ♦♣♦♥❡ ❡♥ ❣r❛♥ ♠❡❞✐❞❛ ❛ ❧❛ ♣♦s✐❜✐❧✐❞❛❞ ♠❡t❛❢ís✐❝❛

❞❡ ✉♥ ❉✐♦s ♣❡r❢❡❝tís✐♠♦✱ ❡t❡r♥♦ ❡ ✐♥♠✉t❛❜❧❡ q✉❡ ❛❞❡♠ás ♣✉❞✐❡r❛ ✐♥t❡r✈❡♥✐r ❡♥ ❡❧ ♠✉♥❞♦ ♦

♣r♦❞✉❝✐r❧♦✳

◆♦ ♦❜st❛♥t❡✱ ♥♦ tr❛t❛r❡♠♦s ❛q✉í ❞❡ ❡st❡ ♣r♦❜❧❡♠❛ ♠ás ♣r♦♣✐♦ ❞❡ ❧❛ ✜❧♦s♦❢í❛ ❞❡ ❧❛ r❡❧✐✲

❣✐ó♥✳ ❊❧ ♦❜❥❡t✐✈♦ ❞❡ ❡st❡ ❝❛♣ít✉❧♦ s❡rá ♠♦str❛r ❡❧ ♣❛♣❡❧ ❞❡❧ ❝❛♠❜✐♦ ❡♥ tr❡s t❡♠❛s ❞✐st✐♥t♦s

r❡❧❛❝✐♦♥❛❞♦s ❝♦♥ ❧❛ ét✐❝❛ ② ❧❛ ❛①✐♦❧♦❣í❛✳ ❊❧ ♣r✐♠❡r♦ ❞❡ ❡❧❧♦s s❡rá ✉♥❛ ❝♦♥s❡❝✉❡♥❝✐❛ ❛①✐♦❧ó❣✐❝❛

s♦❜r❡ ❡❧ ♣r♦❜❧❡♠❛ ❞❡ ✉♥❛ ✈✐s✐ó♥ ♠❡t❛ét✐❝❛ t♦t❛❧♠❡♥t❡ ❝♦♥s❡❝✉❡♥❝✐❛❧✐st❛✳ ❉❡s♣✉és ❡st✉❞✐❛✲

r❡♠♦s ❝ó♠♦ ♥✉❡str♦ ❝❛rá❝t❡r ❞❡ s❡r❡s ❤✐stór✐❝♦s ② ♠✉t❛❜❧❡s ❛❢❡❝t❛ ❛ ❛q✉❡❧❧♦ q✉❡ ✈❛❧♦r❛♠♦s

② ❛q✉❡❧❧♦ q✉❡ t❡♥❡♠♦s r❛③♦♥❡s ♣❛r❛ ❤❛❝❡r✳ ❋✐♥❛❧♠❡♥t❡ ❞❡♠♦str❛r❡♠♦s q✉❡ ♥✉❡str♦ ❝❛rá❝t❡r

❡str♦♠át✐❝♦ ❛❢❡❝t❛ ♣r♦❢✉♥❞❛♠❡♥t❡ ❛ ♥✉❡str❛ ✐❞❡♥t✐❞❛❞ ❞❡ ❢♦r♠❛ t❛❧ q✉❡ ❡❧ ❡❣♦ís♠♦ ❝♦♠♦

t❛❧ ♣✉❡❞❛ t❡r♠✐♥❛r ♣❡r❞✐❡♥❞♦ ♣❛rt❡ ❞❡ s✉ ♥❛t✉r❛❧ ❡ ✐♥t✉✐t✐✈♦ ❛tr❛❝t✐✈♦✳

✻✳✶✳ ❈♦♥s❡❝✉❡♥❝✐❛❧✐s♠♦ s✐♥ ❝♦♥s❡❝✉❡♥❝✐❛s

❆ ♠❡♥✉❞♦ ❡s ❢r❡❝✉❡♥t❡ ❡♥❢♦❝❛r ❧❛ ét✐❝❛ ❝♦♠♦ ✉♥❛ ❞✐s❝✐♣❧✐♥❛ ❡♥ ❧❛ q✉❡ ❤❛②✱ ❛❧ ♠❡♥♦s✱ ❞♦s

❣r❛♥❞❡s ❜❛♥❞♦s ❝✉②❛s ✈✐s✐♦♥❡s s♦♥ ✐rr❡❝♦♥❝✐❛❧✐❛❜❧❡s✿ ❧❛ ♣♦st✉r❛ ❞❡♦♥t♦❧ó❣✐❝❛ ② ❧❛ ♣♦st✉r❛

❝♦♥s❡❝✉❡♥❝✐❛❧✐st❛✳ ▼✉❝❤♦ s❡ ❤❛ tr❛❜❛❥❛❞♦ ♣❛r❛ ✐♥t❡♥t❛r ❞❡str✉✐r t❛❧ ❞✐✈✐s✐ó♥ ② ♥♦s♦tr♦s

❝r❡❡♠♦s✱ ❝♦♥ P❛r✜t✱ q✉❡ ❛♠❜❛s ❡s❝✉❡❧❛s ❡st❛❜❛♥ s✉❜✐❡♥❞♦ ❧❛ ♠✐s♠❛ ♠♦♥t❛ñ❛ s✐♥ ❞❛rs❡

❝✉❡♥t❛ ✭❬✶✻❪✮✳ ◆✉❡str♦ ♦❜❥❡t✐✈♦ ❛q✉í ❡s ❜❛st❛♥t❡ ♠ás ♠♦❞❡st♦ ② s❡ ❜❛s❛ ❡♥ ✐♥t❡♥t❛r ❡♥t❡♥❞❡r

❝ó♠♦ ❡❧ ❝♦♥s❡❝✉❡♥❝✐❛❧✐s♠♦ ❡♥ s✉ s❡♥t✐❞♦ ♠ás ❡①❛❝❡r❜❛❞♦ ❧❧❡✈❛ ❛❧ ❛❜s✉r❞♦✳

❊❧ ❞❡❜❛t❡✱ ♣❛r❛ ❛q✉❡❧❧♦s ✐♥t❡r❡s❛❞♦s✱ ❡♥tr❡ ❛♠❜❛s ♣♦st✉r❛s s❡ ❞❡❜❡ ❛ ❡♥t❡♥❞❡r s✐ ❞❡✲

❜❡♠♦s ✈❛❧♦r❛r ❧❛ ❜♦♥❞❛❞ ❞❡ ✉♥❛ ❛❝❝✐ó♥ ♦ ✉♥❛ r❡❣❧❛ ♣♦r sí ♠✐s♠❛ ♦ ❡♥ ✈✐rt✉❞ ❞❡ s✉s

❝♦♥s❡❝✉❡♥❝✐❛s✳ ❈❧❛r❛♠❡♥t❡✱ ❛♠❜❛s ♣♦st✉r❛s ❛❞♠✐t❡♥ ♠❛t✐❝❡s ❡♥tr❡ ❡❧ só❧♦ ✈❛❧♦r❛r ❧❛s ❝♦♥✲

s❡❝✉❡♥❝✐❛s ② ❡❧ s♦❧♦ ✈❛❧♦r❛r ❡♥ ❛❜str❛❝t♦ ❧❛ ❛❝❝✐ó♥ ♦ ❧❛ r❡❣❧❛✳ ❊♥ ♣❛rt✐❝✉❧❛r✱ ♥♦s ✐♥t❡r❡s❛

❛q✉í ♥♦t❛r ❝♦♠♦ ❡❧ ❝♦♥s❡❝✉❡♥❝❛❧✐s♠♦ ❡♥ ♣r✐♥❝✐♣✐♦ ❤❛❝❡ ❥✉st✐❝✐❛ ❛❧ ❤❡❝❤♦ ❞❡ q✉❡ ❡❧ ♠✉♥❞♦ ❡s

✉♥ ❧✉❣❛r ❝❛♠❜✐❛♥t❡ ❡♥ q✉❡ ♥✉❡str❛s ❛❝❝✐♦♥❡s t✐❡♥❡♥ ❝♦♥s❡❝✉❡♥❝✐❛s ② ♥♦ s❡ ❞❡❜❡♥ ❡♥t❡♥❞❡r

♣♦r sí ♠✐s♠❛s✱ ♣❡r♦ ❝❧❛r♦✱ ➽♣✉❡❞❡ ❡①✐st✐r ✉♥ ❝♦♥s❡❝✉❡♥❝✐❛❧✐s♠♦ ❛❜s♦❧✉t♦❄ ➽♣♦❞❡♠♦s ✈✐✈✐r

s♦❧♦ ❡♥ ❡❧ ❢✉t✉r♦❄

▲❛ t❡s✐s ❝♦♥s❡❝✉❡♥❝✐❛❧✐st❛ ❝♦♥❝r❡t❛ q✉❡ ♣r❡t❡♥❞❡♠♦s ❝r✐t✐❝❛r ♣✉❡❞❡ ❢♦r♠✉❧❛rs❡ ❝♦♠♦

Pr♦♣♦s✐❝✐ó♥ ✻✳✶✳ ▲❛ ❜♦♥❞❛❞ ❞❡ ❛❧❣♦ ❞❡❜❡ ✈❛❧♦r❛rs❡ s♦❧♦ ❡♥ ❢✉♥❝✐ó♥ ❞❡ s✐ s✉s ❝♦♥s❡❝✉❡♥❝✐❛s

s♦♥ ❜✉❡♥❛s✳

❊❧ ♣r♦❜❧❡♠❛ ❞❡ ❡st❛ t❡s✐s ❡s q✉❡ ♣❛r❛ ❞❡✜♥✐r ❧❛ ❜♦♥❞❛❞ ♣❛rt❡ ❞❡ ❧❛ ❜♦♥❞❛❞ ❞❡ ❧❛s

❝♦♥s❡❝✉❡♥❝✐❛s ♠✐s♠❛s✱ q✉❡ ♥♦ s❡ ❤❛ ❞❡✜♥✐❞♦✳ P♦❞rí❛♠♦s✱ ♣♦r t❛♥t♦ ♣❡♥s❛r q✉❡ ❡s ✉♥❛



✻✳✷✳ ❊▲ ❱❆▲❖❘ ❉❊ ❈❖◆❖❈❊❘ ▲❖ ❱❆▲■❖❙❖ ✽✸

s✉❡rt❡ ❞❡ ❞❡✜♥✐❝✐ó♥ r❡❝✉rs✐✈❛ ② ❡♥t♦♥❝❡s ♣♦❞rí❛♠♦s s❛❧✈❛r ❛❧❣♦ ❞❡ ❡s❛ t❡s✐s✳ ◆♦ ♦❜st❛♥t❡

❛ú♥ ❛❞♠✐t✐❡♥❞♦ ❡s❡ ❡rr♦r s✉s ❝♦♥s❡❝✉❡♥❝✐❛s s♦♥ ❜❛st❛♥t❡ s❛♥❝✐♦♥❛❜❧❡s✳

❨ ❡s q✉❡ s✐ ❧♦ q✉❡ ✐♠♣♦rt❛♥ s♦♥ ❧❛s ❝♦♥s❡❝✉❡♥❝✐❛s ② ♥❛❞❛ ♠ás q✉❡ ❧❛s ❝♦♥s❡❝✉❡♥❝✐❛s✱

➽❝✉á♥❞♦ ♣♦❞rí❛♠♦s s❛❜❡r ❝✉á♥❞♦ ✉♥❛ ❛❝❝✐ó♥ ❡s ❜✉❡♥❛❄ ❆❝❛s♦✱ s✐❣✉✐❡♥❞♦ ❧❛ ✐❞❡❛ ❆r✐st♦té❧✐❝❛

s♦❜r❡ ❧❛ ❢❡❧✐❝✐❞❛❞✱ ➽s♦❧♦ ♣♦❞rí❛♠♦s ❞❡❝✐r ❞❡ ✉♥❛ ❛❝❝✐ó♥ q✉❡ ❤❛ s✐❞♦ ❜✉❡♥❛✱ ❞✐❣❛♠♦s ❛sí✱ ❛❧

✜♥❛❧ ❞❡ ❧♦s t✐❡♠♣♦s ❛❧ ✐❣✉❛❧ q✉❡ ♣❛r❛ ❡❧ ❡st❛❣✐r✐t❛ s♦❧♦ ♣♦❞❡♠♦s ❞❡❝✐r ❞❡ ❛❧❣✉✐❡♥ q✉❡ ❡s

❢❡❧✐③ ❛❧ ♠♦r✐r❄ ❊❧ ♣r♦❜❧❡♠❛ ❝♦♥ ❡st♦ ❡s q✉❡ ❡❧ ✉♥✐✈❡rs♦✱ ♦ ❛❧ ♠❡♥♦s ♣♦r ❧❛ ✐♥❢♦r♠❛❝✐ó♥ q✉❡

t❡♥❡♠♦s✱ ♦ ❜✐❡♥ ♥♦ ♣r❡s❡♥t❛ ✉♥ ✜♥❛❧ ♦ s✐ ❧♦ ♣r❡s❡♥t❛ ♥♦ s❡rá ✉♥ ✜♥❛❧ ❢❡❧✐③ ❞❡ ✈✐❞❛ ❡t❡r♥❛ ❞❡

s❡r❡s ❤✉♠❛♥♦s✳ ▲♦s ❤✉♠❛♥♦s ❡st❛♠♦s ❝♦♥❞❡♥❛❞♦s ❛ ♣❡r❡❝❡r ② ❛ ❝♦♥st✐t✉✐r s♦❧♦ ✉♥ ♠♦♠❡♥t♦

♠ás ♦ ♠❡♥♦s ♣❡q✉❡ñ♦ ❞❡❧ ✉♥✐✈❡rs♦✱ ➽♣❡r♦ q✉✐❡r❡ ❞❡❝✐r q✉❡ ♥❛❞❛ ✈❛❧❡ ❧❛ ♣❡♥❛❄ ➽❛❝❛s♦ ❞✐❝❡

q✉❡ t♦❞♦ ❡s ✈❛♥♦❄ ◆♦✱ ❡♥ ❛❜s♦❧✉t♦✳

❊s ♠ás✱ ♠✉❝❤♦s ✜❧ós♦❢♦s ❝❡r❝❛♥♦s ❛ ❧❛ t❡♦❧♦❣í❛ ❤❛♥ q✉❡r✐❞♦ ✈❡r ❡♥ ❡st♦ ✉♥❛ ❡s♣❡❝✐❡

❞❡ s❛❧✈❛❣✉❛r❞❛ ❞❡ ❧❛ ❢❡✳ ❨ ❡s q✉❡✱ ♣❛r❛ ♠✉❝❤♦s✱ s✐ ❉✐♦s ♥♦ ❡①✐st✐❡r❛ ♥❛❞❛ ✈❛❧❞rí❛ ❧❛ ♣❡♥❛

♣♦rq✉❡ ❡❧ r❡s✉❧t❛❞♦ ❞❡ ❧♦ q✉❡ ❤❛❝❡♠♦s ❡s✱ ❡♥ tér♠✐♥♦s ❞❡❧ ✉♥✐✈❡rs♦✱ ✐♥s✐❣♥✐✜❝❛♥t❡✳ P❡r♦

❝❧❛r♦✱ ➽❡♥ ✈❡r❞❛❞ ❡s ❛sí❄ ➽❞❡❜❡♠♦s ✈❛❧♦r❛r ❛❧❣♦ s♦❧♦ ♣♦r s✉s ❝♦♥s❡❝✉❡♥❝✐❛s❄ ➽♥♦ s❡rá ❛❝❛s♦

q✉❡ ♣♦❞❡♠♦s ✈❛❧♦r❛r ❛❧❣♦ ♣♦r s✉s ❝♦♥s❡❝✉❡♥❝✐❛s ♦ ♣♦rq✉❡ s✐♠♣❧❡♠❡♥t❡ ❧❧❡✈❛ ❛ ✉♥ ❡st❛❞♦

q✉❡ s❡ ❝♦♥s✐❞❡r❛ ❜✉❡♥♦❄

❉❡❜❡♠♦s✱ ♣♦r t❛♥t♦✱ r❡str✐♥❣✐r ❧❛ ✐❞❡❛ ❞❡ ✉♥ ♣✉r♦ ✢✉❥♦ ❞❡❧ ✈❛❧♦r✱ ❝♦♠♦ s✐ t♦❞♦ ❧♦

✐♠♣♦rt❛♥t❡ ❡st✉✈✐❡r❛ ❡♥ ❡❧ ❢✉t✉r♦✳ ▲♦ ♣❛s❛❞♦✱ t✐❡♥❡ ✈❛❧♦r✱ ② t✉✈♦ ✈❛❧♦r ♣❛r❛ ❛q✉❡❧❧♦s q✉❡ ❧♦

✈✐✈✐❡r♦♥✳ ❈❧❛r♦ q✉❡ ❧❛s ❝♦s❛s ✐♠♣♦rt❛♥✱ ♣❡r♦ ✐♠♣♦rt❛♥ ♣❛r❛ ❛❧❣✉✐❡♥ q✉❡ ✈✐✈❡ ❡♥ ✉♥ t✐❡♠♣♦

❞❡t❡r♠✐♥❛❞♦✳ ❆q✉❡❧❧❛ ❞✐✈❡rt✐❞❛ ❝❤❛r❧❛✱ ❛q✉❡❧ ❞í❛ q✉❡ ✉♥♦ ❞✐s❢r✉tó ❧❡②❡♥❞♦ ✉♥ ❧✐❜r♦✱ ❛q✉❡❧❧❛

♣r✐♠❡r❛ ✈❡③ ❡s❝✉❝❤❛♥❞♦ ✉♥❛ ❝❛♥❝✐ó♥ q✉❡ ❛❤♦r❛ s❡ ❛♠❛✱ ✳✳✳ t♦❞♦ ❡s♦ s✐❣✉❡ ✈❛❧✐❡♥❞♦ ② ♥♦

❞❡❥❛ ❞❡ ❤❛❝❡r❧♦ ♣♦rq✉❡ ♥♦ t✉✈✐❡r❛ ♦tr❛s ❝♦♥s❡❝✉❡♥❝✐❛s ❞✐r❡❝t❛s ❜✉❡♥❛s✳ ❆✉♥q✉❡ ❡❧ ♠✉♥❞♦

♣✉❡❞❛ ❛❝❛❜❛r ② ♥♦ ❤❛❜❡r ♥✐♥❣ú♥ s❡r ❤✉♠❛♥♦✱ ❡s♦ ♥♦ q✉✐t❛rá q✉❡ ❡s♦s s❡r❡s ❤✉♠❛♥♦s

✈❛❧♦r❛r♦♥ ❝♦s❛s ② ❞✐s❢r✉t❛r♦♥ ❝♦♥ ♠✉❝❤❛s ❞❡ s✉s ❛❝t✐✈✐❞❛❞❡s✳ ❆✉♥q✉❡ ❉✐♦s ♥♦ ❡①✐st❛✱ ❧❛s

❝♦s❛s ✐♠♣♦rt❛♥ ✭❬✶✹❪✮✳

✻✳✷✳ ❊❧ ✈❛❧♦r ❞❡ ❝♦♥♦❝❡r ❧♦ ✈❛❧✐♦s♦

❈♦♠♦ s❡ ❤❛ ✐♥❞✐❝❛❞♦ ❡♥ ❧❛ s❡❝❝✐ó♥ ♣r❡✈✐❛ ❧❛s ✈❛❧♦r❛❝✐♦♥❡s s✐❡♠♣r❡ s❡ ❞❛♥ ♣♦r ✉♥ s❡r

❝❛♠❜✐❛♥t❡ q✉❡ ✈✐✈❡ ❡♥ ❡❧ t✐❡♠♣♦ ② ♥♦ ❡♥ ❛❧❣✉♥❛ ❧❡❥❛♥❛ r❡❣✐ó♥ ❡s♣❡❝tr❛❧ ❛❥❡♥❛ ❛ ❧❛ ♠✉t❛✲

❜✐❧✐❞❛❞✳ ▲❛s ✈❛❧♦r❛❝✐♦♥❡s s♦♥ ❝♦♥t✐♥❣❡♥t❡s ② ♠✉❞❛❜❧❡s✱ ♥♦ ❡stá♥ ❞❛❞❛s ♣❛r❛ t♦❞♦ t✐❡♠♣♦ ②

❧✉❣❛r ② ❝♦♥ ✐♥❞❡♣❡♥❞❡♥❝✐❛ ❞❡ ❛q✉❡❧❧♦s q✉❡ ❧❛s ♠❛♥t✐❡♥❡♥✳ ❈♦♥ t♦❞♦✱ ❡st❛ ♣♦st✉r❛ ❛sí ♣♦r

sí s♦❧❛ ♥♦ ❝♦♥st✐t✉②❡ ✉♥❛ t❡♦rí❛ s✉✜❝✐❡♥t❡ s♦❜r❡ ❡❧ t❡rr❡♥♦ ❞❡ ❧❛ ❛①✐♦❧♦❣í❛ ② ❧♦s ✈❛❧♦r❡s✳

❊stá ❝❧❛r♦ q✉❡ ❤❛② ❝♦s❛s q✉❡ s♦♥ ✈❛❧✐♦s❛s ♣❛r❛ ❛❧❣✉♥♦s✱ ♣❡r♦ ➽❡s ❡st❛ t♦❞❛ ❧❛ ❤✐st♦r✐❛❄

➽s♦❧♦ ❞❡❜❡♠♦s q✉❡❞❛r♥♦s ❝♦♥ ❡s❡ ❤❡❝❤♦ ② ♥❛❞❛ ♠ás❄ ◆♦✱ ♥♦ s♦❧♦ ❤❛② ✈❛❧♦r❛❝✐♦♥❡s✱ ✐❣✉❛❧



✽✹ ❈❆P❮❚❯▲❖ ✻✳ ➱❚■❈❆ ❉❊ ❨ P❆❘❆ ❊❙❚❘❖▼❆❙ ❊❋❮▼❊❘❖❙

q✉❡ ♥♦ s♦❧♦ ❤❛② ❝r❡❡♥❝✐❛s✳ ❍❛②✱ ❛❞❡♠ás r❛③♦♥❡s ♣❛r❛ ✈❛❧♦r❛r ② r❛③♦♥❡s ♣❛r❛ ❝r❡❡r✱ ♣❡r♦ ❡s

♠ás ❡st❛s r❛③♦♥❡s ♥♦ s♦♥ ♠❡r❛♠❡♥t❡ s✉❜❥❡t✐✈❛s✱ s✐♥♦ q✉❡ ❡①✐st❡♥ r❛③♦♥❡s ♠❡❥♦r❡s ② ♣❡♦r❡s✱

❛✉♥q✉❡ ❡s❡ ♦r❞❡♥ ♥♦ s✐❡♠♣r❡ s❡❛ t♦t❛❧✳

P❡♥s❡♠♦s ♣r✐♠❡r♦ ❡♥ ❡❧ ❝❛s♦ ❞❡ ❧❛s ❝r❡❡♥❝✐❛s✳ ❊stá ❝❧❛r♦ q✉❡ t♦❞♦s t❡♥❡♠♦s ❝r❡❡♥❝✐❛s

❡♥t❡♥❞✐❞❛s ❝♦♠♦ ❛♣❡❣♦s s✉❜❥❡t✐✈♦s ❛ ❧❛ ✈❡r❞❛❞ ❞❡ ❝✐❡rt❛s ♣r♦♣♦s✐❝✐♦♥❡s✱ ♣❡r♦ q✉❡❞❛rs❡ ❝♦♥

❡s❡ ❤❡❝❤♦ s❡rí❛ ❝♦♥t❛r ✉♥❛ ❤✐st♦r✐❛ ❛ ♠❡❞✐❛s✳ ❨♦ ♣✉❡❞♦ ❝r❡❡r q✉❡ ❧❛ t✐❡rr❛ ❡s ♣❧❛♥❛✱ q✉❡

♣✉❡❞❡ ❝♦♥str✉✐r ❝♦♥ r❡❣❧❛ ② ❝♦♠♣ás ❧❛ ❝✉❛❞r❛t✉r❛ ❞❡❧ ❝ír❝✉❧♦ ② ✉♥ ♠♦♥tó♥ ❞❡ ❝✉❡st✐♦♥❡s

♠ás✱ ♣❡r♦ ❡s♦ ♥♦ q✉✐t❛ q✉❡ ♥♦ t❡♥❣❛ r❛③♦♥❡s r❡❛❧❡s ♣❛r❛ ❝r❡❡r t❛❧❡s ❝♦s❛s✳ P✉❡❞❡ ❤❛❜❡r

❡①♣❧✐❝❛❝✐♦♥❡s ♣❛r❛ ❡s♦s ❤❡❝❤♦s q✉❡ ❝✉❡♥t❡♥ ✉♥❛ ❤✐st♦r✐❛ ❡♥ ❧❛ q✉❡ s❡ ❡①♣❧✐q✉❡ ❝ó♠♦ ❤❡

❧❧❡❣❛❞♦ ❛ t❡♥❡r t❛❧❡s ❝r❡❡♥❝✐❛s✱ ♣❡r♦ ❡s♦ ❞✐st✐♥t♦ ❛ ❥✉st✐✜❝❛r t❛❧❡s ❝r❡❡♥❝✐❛s✳

➽P❡r♦ q✉é s♦♥ ❡s❛s r❛③♦♥❡s❄ ▲❛ r❡s♣✉❡st❛ q✉❡ ❞❛♠♦s ❛q✉í ❡s q✉❡ ♠ás q✉❡ ❝♦s❛s✱ s♦♥

❢✉♥❝✐♦♥❡s ♦ ♣r♦♣✐❡❞❛❞❡s q✉❡ t✐❡♥❡♥ ✉♥♦s ❡st❛❞♦s ❞❡ ❝♦s❛s ❝♦♥♦❝✐❞♦s ♣♦r ❛❧❣✉✐❡♥✳ ❆❤♦r❛

❜✐❡♥✱ ❝r❡❡♠♦s q✉❡ ♣♦r ❧♦s ❞❡❢❡❝t♦s q✉❡ ✐♠♣♦♥❞rí❛ ❧❛ ❢❛❧❛❝✐❛ ♥❛t✉r❛❧✐st❛ ② ❡❧ ❛r❣✉♠❡♥t♦ ❞❡

❧❛ ♦❜❥❡❝✐ó♥ tr✐✈✐❛❧ ✭❬✶✼❪✮ ♥♦ ❝❛❜❡ ❡①♣❧✐❝❛r ♠ás ❡st❛ ♣r♦♣✐❡❞❛❞ ❞❡ ✓s❡r ✉♥❛ r❛③ó♥✔ ♦ ✓❝♦♥t❛r

❡♥ ❢❛✈♦r ❞❡✔✳ P❡♥s❡♠♦s ♣♦r ❡❥❡♠♣❧♦ q✉❡ q✉❡r❡♠♦s ❡①♣❧✐❝❛r ♣♦r q✉é ❤❛② ✉♥❛ r❛③ó♥ ♣❛r❛

❝r❡❡r q✉❡ ❤❛② ❢✉❡❣♦ ❛❧ ✈❡r s❛❧✐r ❤✉♠♦ ② ♦❧❡r ❛ q✉❡♠❛❞✱ ❛❧❣✉✐❡♥ ♣♦❞rí❛ ❞❡❝✐r q✉❡ t❛❧ ❝♦s❛

❝♦♥st✐t✉②❡ ✉♥❛ r❛③ó♥ ❡♥ ✈✐rt✉❞ ❞❡ q✉❡ ❤❛② ✉♥❛ ❧❡② ♠ás ♦ ♠❡♥♦s ❡st❛❞íst✐❝❛ s♦❜r❡ q✉❡ ❡❧

❤✉♠♦ ② ❡❧ ♦❧♦r ❛ q✉❡♠❛❞♦ s✉❡❧❡♥ s❡r ♣r♦❞✉❝✐❞♦s ♣♦r ✉♥❛ ú♥✐❝❛ ❢✉❡♥t❡✿ ❢✉❡❣♦✳ ❆❤♦r❛ ❜✐❡♥✱

➽♣♦r q✉é ❡s❛ ❧❡② ❣❡♥❡r❛❧ ② ❡s❡ ❤❡❝❤♦ ❝♦♥❝r❡t♦ s✐r✈❡♥ ❝♦♠♦ ✉♥ ❡❥❡♠♣❧♦ ❛ ❢❛✈♦r❄ ❙✐ ❛❧❣✉✐❡♥

q✉✐s✐❡r❛ r❡s♣♦♥❞❡r ❛ ❡st♦ ♣♦❞rí❛ ✐♥t❡♥t❛r ❞❡❝✐r q✉❡ ❡s ✉♥❛ ❢♦r♠❛ ♠ás ♦ ♠❡♥♦s ❞❡❣❡♥❡r❛❞❛

❞❡❧ ✓♠♦❞✉s ♣♦♥❡♥s✔ ❡♥ ❧❛ q✉❡ ❞❡ p ✓❤✉❡❧❡ ❛ q✉❡♠❛❞♦ ② ❤❛② ❤✉♠♦✔ ② p → q ✓q✉❡ ❤✉❡❧❛

q✉❡♠❛❞♦ ② ❤❛②❛ ❤✉♠♦ ✐♠♣❧✐❝❛ q✉❡ ❤❛② ❢✉❡❣♦✔ ❞❡❞✉❝✐♠♦s q ✓❤❛② ❢✉❡❣♦✔✳ ❊❧ ♣r♦❜❧❡♠❛ ❡s

q✉❡ ❞❡ ♥✉❡✈♦ ♣♦❞❡♠♦s ♣r❡❣✉♥t❛r ♣♦r q✉é ❧❛ ♣r❡♠✐s❛✱ ❧❛ r❡❣❧❛ ② ❡❧ ♠♦❞✉s ♣♦♥❡♥s s✉♣♦♥❡♥

✉♥❛ r❛③ó♥✳✳✳ ▲❛ ❝✉❡st✐ó♥ ❡s q✉❡ ❡♥ ❛❧❣ú♥ ♠♦♠❡♥t♦ ❞❡❜❡♠♦s ❞❡ ♣❛r❛r ✭❬✼❪✮✳

❆❤♦r❛✱ ➽q✉é s✉❝❡❞❡ ❡♥ ❡❧ á♠❜✐t♦ ❞❡ ❧❛ ét✐❝❛❄ ➽❈❛❜❡ ♣❡♥s❛r q✉❡ t❡♥❡♠♦s r❛③♦♥❡s ♥♦ s♦❧♦

♣❛r❛ ❝r❡❡r s✐♥♦ ♣❛r❛ ❤❛❝❡r ❛❧❣♦❄ ➽❈❛❜❡ q✉❡ ✐♥❝❧✉s♦ ❡s❛s r❛③♦♥❡s s❡❛♥ ♦❜❥❡t✐✈❛s❄ ❨ ❡s q✉❡✱

❝❧❛r♦✱ ❧❛s r❛③♦♥❡s ♣❛r❛ ❧❛ ❝r❡❡♥❝✐❛ s❡ ❡♥t✐❡♥❞❡♥ q✉❡ s♦♥ ♦❜❥❡t✐✈❛s ❞❛❞❛s ✉♥❛s ❝✐r❝✉♥st❛♥❝✐❛s✱

❡s ❞❡❝✐r ❡st❛♥❞♦ ❡♥ ✉♥❛s ❝✐r❝✉♥st❛♥❝✐❛s ❞❡t❡r♠✐♥❛❞❛s ✉♥♦ t✐❡♥❡ r❛③♦♥❡s ♣❛r❛ ❝r❡❡r ✉♥❛ ❝♦s❛

✉ ♦tr♦ ❝♦♥ s✉ ✐♥❢♦r♠❛❝✐ó♥ ❞✐s♣♦♥✐❜❧❡✱ ♣❡r♦ ➽t✐❡♥❡ r❛③♦♥❡s ♣❛r❛ ❛❝t✉❛r q✉❡ ✈❛②❛♥ ♠ás ❛❧❧á

❞❡ ❧♦ s✉❜❥❡t✐✈♦❄

P❡♥s❡♠♦s ❡♥ ❡❧ ❝❛s♦ ❞❡ ✉♥ ✐♥❞✐✈✐❞✉♦ q✉❡ ❧❧❡✈❛ ✉♥❛ ✈✐❞❛ ❢❡❧✐③ ② q✉✐❡r❡ s❡❣✉✐r ♠❛♥t❡✲

♥✐é♥❞♦s❡ ❝♦♥ ✈✐❞❛ q✉❡ r❡s✉❧t❛ s❡r ❛t❛❝❛❞♦ ♣♦r ✉♥❛ s❡r♣✐❡♥t❡ q✉❡ ❞❡t❡❝t❛ ❛ s✉s ♣r❡s❛s s♦❧♦

♣♦r ❡❧ ♠♦✈✐♠✐❡♥t♦✳ ❆✉♥q✉❡ é❧ ♣✉❞✐❡r❛ ❝r❡❡r q✉❡ ❞❡❜❡rí❛ ❛❜❛♥❞♦♥❛r s✉ ♣♦s✐❝✐ó♥ ❞❡ ❧❛ ❢♦r♠❛

♠ás rá♣✐❞❛ ♣♦s✐❜❧❡ s❡ ❡q✉✐✈♦❝❛✱ t✐❡♥❡ r❛③♦♥❡s ♣❛r❛ ❛❜❛♥❞♦♥❛r s✉ ♣♦s✐❝✐ó♥ ❞❡ ✉♥❛ ❢♦r♠❛

♣❛✉s❛❞❛ q✉❡ ♥♦ ❛❧❡rt❡ ❛❧ ❛♥✐♠❛❧ ② ❧❡ ♣❡r♠✐t❛ ❝❛✉s❛r ✉♥ ❣r❛♥ ❞❛ñ♦✳ ▲❛ ❝✉❡st✐ó♥ ❡stá ❡♥ q✉❡

❧❛ ♠❡r❡ ♣r❡❢❡r❡♥❝✐❛ s✉❜❥❡t✐✈❛ ♥♦ ❡s ✉♥❛ ❣✉í❛ ♣❛r❛ ❧❛ ❛❝❝✐ó♥✳ ❆❧ ♠❡♥♦s ❤❛② q✉❡ t❡♥❡r ❡♥



✻✳✸✳ ❨❖ ❙❖❨ ❨❖ ❨ ❖❚❘❖❙ ▼➪❙ ✽✺

❝✉❡♥t❛ q✉❡ ♣♦❞❡♠♦s t❡♥❡r ♣r❡❢❡r❡♥❝✐❛s ❞❡ ❞✐st✐♥t♦ ♥✐✈❡❧✱ ❝❛❜❡ ❤❛❜❧❛r ❞❡ ♥❡❝❡s✐❞❛❞❡s ② ❞❡

♠❡r❛s ♣r❡❢❡r❡♥❝✐❛s ✭❬✷✾❪✮ ② ❡s ♠ás ♣♦❞❡♠♦s ❡♥t❡♥❞❡r q✉❡ t❛❧❡s r❛③♦♥❡s s♦♥ ♦❜❥❡t✐✈❛s ❡♥ ❡❧

s❡♥t✐❞♦ ❢✉❡rt❡ ❬✶✼❪✳

❆❤♦r❛ ❜✐❡♥✱ ❧♦ q✉❡ ♥♦s ✐♥t❡r❡s❛ ❛q✉í ❡s ♠ás ❜✐❡♥ ♥♦ t❛♥t♦ ❞❡❢❡♥❞❡r ❧❛ ♣♦s✐❜✐❧✐❞❛❞

♦❜❥❡t✐✈❛ ❞❡ t❛❧❡s r❛③♦♥❡s✱ t❛r❡❛ q✉❡ ❝r❡❡♠♦s q✉❡ P❛r✜t ❤❛ ❧♦❣r❛❞♦ r❡❛❧✐③❛r ❡♥ ❬✶✻❪ ② ❬✶✼❪✱

s✐♥♦ ♠ás ❜✐❡♥ ❛t❡♥❞❡r ❛❧ ❧❛❞♦ ✓s✉❜❥❡t✐✈♦✔✱ ♦ ♠ás ❜✐❡♥ ❛ ❝ó♠♦ ❛❢❡❝t❛ ❛ ❡st❛s r❛③♦♥❡s q✉❡

❧❛s t❡♥❣❛♠♦s ♥♦s♦tr♦s✱ ❡str♦♠❛s ❝♦♥t✐♥❣❡♥t❡s ② ♠✉t❛❜❧❡s✳ ❨ ❡s q✉❡ ❛❧ ✐❣✉❛❧ q✉❡ ✉♥❛ r❛③ó♥

♣❛r❛ ❝r❡❡r ❡stá ❞❛❞❛ ♣❛r❛ ❛❧❣✉✐❡♥ ❝♦♥ ❧✐♠✐t❛❝✐ó♥ ♣❛r❛ ❧❛ ✐♥❢♦r♠❛❝✐ó♥ ② ❧❛ ❡✈✐❞❡♥❝✐❛ ❛ s✉

❞✐s♣♦s✐❝✐ó♥✱ ❞❡ ✐❣✉❛❧ ❢♦r♠❛ t❛♥t♦ ♥✉❡str❛s ❛❝❝✐♦♥❡s ② s✉s ❝♦♥s❡❝✉❡♥❝✐❛s s❡ ❞❛♥ s✐❡♠♣r❡

❝♦♥ ✉♥❛ ✐♥❢♦r♠❛❝✐ó♥ q✉❡ ❡♥ ♣❛rt❡ ✈✐❡♥❡ ❞❡t❡r♠✐♥❛❞❛ ♣♦r ❡❧ ❡st❛❞♦ ❞❡ ❞❡s❛rr♦❧❧♦ té❝♥✐❝♦ ②

t❡❝♥♦❧ó❣✐❝♦✳

P❡r♦ ❤❛② ♠✉❝❤♦ ♠ás ❡♥ ❥✉❡❣♦✱ ❧❛ ét✐❝❛ ♥♦ ♣✉❡❞❡ ❤❛❝❡rs❡ ❞❡s❞❡ ❧❛ ♥❛❞❛ ♠ás ❛❜s♦❧✉t❛✳ ◆♦

❤❛② ✉♥ ✈❛❧♦r ❡♥ sí q✉❡ ❞❡ ❛❧❣✉♥❛ ❢♦r♠❛ ♥♦s♦tr♦s ❞❡s❡♥tr❛ñ❡♠♦s✳ P❛r❛ q✉❡ ❛❧❣♦ s❡❛ ✈❛❧✐♦s♦

♥♦ s♦❧♦ ❜❛st❛ ❝♦♥ q✉❡ ❡♥ ♣♦t❡♥❝✐❛ t❡♥❣❛ ❝❛r❛❝t❡ríst✐❝❛s q✉❡ ♣✉❡❞❛♥ s❡r✈✐r ♣❛r❛ s❛t✐s❢❛❝❡r

♥✉❡str♦s ♣r♦②❡❝t♦s ② ♥✉❡str❛s ♥❡❝❡s✐❞❛❞❡s✱ s✐♥♦ q✉❡ ❛❞❡♠ás ❞❡❜❡♠♦s ♣♦❞❡r ❝♦♥♦❝❡r ❝ó♠♦

❞❡❜❡ ❤❛❝❡rs❡✳ ❙✐ ❞❡ ❛❧❣✉♥❛ ❢♦r♠❛ ♣✉❞✐ér❛♠♦s t❡♥❡r ✐♥❢♦r♠❛❝✐ó♥ s♦❜r❡ ❡❧ ✈❛❧♦r ❞❡ ❝✐❡rt♦s

♦❜❥❡t♦s✱ ❛sí ❡♥ ❛❜str❛❝t♦✱ t❛❧ ✐♥❢♦r♠❛❝✐ó♥ t♦♠❛❞❛ ♣♦r sí ♠✐s♠❛ r❡s✉❧t❛rí❛ s❡r ❞❡ ♣♦❝♦ ♦ ♥✉❧❛

✉t✐❧✐❞❛❞✳ P❛r❛ ♣♦❞❡r ❛♣r❡❝✐❛r ❛❧❣♦ ❞❡❜❡♠♦s s❡r ❝❛♣❛❝❡s ❞❡ ❝♦♠♣r❡♥❞❡r ♣♦r q✉é ❡s ✈❛❧✐♦s♦

② ❡♥ q✉é ♠❡❞✐❞❛ ❧♦ ♣✉❡❞❡ ❧❧❡❣❛r ❛ s❡r ❬✷✹❪✳

❈✉❛♥❞♦ ✈❛❧♦r❛♠♦s ❤❛❝❡r ❛❧❣♦ ♦ ❝✉❛♥❞♦ ✈❛❧♦r❛♠♦s ✉♥ ❝♦s❛ ♦ ❡st❛❞♦✱ ❞❡❜❡♠♦s t❡♥❡r ❡♥

❝✉❡♥t❛ q✉❡ t❛❧ ✈❛❧♦r❛❝✐ó♥ s❡ ❤❛❝❡ s✐❡♠♣r❡ ♣❛r❛ ❛❧❣✉✐❡♥ ❝♦♥ ✉♥❛ ✐♥❢♦r♠❛❝✐ó♥ ❞❡t❡r♠✐♥❛❞❛

② ✉♥❛s ❝❛♣❛❝✐❞❛❞❡s ❝♦♥❝r❡t❛s✳ ◆♦ ❝❛❜❡ ✉♥❛ ét✐❝❛ ♣❛r❛ á♥❣❡❧❡s ✐♥♠❛t❡r✐❛❧❡s✱ ♥♦ ❝❛❜❡ ✉♥❛

ét✐❝❛ ♣❛r❛ s❡r❡s ✐♠♣❡r❡❝❡❞❡r♦s ❡ ✐♥❝♦rr✉♣t✐❜❧❡s q✉❡ ♥♦ ✈❛rí❛♥ s✉ ❡st❛❞♦ ❞❡ ♣❡r❢❡❝❝✐ó♥✳ ❙♦❧♦

❝❛❜❡ ❤❛❜❧❛r ❞❡ ét✐❝❛ ② ❛①✐♦❧♦❣í❛ s✐ ❡st❛♠♦s ❛♥t❡ s❡r❡s ❝❛♣❛❝❡s ❞❡ ✈❛❧♦r❛r ② ❞❡ ❛❝t✉❛r✱ ✉♥

s❡r ❡♥t❡r❛♠❡♥t❡ ♣❛s✐✈♦ ② q✉❡ ♥♦ ❝❛♠❜✐❛ ♥♦ ♥❡❝❡s✐t❛ ❞❡ ❧❛ ét✐❝❛✳ ❙♦❧♦ ❤❛② ét✐❝❛ ♣❛r❛ ❧♦s

❡str♦♠❛s ② ❛❞❡♠ás s♦❧♦ ♣✉❡❞❡♥ ❤❛❝❡r❧❛ ♦tr♦s ❡str♦♠❛s✳

✻✳✸✳ ❨♦ s♦② ②♦ ② ♦tr♦s ♠ás

➽P♦r q✉é ❛②✉❞❛r ❛ ♦tr♦s❄ ◗✉✐③á ❡s❛ s❡❛ ✉♥❛ ❞❡ ❧❛s ♣r❡❣✉♥t❛s ♠ás ❞✉r❛s q✉❡ ❤❛ q✉❡r✐❞♦

r❡s♣♦♥❞❡r ❧❛ ét✐❝❛✳ ❊❧ ✜❧ós♦❢♦ ❍❡♥r② ❙✐❣❞✇✐❝❦✱ ♣♦r ❡❥❡♠♣❧♦✱ s♦st❡♥í❛ q✉❡ ❡♥ ❡❧ á♠❜✐t♦

ét✐❝♦ r❡✐♥❛❜❛ ✉♥ ❞✉❛❧✐s♠♦ ❡♥tr❡ ❧❛s r❛③♦♥❡s ❞❡ t✐♣♦ ♣❡rs♦♥❛❧ ② ❧❛s r❛③♦♥❡s ❞❛❞❛s ✓❞❡s❞❡ ❡❧

♣✉♥t♦ ❞❡ ✈✐st❛ ❞❡❧ ✉♥✐✈❡rs♦✔ ♦ ✉♥❛ ♣♦st✉r❛ ✐♠♣❛r❝✐❛❧ ✭❬✷✺❪✮✳ ❊s ♠ás✱ ❡s❡ ❞✉❛❧✐s♠♦ ♥♦ s❡rí❛

❛♣❛r❡♥t❡ s✐♥♦ ❡s❡♥❝✐❛❧✱ ❞❡ ❢♦r♠❛ q✉❡ ♥✐♥❣✉♥❛ r❛③ó♥ ♣♦❞rí❛ ♣❡s❛r ♠ás s♦❜r❡ ❧❛s ♦tr❛s✳ ▲❛

❝✉❡st✐ó♥ ❛❤♦r❛ ❡s ❡♥t❡♥❞❡r s✐ ❞❡ ✈❡r❞❛❞ ❡①✐st❡ ❡st❡ ✓sí ♠✐s♠♦✔ ♦ ❡♥ ♣❛rt❡ s❡ ❞❡❜❡ ♠ás q✉❡

♥❛❞❛ ❛ ✉♥❛ s❡r✐❡ ❞❡ ✐❧✉s✐♦♥❡s ♦ ❡①❛❣❡r❛❝✐♦♥❡s ♣♦r ♥✉❡str❛ ♣❛rt❡✳



✽✻ ❈❆P❮❚❯▲❖ ✻✳ ➱❚■❈❆ ❉❊ ❨ P❆❘❆ ❊❙❚❘❖▼❆❙ ❊❋❮▼❊❘❖❙

▲♦ q✉❡ q✉❡r❡♠♦s ❡s ♣♦r t❛♥t♦ r❡s♣♦♥❞❡r ❛ ❧❛ ♣r❡❣✉♥t❛ ➽♣♦r q✉é ❛②✉❞❛r ❛ ♦tr♦s❄ ♣❡r♦

♣❛r❛ ❡❧❧♦ ❞❡❜❡♠♦s t❛♠❜✐é♥ ♣r❡❣✉♥t❛r♥♦s ♣♦r q✉✐é♥ s♦♥ ❡s♦s ♦tr♦s ② ❡♥ t❛❧ ♠❡❞✐❞❛ ♣♦r ❧❛

♣r❡❣✉♥t❛ ➽q✉é s♦② ②♦❄ ♦ ✐♥❝❧✉s♦ ➽q✉é ❡s ❧♦ q✉❡ ♠❡ ✐♠♣♦rt❛ ❞❡ ♠í ♠✐s♠♦❄

❉✉r❛♥t❡ ❡❧ t❡r❝❡r ❝❛♣ít✉❧♦ ❞❡ ❡st❡ t❡①t♦ s♦st✉✈✐♠♦s q✉❡ ♥✉❡str♦ ❝✉❡r♣♦ ❡s ✉♥ ❡str♦♠❛

❡♥ ❝♦♥st❛♥t❡ ♠♦✈✐♠✐❡♥t♦✱ ♣❡r♦ ➽s♦♠♦s ✉♥ ❝✉❡r♣♦❄ P✉❡s ❛ ✈❡r✱ ❡stá ❝❧❛r♦ q✉❡ sí✱ ♣❡r♦ ➽❧♦

q✉❡ ♥♦s ✐♠♣♦rt❛ ❡s q✉❡ s♦❜r❡✈✐✈❛ ❞❡ ❛❧❣✉♥❛ ❢♦r♠❛ ❡s❡ ❝✉❡r♣♦ ② ♥♦ ♦tr♦❄ P❡♥s❡♠♦s ❡♥ ❡❧

s✐❣✉✐❡♥t❡ ❡①♣❡r✐♠❡♥t♦ ♠❡♥t❛❧ q✉❡ ♥♦s ♣❧❛♥t❡❛ P❛r✜t ❡♥ ❬✶✺❪✿

■♠❛❣✐♥❛♠♦s ✉♥❛ ♠áq✉✐♥❛ q✉❡ r❡❝✐❜❡ ❡❧ ♥♦♠❜r❡ ❞❡ ✧t❡❧❡tr❛♥s♣♦rt❛❞♦r✧✳ ❈♦♠♦ ❡s ♥❛t✉r❛❧

t❛❧ ♠áq✉✐♥❛ ❡♥ ✈❡r❞❛❞ ♥♦ t❡❧❡tr❛♥s♣♦rt❛ ❝♦♠♦ t❛❧ ♠❛t❡r✐❛✳ ▲♦ q✉❡ r❡❛❧✐③❛ ❡❧ s✉s♦❞✐❝❤♦

❛♣❛r❛t♦ s♦♥ ♦♣❡r❛❝✐♦♥❡s ♠ás ❢❛❝t✐❜❧❡s✳ Pr✐♠❡r♦ q✉❡ ♣♦♥❡ ❛ ❞♦r♠✐r ❛ ❛q✉❡❧ q✉❡ ❡♥tr❛ ❡♥ ❡❧❧❛✱

r❡❣✐str❛ s✉ ❝♦♠♣♦s✐❝✐ó♥ ♠♦❧❡❝✉❧❛r✱ ❧♦ ❞❡s❝♦♠♣♦♥❡ ❡♥ át♦♠♦s ② tr❛♥s♠✐t❡ ❧❛ ✐♥❢♦r♠❛❝✐ó♥

❛ ▼❛rt❡ ❛ ❧❛ ✈❡❧♦❝✐❞❛❞ ❞❡ ❧❛ ❧✉③✳ ❊♥ ▼❛rt❡✱ ♦tr❛ ♠áq✉✐♥❛ r❡❝r❡❛ ✭❛ ♣❛rt✐r ❞❡ ❧❛s r❡s❡r✈❛s

❧♦❝❛❧❡s ❞❡ ❝❛r❜♦♥♦✱ ❤✐❞ró❣❡♥♦✱ ❡t❝✳✮✱ ❝❛❞❛ át♦♠♦ ❡♥ ❡①❛❝t❛♠❡♥t❡ ❧❛ ♠✐s♠❛ ♣♦s✐❝✐ó♥ r❡❧❛t✐✈❛✳

▲❛ ❝✉❡st✐ó♥ q✉❡ ♥♦s ❞❡❜❡rí❛ ❤❛❝❡r♥♦s ♣❧❛♥t❡❛r ❡st❡ ❡❥❡♠♣❧♦ ❡s ❡❧ ❞❡ s✐ ✓❨♦✔ s✐❣♦ ✈✐✈♦✱ ❡s

❞❡❝✐r✱ ❡s❡ ❡str♦♠❛ q✉❡ ❡s ♠✐ ❝✉❡r♣♦ ➽❡s ❡❧ ♠✐s♠♦ q✉❡ ❡❧ q✉❡ ❡stá ❡♥ ▼❛rt❡❄ P❛r❛ ♥♦s♦tr♦s

② ♥✉❡str❛ ❝♦♥❝❡♣❝✐ó♥ ❞❡ ❧♦s ❡str♦♠❛ t♦❞♦ ❞❡♣❡♥❞❡rá ❞❡ ❝ó♠♦ ♣❡♥s❛♠♦s s♦❜r❡ ♥♦s♦tr♦s

♠✐s♠♦s✱ ➽s♦♠♦s ❡str♦♠❛s q✉❡ ♣✉❡❞❡♥ ♣r❡s❡♥t❛r ❞✐s❝♦♥t✐♥✉✐❞❛❞❡s ♦ s♦❧♦ ♣♦❞❡♠♦s ❡①✐st✐r

❞✉r❛♥t❡ ✉♥ ✐♥t❡r✈❛❧♦ ❝♦♥t✐♥✉♦❄ ➽♣♦❞❡♠♦s ❛❞❡♠ás s❡r ❣❡♥ér✐❝♦s ② ❡①✐st✐r ❡♥ ✈❛r✐♦s ❝♦s❛s ❛

❧❛ ✈❡③❄ ❊❧ ♣r♦❜❧❡♠❛ t❛❧ ② ❝♦♠♦ ❡stá ♣❧❛♥t❡❛❞♦ ♥♦ t✐❡♥❡ s♦❧✉❝✐ó♥ ♣♦rq✉❡ ❡❧ ❡str♦♠❛ ♦ ❧♦s

❡str♦♠❛s q✉❡ ❝♦♥s✐❞❡r❛♠♦s q✉❡ s♦♠♦s ② ❡♥ ❡❧ ❝✉❛❧ s❡ ❞❡s❛rr♦❧❧❛ ♥✉❡str❛ ✐❞❡♥t✐❞❛❞ ❞❡♣❡♥❞❡

❞❡ ✉♥❛ ❝✐❡rt❛ ❡❧❡❝❝✐ó♥ q✉❡ ❡stá ♠ás ♦ ♠❡♥♦s ❧✐❜❡r❛❞❛ ❞❡ ✉♥❛ r❡s♣✉❡st❛ ❝❧❛r❛✳

❊s ♠ás✱ s✐ ♣❡♥s❛♠♦s ❡♥ ❡❧ ❡❥❡♠♣❧♦ ❞❡❧ t❡❧❡tr❛♥s♣♦rt❛❞♦r ♣❡r♦ ♣❡♥s❛♠♦s q✉❡ ❤❛② ♠ás

❞❡ ✉♥ r❡❝❡♣t♦r ② s❡ ♥♦s ❞✉♣❧✐❝❛ ❞♦s ✈❡❝❡s✱ ➽❝✉á❧ ❡s ❡❧ ♦r✐❣✐♥❛❧❄ ▲♦ ✐♠♣♦rt❛♥t❡ ❛q✉í ❡s

❞❛rs❡ ❝✉❡♥t❛ ❞❡ q✉❡ ♥♦ ❤❛② r❡s♣✉❡st❛✱ ♥✐♥❣✉♥♦ ❧♦ ❡s✱ ♣✉❡❞❡ s❡r❧♦ ✉♥♦ ❞❡ ❡❧❧♦s ♦ ✐♥❝❧✉s♦

s✐ ❡①t❡♥❞❡♠♦s ❧❛ ✐❞❡❛ ❞❡ ❡str♦♠❛ ♣✉❡❞❡♥ s❡r❧♦ ❛♠❜♦s✳ ➽P♦r q✉é ❞❡❜❡rí❛♠♦s t♦♠❛r ✉♥❛

✐❞❡❛ ❞❡ ✉♥♦ ♠✐s♠♦ ✉ ♦tr❛❄ P✉❡s ❛ ♥✉❡str♦ ❥✉✐❝✐♦ ♣❛r❛ ✐♥t❡♥t❛r ✈❛❧♦r❛r q✉é ❡s ❛q✉❡❧❧♦ q✉❡

✐♠♣♦rt❛ ❡♥ ♥♦s♦tr♦s✳

❈✉❛♥❞♦ ❞❡❝✐♠♦s q✉❡ t❡♥❡♠♦s r❛③♦♥❡s ❡❣♦íst❛s ♣❛r❛ ♥✉❡str♦ ❢✉t✉r♦ ❧♦ ♣❡♥s❛♠♦s ♣♦rq✉❡

❝r❡❡♠♦s q✉❡ ❡①✐st❡ ✉♥ ú♥✐❝♦ ②♦ ❝♦♥ ❡❧ ❝✉❛❧ ❡st♦② ❡♥ ❝✐❡rt❛ r❡❧❛❝✐ó♥ ❞❡ ✐❞❡♥t✐❞❛❞ ② ❧❛ ❝✉❛❧

♣r♦✈♦❝❛ q✉❡ ❞❡❜❡ ♣r❡♦❝✉♣❛r♠❡ ♣♦r ❡s❡ ②♦ ❢✉t✉r♦✱ ➽♣❡r♦ ❡①✐st❡ t❛❧ ❝♦s❛❄ ❊s❛ r❡❧❛❝✐ó♥ ❡stá

❝❧❛r♦ q✉❡ ♥♦ ♣✉❡❞❡ ❞❡♣❡♥❞❡r ❞❡ ❛❧❣✉♥❛ s✉❡rt❡ ❞❡ ❝♦♥t✐♥✉✐❞❛❞ ❛❜s♦❧✉t❛✱ ❝✉❛❧q✉✐❡r❛ q✉❡ ❤❛②❛

♣❛s❛❞♦ ♣♦r ✉♥ q✉✐ró❢❛♥♦ ❤❛ t❡♥✐❞♦ ✉♥ ♠♦♠❡♥t♦ ❞❡ ❞✐s❝♦♥t✐♥✉✐❞❛❞ ❡♥ s✉ ✈✐❞❛ ♣síq✉✐❝❛✱ ②

❡s ♠ás s✐ ❡♥t❡♥❞❡♠♦s q✉❡ ❧♦s ❝r✐t❡r✐♦s ♣s✐❝♦❧ó❣✐❝♦s ❞❡ ✐❞❡♥t✐❞❛❞ s❡ ❜❛s❛♥ ❡♥ ❧❛ ♠❡♠♦r✐❛✱

❡stá ❝❧❛r♦ q✉❡ ❝✉❛♥❞♦ ♣❡r❞❡♠♦s ❛❧❣ú♥ r❡❝✉❡r❞♦ ♦ t❡♥❡♠♦s ❛♠♥❡s✐❛ ❤❛② ❞✐s❝♦♥t✐♥✉✐❞❛❞✳

P❡r♦✳✳✳ ➽❞❡❜❡ ❡s♦ ❞❡❝✐r♥♦s q✉❡ ♥♦ ❞❡❜❡♠♦s ♣r❡♦❝✉♣❛r♥♦s ❞❡ ♥♦s♦tr♦s❄ ❙✐ ❛ ✉♥♦ ❧❡ ❞✐❥❡r❛

q✉❡ ❞❡♥tr♦ ❞❡ ✷✹ ❤♦r❛s ✈❛ ❛ t❡♥❡r q✉❡ t♦♠❛r ✉♥ ♠❡❞✐❝❛♠❡♥t♦ q✉❡ ❧❡ ❤❛rá ♦❧✈✐❞❛r ❞✐❝❤❛s



✻✳✸✳ ❨❖ ❙❖❨ ❨❖ ❨ ❖❚❘❖❙ ▼➪❙ ✽✼

ú❧t✐♠❛s ✷✹ ❤♦r❛s✱ ➽❞❡❜❡rí❛ ✉♥♦ ♣❡♥s❛r q✉❡ ♥♦ ❞❡❜❡ ✐♠♣♦rt❛r❧❡ ❛ ❢✉t✉r♦ ❡s❡ ❞í❛ s♦❧♦ ♣♦rq✉❡

❡st❛rá ❞❡s❝♦♥❡❝t❛❞♦ ❞❡ ❛❧❣✉♥❛ ❢♦r♠❛ ❝♦♥s✐❣♦ ♠✐s♠♦❄

P❡r♦ ❤❛② ♠✉❝❤♦ ♠ás ❡♥ ❥✉❡❣♦✳ ❆ ❧♦ ❧❛r❣♦ ❞❡ ❧❛ ✈✐❞❛ ✈❛♠♦s ❝❛♠❜✐❛♥❞♦ ❡♥ ♠ú❧t✐♣❧❡s

❢❛❝❡t❛s✱ ❞❡❥❛♠♦s ❞❡ t❡♥❡r ❝✐❡rt❛s r❡❧❛❝✐♦♥❡s✱ ❝✐❡rt❛s ❝r❡❡♥❝✐❛s✱ ♥✉❡str♦s ❣✉st♦s ❝❛♠❜✐❛♥✱

♥✉❡str♦s ❝♦♥♦❝✐♠✐❡♥t♦s t❛♠❜✐é♥✱ ✳✳✳ ➽s♦♠♦s ❧❛ ♠✐s♠❛ ♣❡rs♦♥❛ ❛ ❧♦ ❧❛r❣♦ ❞❡ ❧❛ ✈✐❞❛❄ ❙✐ ❛❧

❧❡❝t♦r s❡ ❧❡ ✈✐❡♥❡ ❛ ❧❛ ♠❡♥t❡ ❡❧ r❡s♣♦♥❞❡r ❝♦♥ ✉♥ ✓♥♦✔ ❛ ❡st❛ ❝❧❛s❡ ❞❡ ♣r❡❣✉♥t❛ ❡♥t♦♥❝❡s

t❛♠❜✐é♥ ❞❡❜❡rí❛ ❝♦♠♣❛rt✐r ❝♦♥ ♥♦s♦tr♦s q✉❡ ❧❛ ✐♥♠♦rt❛❧✐❞❛❞ ❡s ♦ ❜✐❡♥ ❛❜✉rr✐❞❛ ♦ ❜✐❡♥

✐♠♣♦s✐❜❧❡✳ ❨ ❡s q✉❡ s✐ t✉✈✐ér❛♠♦s ✉♥ ❝✉❡r♣♦ ✐♥❝❛♣❛③ ❡♥✈❡❥❡❝❡r ❞❡♠❛s✐❛❞♦ ❤❛② s♦❧♦ ❞♦s

♣♦s✐❜✐❧✐❞❛❞❡s✱ ♦ ❜✐❡♥ ❝♦♥ ❡❧ t✐❡♠♣♦ ❝❛♠❜✐❛♠♦s s✉✜❝✐❡♥t❡ ♣❛r❛ ❞❡❥❛r ❞❡ s❡r ❡❧ ♠✐s♠♦ ♦ ❜✐❡♥

♥♦s ♠❛♥t❡♥❡♠♦s ❡st❛❜❧❡s ❡♥ ✉♥ ❝♦♥t✐♥✉♦ ♦❧✈✐❞❛r ② r❡♣❡t✐rs❡✳

▲❛ ✐♥♠♦rt❛❧✐❞❛❞ ♣♦r t❛♥t♦ ♣❛r❡❝❡ ❞❡❥❛r ❞❡ t❡♥❡r ✉♥ ❛tr❛❝t✐✈♦ ❛❜s♦❧✉t♦ ♣♦rq✉❡ ❝♦♠♦

t❛❧ s❡ ♥♦s ♦❢r❡❝❡ ❝♦♠♦ ✉♥ ♦❜❥❡t✐✈♦ ②❛ ♥♦ ✐♠♣♦s✐❜❧❡ ♣♦r ❝✉❡st✐♦♥❡s ❜✐♦❧ó❣✐❝❛s ♦ té❝♥✐❝❛s✱

s✐♥♦ ♣♦r ❡❧ ❤❡❝❤♦ ❜ás✐❝♦ ❞❡ q✉❡ s♦♠♦s ❝♦♥✜❣✉r❛❝✐♦♥❡s ❝❛♠❜✐❛♥t❡s q✉❡ ♥♦ ♣✉❡❞❡♥ ♥✐ ❞❡❜❡♥

♠❛♥t❡♥❡rs❡ ✐❣✉❛❧❡s ❡♥ t♦❞♦ ♠♦♠❡♥t♦✳ ❆❞❡♠ás✱ ♣♦❞❡♠♦s ❡♥t❡♥❞❡r q✉❡ ❧❛ ♠✉❡rt❡ t✐❡♥❡ s✉s

✉t✐❧✐❞❛❞❡s ❡❝♦♥ó♠✐❝❛s✱ ❜✐♦❧ó❣✐❝❛s✱ ❝✉❧t✉r❛❧❡s✱ ✳✳✳ ❊♥ ❝✐❡rt♦ ♠♦❞♦ s❡rí❛ ✐♥✈✐❛❜❧❡ ✉♥ ♠✉♥❞♦

❞♦♥❞❡ ❤✉❜✐❡r❛ r❡♣r♦❞✉❝❝✐ó♥ ② ♥❛❞✐❡ ♠✉r✐❡s❡✱ ♦ ✉♥ ♠✉♥❞♦ ❞♦♥❞❡ ♣♦r ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥❛

♣♦❜❧❛❝✐ó♥ ❞❡♠❛s✐❛❞❛ ❛♥❝✐❛♥❛ q✉❡ ♥✉♥❝❛ ❛❜❛♥❞♦♥❛ ❡❧ ♣♦❞❡r ❡st❡ ❢✉❡r❛ ♠♦♥♦♣♦❧✐③❛❞♦ ♣♦r

✉♥ ♣❡♥s❛♠✐❡♥t♦ q✉❡ q✉✐③á s❡ ❛♣❡❣❛ ❞❡♠❛s✐❛❞♦ ❛ tr❛❞✐❝✐♦♥❡s ② s❡ ♥✐❡❣❛ ❛ ❛❞♦♣t❛r ♥✉❡✈❛s

♠❡❞✐❞❛s✱ s❡❛ ❡st♦ ♣♦r ❧❛ s❡♥❝✐❧❧❛ r❛③ó♥ ❞❡ ♥♦ q✉❡r❡r ❛♣r❡♥❞❡r ♦ ♣♦r ♠♦t✐✈♦s s✐♠✐❧❛r❡s✳

❚♦❞♦ ❡st♦ s♦❧♦ t✐❡♥❡ ♣♦r ✜♥❛❧✐❞❛❞ q✉❡r❡r ♣❧❛♥t❡❛r ❡❧ ♣r♦❜❧❡♠❛ ❞❡ q✉❡ ❡❧ ❡❣♦ís♠♦ ♦

❧❛ ✐❞❡❛ ❞❡ ✉♥♦ ♠✐s♠♦✱ ❛✉♥q✉❡ t❡♥✐❡♥❞♦ ✉♥ ❝✐❡rt♦ ❢✉♥❞❛♠❡♥t♦ ❡s ❡♥ ❣r❛♥ ♠❡❞✐❞❛ ✉♥❛

r❡❝♦♣✐❧❛❝✐ó♥ ♥✉❡str❛✳ ◆♦ ❤❛② ✉♥ ❤❡❝❤♦ ❛ñ❛❞✐❞♦ ❡♥ ❡❧ ♠✉♥❞♦ ❛❞❡♠ás ❞❡ ♥✉❡str♦s ❝✉❡r♣♦s ②

s✉s ❝♦♠♣♦♥❡♥t❡s ✈❛r✐❛♥❞♦✱ ♥♦ ❤❛② ❛❧❣♦ ❢✉❡r❛ ❞❡ ♥✉❡str♦s ♣❡♥s❛♠✐❡♥t♦s✱ ❛❝t✐✈✐❞❛❞❡s✱ ✳✳✳ q✉❡

s❡❛ ♥✉❡str❛ ✐❞❡♥t✐❞❛❞ q✉❡ ♣❡r✈✐✈❛ ❛ ❧♦ ❧❛r❣♦ ❞❡ t♦❞❛s ❧❛s tr❛♥s❢♦r♠❛❝✐♦♥❡s q✉❡ s✉❢r✐♠♦s✳

◆♦ s♦♠♦s ✐♥❞✐✈✐❞✉♦s s✉st❛♥❝✐❛❧❡s✱ ♥✉❡str❛s ❝♦♠♣♦♥❡♥t❡s ✈❛rí❛♥ ② ❧♦ ❤❛❝❡♥ ❛ ✈❡❧♦❝✐❞❛❞❡s ②

r✐t♠♦s ❡♥♦r♠❡s✱ ❧♦ q✉❡ ♣❡r✈✐✈❛ s♦♥ ♠ás ❜✐❡♥ ♣❛tr♦♥❡s✱ ❤❛② ❡♥ ❝❛❞❛ ♠♦♠❡♥t♦ ❞❡ ✉♥ t✐❡♠♣♦

❞❡t❡r♠✐♥❛❞♦ ❛❧❣♦ q✉❡ ♣r❡s❡♥t❛ ❝✐❡rt❛s ♣r♦♣✐❡❞❛❞❡s✱ ♣❡r♦ ♥❛❞❛ ♠ás✳ ◆♦ ❤❛② ✉♥❛ s✉st❛♥❝✐❛✱

✉♥ ❨♦ ✐♥♠♦rt❛❧ ② ❡t❡r♥♦ q✉❡ s❡ ♣❧❛s♠❛ ❡♥ ❡❧ ♠✉♥❞♦✳ ❍❛② ❝♦♠♦ ♠✉❝❤♦ ✉♥ ❡str♦♠❛ q✉❡

❛❞❡♠ás ♥♦ s❡ ❞✐❢❡r❡♥❝✐❛ ♥✐ ❡stá s✉♠❛♠❡♥t❡ ❛❧❡❥❛❞♦ ❞❡ ♦tr♦s✳

P❡r♦ ❝❧❛r♦✱ ❡st♦ t❛♠♣♦❝♦ q✉✐❡r❡ ❞❡❝✐r q✉❡ s❡❛♠♦s t♦❞♦s ✉♥❛ ú♥✐❝❛ ❝♦s❛✱ ✉♥❛ ❣r❛♥

❢❛♠✐❧✐❛✱ ✉♥❛ ❝♦♠✉♥✐❞❛❞ ❡♥❡r❣ét✐❝❛ ❛ ❛❧❣✉♥❛ ❡❧✉❝✉❜r❛❝✐ó♥ ✓♥❡✇ ❛❣❡✔ s❡♠❡❥❛♥t❡✳ ❊❧ ♠✉♥❞♦

❡s ✉♥ ✓✐♥t❡r♣❧❛②✔ ❞❡ ❝♦♥t✐♥✉✐❞❛❞❡s ② ❞✐s❝♦♥t✐♥✉✐❞❛❞❡s ❬✶✽❪✱ ♥♦s♦tr♦s ♠✐s♠♦s ② ❧♦s ❞❡♠ás

❡st❛♠♦s ❡♥ ❡s❛ s✐t✉❛❝✐ó♥ ❡♥ ❧❛ ❝✉❛❧ ♥♦s r❡❧❛❝✐♦♥❛♠♦s ② s♦♠♦s s❡♠❡❥❛♥t❡s ② ❞❡s❡♠❡❥❛♥t❡s✳

❆❤♦r❛ ❜✐❡♥✱ ❧♦ q✉❡ sí ❡stá ❝❧❛r♦ q✉❡ ♥♦ ❤❛② ✉♥ ✐♥❞✐✈✐❞✉♦ s✉st❛♥❝✐❛❧ q✉❡ s❡❛♠♦s ♥♦s♦tr♦s✱

♥♦ s♦♠♦s ✉♥❛ ✐s❧❛✱ ② ❛q✉❡❧❧♦ q✉❡ s♦♠♦s ♣✉❡❞❡ q✉❡ ♦tr♦ ❧♦ s❡❛ t❛♠❜✐é♥ ❡♥ ❝✐❡rt♦ ❣r❛❞♦✳ ❨

s✐ ♥♦s ♣r❡♦❝✉♣❛♠♦s ♣♦r ♥♦s♦tr♦s ❛ ❧♦ ❧❛r❣♦ ❞❡❧ t✐❡♠♣♦✱ ➽♣♦r q✉é ♥♦ ♣r❡♦❝✉♣❛rs❡ ♣♦r ❧♦s



✽✽ ❈❆P❮❚❯▲❖ ✻✳ ➱❚■❈❆ ❉❊ ❨ P❆❘❆ ❊❙❚❘❖▼❆❙ ❊❋❮▼❊❘❖❙

❞❡♠ás s✐ ❡st♦s t✐❡♥❡♥ ✐♥t❡r❡s❡s ② ❡♥ ♣❛rt❡ ♣♦❞❡♠♦s ❡st❛r t❛♥ s❡♣❛r❛❞♦s ❞❡ ❡❧❧♦s ❝♦♠♦ ❞❡

♥✉❡str♦s ②♦❡s ❢✉t✉r♦s❄

❈♦♥ ❡st♦✱ ♣♦r t❛♥t♦✱ ♥♦ s❡ ♣r❡t❡♥❞❡ ♥❡❣❛r q✉❡ ❡①✐st❛♥ ❢❡♥ó♠❡♥♦s ❞❡ ❝♦♥t✐♥✉✐❞❛❞ ②

❞✐✈❡rs♦s ❝r✐t❡r✐♦s ❞❡ ✐❞❡♥t✐❞❛❞ ♣❡rs♦♥❛❧✳ ▲♦ q✉❡ s❡ ♥✐❡❣❛ ♠ás ❜✐❡♥ ❡s ❧❛ ❡①✐st❡♥❝✐❛ ❞❡ ✉♥

❤❡❝❤♦ ♦ ❞❡ ❛❧❣✉♥❛ ❝❧❛s❡ ❞❡ ❝♦s❛ q✉❡ ❢✉❡r❛ ❡s❡ ②♦ q✉❡ ♥♦s ❤❛❣❛ s❡♥t✐r ❧❛ ✐♠♣♦rt❛♥❝✐❛ ❞❡ ✉♥

❤❡❝❤♦ ✉ ♦tr♦ s♦❧♦ ♣♦rq✉❡ t❡♥❣❛ ❧✉❣❛r ❡♥ ❛❧❣✉✐❡♥ ❡♥ ♣❛rt✐❝✉❧❛r ② ♥♦ ❡♥ ♦tr❛ ♣❡rs♦♥❛✳ ❨♦

s♦② ♠✉❝❤♦ ②♦s ❛ ❧♦ ❧❛r❣♦ ❞❡ ♠✐ ✈✐❞❛ ② s✐ ❡♥❝♦♥tr❛♠♦s q✉❡ ❡s r❛③♦♥❛❜❧❡ ♣r❡♦❝✉♣❛r♥♦s ♣♦r

❡s♦s ②♦s ❢✉t✉r♦s ❝♦♥ ❧♦s q✉❡ ❡s ❡♥ ♣❛rt❡ ❡st♦② ❞❡s❝♦♥❡❝t❛❞♦ ② ❞✐✜❡r♦ ❡♥ ❜❛st❛♥t❡s ❛s♣❡❝t♦s✱

➽♣♦r q✉é ♥♦ t❛♠❜✐é♥ ♣r❡♦❝✉♣❛r♥♦s ♣♦r ❧♦s ♦tr♦s❄ ❙✐ ♥♦ ✐♠♣♦rt❛ ❡❧ t✐❡♠♣♦ ❡♥ ❡❧ q✉❡ t✐❡♥❡

❧✉❣❛r ❧❛ ❡①♣❡r✐❡♥❝✐❛✱ ➽♣♦r q✉é ❞❡❜❡ ✐♠♣♦rt❛r♥♦s t❛♠❜✐é♥ q✉✐é♥ ❡s ❛q✉❡❧ q✉❡ ❧❛ ♣♦s❡❡❄ ➽s✐

♥♦s♦tr♦s ♠✐s♠♦s s♦♠♦s r❡♣❡t✐❜❧❡s ② s❡♠❡❥❛♥t❡s ❛ ♦tr♦s✱ ♣♦r q✉é ✈❛❧♦r❛r q✉❡ t❡♥❣❛ ❧✉❣❛r

❡♥ ✉♥ ✐♥❞✐✈✐❞✉♦ ② ♥♦ ❡♥ ♦tr♦❄ ➽♥♦ ❡st❛♠♦s ♣♦r t❛♥t♦ ♠ás ❝❡r❝❛ ❞❡ ❡s❡ ✓♥✐♥❣ú♥ ♣✉♥t♦ ❞❡

✈✐st❛✔❄

❆ ♣❡s❛r ❞❡ ❡st♦ ❡s ♥❡❝❡s❛r✐♦ ♠❡♥❝✐♦♥❛r q✉❡ ❧❛ ✐❞❡♥t✐❞❛❞ ♣❡rs♦♥❛❧ s❡ ❞✐❝❡ ❞❡ ♠✉❝❤❛s

♠❛♥❡r❛s✳ ◆♦ ❡s ❧♦ ♠✐s♠♦ ❧❛ ✐❞❡♥t✐❞❛❞ ❞❡❧ ❝✉❡r♣♦✱ ❧❛ ✐❞❡♥t✐❞❛❞ ♣s✐❝♦❧ó❣✐❝❛ q✉❡ ✉♥❛ ✐❞❡♥t✐❞❛❞

q✉❡ ♣♦❞❡♠♦s ❝❛❧✐✜❝❛r ❞❡ ✓♥❛rr❛t✐✈❛✔✳ ❊s ❞❡❝✐r✱ ❝❛❞❛ ✉♥♦ ♣✉❡❞❡ ♣r♦❞✉❝✐r ✉♥❛ ✐❞❡❛ ❞❡ s❡♥t✐❞♦

♣❛r❛ s✉ ✈✐❞❛ ❡♥ ❜❛s❡ ❛ ✉♥❛ ♥❛rr❛❝✐ó♥ q✉❡ ✐♥t❡♥t❛ ❡♥❣❛r③❛r ② ❥✉♥t❛r t♦❞❛s ❧❛s ❡①♣❡r✐❡♥❝✐❛s

② ✈✐✈❡♥❝✐❛s ❞❡ ❢♦r♠❛ ♠ás ♦ ♠❡♥♦s ❝♦❤❡r❡♥t❡✳ ▲❛ ❝✉❡st✐ó♥ ❡s q✉❡ ❛✉♥q✉❡ ♣♦❞❛♠♦s ✈❛❧♦r❛r

❡s❛ ♥❛rr❛❝✐ó♥✱ ❧❛s ♥❛rr❛❝✐♦♥❡s ♥♦ t✐❡♥❡♥ q✉❡ t❡♥❡r ✉♥ ú♥✐❝♦ ♣r♦t❛❣♦♥✐st❛✳ ❍❛② ♥♦✈❡❧❛s ②

♣❡❧í❝✉❧❛s ❝♦r❛❧❡s ✭▲❛ ❝♦❧♠❡♥❛ ♦ ❊❧ ❛❝♦r❛③❛❞♦ P♦t❡♠❦✐♥✮✱ s❛❣❛s ❞❡ ❧✐❜r♦s ✭▼✉♥❞♦❞✐s❝♦✮ ②

♦❜r❛s ♥❛rr❛t✐✈❛s ✭❏♦❥♦✬s ❜✐③❛rr❡ ❛❞✈❡♥t✉r❡✮ ❡♥ ❧❛s q✉❡ ❧♦s ♣❡rs♦♥❛❥❡s ✈❛♥ ❝❛♠❜✐❛♥❞♦✳ ➽P♦r

q✉é ❤❡♠♦s ❞❡ ❤❛❝❡r ✉♥❛ ❤✐st♦r✐❛ ❞❡ ✉♥♦ s♦❧♦ ② ♥♦ ✉♥❛ ❤✐st♦r✐❛ ❝♦♥ ❧♦s ❞❡♠ás❄ ❨ ❡s q✉❡

♥♦ ✈❛❧❡ ❛r❣✉♠❡♥t❛r q✉❡ ❝♦♥ ❧♦s ❞❡♠ás ♥♦ t❡♥❡♠♦s ❝♦♥tr♦❧ ② t❡♥❡♠♦s q✉❡ ❛♣❛ñ❛r♥♦s ❝♦♥

❧♦ q✉❡ ❤❛❝❡♥✱ ♣♦rq✉❡ t❛♠❜✐é♥ ❞❡❜❡♠♦s ❛♣❛ñ❛r♥♦s ❝♦♥ ❧♦ q✉❡ ❤❡♠♦s ❤❡❝❤♦ ❡♥ ❡❧ ♣❛s❛❞♦✳

◆✉❡str❛ ❤✐st♦r✐❛ ♥♦ t✐❡♥❡ q✉❡ t❡♥❡r ✉♥ ú♥✐❝♦ ♣r♦t❛❣♦♥✐st❛ ② ♥♦ t✐❡♥❡ q✉❡ s❡r ❧❛ ♥✉❡str❛

s♦❧❛✳

❉❡s♣✉és ❞❡ ❡st❛ s❡❝❝✐ó♥ t❛♥ ❧❧❡♥❛ ❞❡ ♣r❡❣✉♥t❛s q✉❡ ❜✉s❝❛♥ ❛♥t❡ t♦❞♦ ✐♥❝✐t❛r ❛ ❧❛ r❡✢❡①✐ó♥

② ❛ ❧❛ ❧❡❝t✉r❛ q✉❡r❡♠♦s ❞❡s♣❡❞✐r ❡st❡ ❡st❡ ❧❛r❣♦ t❡①t♦ ❝♦♥ ❡st❛s ♣❛❧❛❜r❛s q✉❡ ❡❧ ✜❧♦só❢♦

❉❡r❡❦ P❛r✜t ❡s❝r✐❜✐ó ❡♥ r❡❧❛❝✐ó♥ ❛ s✉ ♣♦st✉r❛✱ ♣ró①✐♠❛ ❛ ❧❛ ♥✉❡str❛✱ ❞❡ q✉❡ ♥♦ ❤❛② ✉♥

❤❡❝❤♦ ❛ñ❛❞✐❞♦ ② ❡①t❡r✐♦r ❛ ❧♦s ❡st❛❞♦s ♠❡♥t❛❧❡s ② ❝♦r♣♦r❛❧❡s q✉❡ s❡❛ ❡❧ ②♦✳ ❙♦♠♦s ♠❡r♦s

❡str♦♠❛s✱ ♠ás ♦ ♠❡♥♦s ♣ró①✐♠♦s ✉♥♦s ❛ ♦tr♦s ② s❡♠❡❥❛♥t❡s ❡♥tr❡ sí✳ ◆♦ ❤❛② ✉♥ ✓❨♦✔ ú♥✐❝♦
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